Integral Solution for the Mean
Flow Profiles of Turbulent Jets,
Plumes, and Wakes

Amit Agrawal

g-mail: agrawaa@me.udel.edu Integral methods are used to derive similarity solutions for several quantities of interest
including the cross-stream velocity, Reynolds stress, the dominant turbulent kinetic energy
Ajay K. Prasad production term, and eddy diffusivities of momentum and heat for axisymmetric and
g-mail: prasad@me.udel.edu planar turbulent jets, plumes, and wakes. A universal constant is evaluated for axisym-
metric and planar plumes. The cross-stream velocity profiles show that jets and axisym-
Department of Mechanical Engineering, metric plumes experience an outflow near the axis and an inflow far away from it. The
University of Delaware, outflow is attributed to the decay of the centerline velocity with downstream distance, and
Newark, DE 19716 the extent and magnitude of outflow correlates with the streamwise decay of the centerline
velocity. It is also shown that the entrainment velocity should not in general be equated to
the product of the entrainment coefficient and the centerline velocity. It is found that, due
to similar governing equations, profiles for jets and plumes are qualitatively similar. Our
results show that the derived quantities are strong functions of streamwise and cross-
stream positions, in contrast to previous approaches that assumed constant (in the cross-
stream direction) eddy viscosity and thermal diffusivity. The turbulent Prandtl number is
approximately equal to unity which matches the value quoted in the literature.
[DOI: 10.1115/1.1603303

Introduction plumes, respectively, one can obtain the streamwise variation of

Wi(iith, centerline velocity and temperatufé]. Because the num-

Jets, plumes, and wakes are examples of free shear flows. Aﬂgr of unknowns exceeds the number of equations by one, the

is produced when fluid exits a nozzle with some initial momenénalysis fails to provide the cross-stream variation of these quan-

tum_. _On the other hand, plumes are driven purely by buoyanﬁres_ Of key interest is the functional form of the streamwise
addition at the source. Jets and plumes spread laterally by engy Tocity in the cross-stream direction

ing .(e”“a'“'F‘g ambient fluid. The momentum contamgd within One approach to close the system 6f equations is to assume that
mg Jﬁgﬁgﬁ'&‘; C&ﬁﬁﬂ;?&%st{ﬁgm\mﬁ]eeCirnocsrszseecé'Or?]b:']v:tirtﬁéseddy viscosity 1) is constant in the cross-stream direction,

. . ) Pl A —10]. The equations are then solved to obtain the required func-
cally with the streamwise coordinate while maintaining a constaI al form. With this approach, one obtaibU = secR(Ag) for
buoyancy. The width of jets and plumes increases at the cost &nlane 'e.t whereA*(F))gOG a’nd (¥ Bg?) 2 Cfor 2 round iet
¥eI00|ty. Wakez are _;)rodur(]:ed blehlnd_ ar;] O?JeCt pflaced |m- F()ere B:]O 661, 7] THe in’tent of this paper is to foIIothhe
reestream, and manifest themselves in the form of a veloci . oo L .
deficit profile positeapproach, i.e., we select a functional form for the stream-

Jets, plumés, and wakes exhibit self-similarity beyond a certa‘ﬁqse velocity_ profile based on experime_ntal data to_close the sys-
downstream distance such that a characteristic length and velod folf equa:_l?ns! aTdd§ubsequeEFthderlve r(]expressmns fotr several
can be used to scale all distances and velocities in the flow. Anal éﬁz;ioiuggplelﬁgiqug lénlr:geyzhgivcelcof fﬁg on(é\t,:loﬁa(I:rf(;)srsm-s ream
ses and measurements have traditionally focused on the seff: . ) .
simil_ar rgg_ion be_cause_ fewer independent variaples are involv, d\fvtsmr:z\r/(c)eut?esﬁpuerﬂjmeiggnat;]dvgtjiomuesnC?(iuStg(ijr:etieonagteaf)Zteig
making it is easier to interpret thg results._ qu jets, plumes a q se studies measufer compﬁte o st?eam?/vise veIcFJ)city. e
wakes, the t|me-§v_eraged _centerlm_e velocity is generally chos e, and fit a simple mathematical expression to the data. The
as the characteristic velocity, the time-averaged centerline tem=' P p )

perature differentialwith respect to the ambients used as the lterature reveal_s that many r_esearcheﬁﬂsTS,ll—l_@ prefer t_he
GRussian function to approximate the streamwise velocity and

characteristic temperature scale, whereas the cross-stream " ; <
tances are scaled with the local width. Although more analysis§mperature profiles. Our own measurements of axisymmetric jets

available for planar cases, it is somewhat easier to setup expe(_ii ?—to riveal that overall the Gaussian profile is a superior fit to t_he
ata. As an example, we plot in Fig. 1 the normalized streamwise

v%ocity data for an axisymmetric jet of water issuing from a
2-mm orifice into a large tank; data were acquired using two-

In the self-similar region of the flows under consideration, th imensional PIV at 11@2/.d$175 (see[17] for exp_erimental de- .
traditional approach is to first perform an order of magnitud ils). The computed profile for Reynolds stress is compared with

analysis of the Navier-Stokes equations. A boundary layer a&;_(perirr_lental measurements made by the authors later in the paper
proximation is usually applied, allowing a substantial reduction it Provide addlmo_nal vafl_lldatlon f%r the choice of the (?;aussmrr]]

the number of terms. The resulting terms are then scaled using g2 Wise velocity profile. For these reasons, we preferred the
appropriate length, velocity, and temperature scales. Further aussian profile to the other choices as the input functional form

; . . . our analysis. Some previous researchers have employed an
invoking conservation of momentum and buoyancy for jets an proach similar to ours to verify certain difficult

Commibuted by the Fluids Endineering Division f biication in oA measurements—for example, Wygnanski and Figdieand Gut-
ontributed by the Fluids Engineering Division for publication in NAL o ; _
OF FLUIDS ENGINEERING. Manuscript received by the Fluids Engineering Divisionrnark and \Nygn.anSk[]'B] verified their measuremems Of Rey
July 22, 2002; revised manuscript received May 6, 2003. Associate Editor: J. @Qlds stress against values computed from their streamwise veloc-

Marshall. ity profile using an intergal approach.

mentally an axisymmetric jet, plume, or wake, compared to th
planar counterparts. Consequently, more experimental data
available for the axisymmetric cadd,—5|.
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Fig. 2 Coordinate system for planar (x,z) and axisymmetric
(r,z) jets, plumes, and wake. For wakes, U represents the ve-
locity defect.

Turbulent Jets

Axisymmetric Jets. The continuity equation for the time-
averaged velocities in cylindrical coordinatesee Fig. 2 for the
Fig. 1 Streamwise velocity profiles for jets ~ (—— axisymmetric coordinate system used in this paypisr
jet from Gaussian profile, -- axisymmetric jet from polynomial
profile, [7], dots from experiment, [7] 1arv oU

——+—=0. 1)
roor Jz
_ _ In the self-similar region, the simplified streamwise momentum

Perhaps because the primary aim of these researchers waedgaation can be obtained using an order of magnitude analysis as,
verify measurements, they did not exploit integral theories to ifg],
full extent, nor did they discuss the properties of the expressions _
that they derived. In fact, explicit expressions for even basic quan- U U 1ruv

tities are not readily available in the literature. The aim of VWJ“UEJFF or =0 @)

this paper is to extract a complete set of results from the integraiI i "

method. We derive a host of useful expressions and expldfé!ere the overbar denotes time-averaged quantities.

their properties in physical terms. As we show, several interestingFOr the self-similar axisymmetric je). varies az ", while b
features of the flow can be obtained, and some probafereases linearly wittz, [6]. By approximating the streamwise
misconceptions can be corrected in this manner. Further, upg#locity at any downstream location by a Gaussjam1-13,17,

contrasting appropriate solutioffer example jets versus plumes, (S€€ also Fig. J1

axisymmetric versus planarour approach yields some new in- U(r,2)=U.(z)exp — r¥/b3(2))
sights.
The basic approach adopted here comprises the following three =Uq(z)exp —r?/c?z?)
steps. First, we assume an analytical expression for the mean _ 5
streamwise velocity) (and temperatuje Second, the expression =Uc(z)exp(— &%), 3)

for U is substituted into the continuity equation along with théne can solve foW by substituting Eqs(3) into (1):
assumption of the centerline velocity variation, and integrated to Vv c
determine the mean cross-stream velocity profile. Third, the ex- _ 1 2 2 2

; - ; S ' —=_—(—1l+exp—§&)+2& exp — . 4
pressions fotJ andV are substituted into the simplified momen- U. 25( A=) +28 exp(— &%) “)
tum (and energyequatlons_, and integrated to deter_mlne the Re)(i(g)/u is plotted in Fig. 3 and reveals that, contrary to the
nolds stress (and  velocity-temperature correlationsThese ., aion 'of an inflow implied by the term “entrainment,” the
expressions can then be employed to derive a number of use P(Pss-stream flow in the vicinity of the centerline is actually out-
quantities. Integral methods are shown here to be successfu rd, i.e.,V(£)/U=0 for 0<é=1.12. (/(£)/U.=0 at the cen-
reproducing experimental results for standard jets, plumes R Iiné -re”aches acmaximum of O.bléfato.54 acnd declines back
wakes (axisymmetric and planamwhich are commonly used as,, o, 41221 12) The reason for such an outflow is that the
model flows in a variety of situations. Our results should serve S ierlin I' it decr s and not b f th
a useful reference for such studies. However, it should be remei- eriine vte ocity dec e?se_? as ,ﬂa 0 ?_caus;auo<0 e
bered that integral methods may have restricted application (dausslan ?jr?amw;slel\ée 00|yhpr0|e assump '&2?5()) 02‘:2 t
more complex turbulent flow$13], where it is difficult to assign 'f'z‘ O'g";ﬁ:j asormgtotés té) E)eaa;ooesltghgndlr:jmgzmointed out t%at
profile shapes, and relate entrainment rates to local influencesjn 0 h y pl v thaty. i : thouah thp tral reai
complex environments. V=0 much more slowly that, i.e., although the central region

The relevant governing equations for jets and wakes are tE(()edomlnated by the axial component of velocity, the cross-stream

continuity and the streamwise momentum equation. The two ateW Predominates far away from it. - .
ditional r)r/mmentum equations, cross stream c:!;lnd azimuthal, relatéb\ccordmg to[11], the entrainment coefficient can be defined
pressure with the fluctuating components of velocity, and the flugsng the incremental volume flux as

tuating components of velocity with themselves, respectively; in du

this paper, we are not interested in exploring these relationships. E=2WbUca, (5)
For plumes, an additional equation for temperature is required. By

symmetry considerations, both the cross-stream velocity and thbereu for axisymmetric jets is given by

Reynolds stress are zero at the centerline. We have used this con- w

dition throughout this paper to evaluate the constant of integra- M:j

] 27rU(r)dr.
tion.

0
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Fig. 3 Cross-stream velocity profiles for jets (— axisymmet- ’ ’ 13

ric jet, -- planar jet )
Fig. 4 Reynolds stress profiles for jets ~ (—— axisymmetric jet
from Gaussian profile, -- axisymmetric jet from polynomial pro-
file, [7], -.. planar jet, dots from experiment )

It is readily seen thatiu/dz is the incremental volume flux en-

tering the jet through a circular control surface at largee.,

du

Gy = lim =2V, Gaussian profile and the one derived using the- BE?) 2 pro-
r—o file, [7], whereB=0.661. We see that the latter result does not
From Eq.(4), V/U, for large ¢ can be approximated asc/2¢. match as v_veII, Just_n‘ymg the selectlo_n of the Gaussian profile for
Our result gives our analysis. Additionally, our analytical result matches very well
with the Reynolds stress data [d&f,18].
d c c
d—’;=27rr 2—§UC=2wac§. (6) Planar Jets. It is worthwhile to compare the results for an

axisymmetric jet against a planar jet. For planar jets the continuity
By equating Eqs(5) and(6), we geta=c/2=0.0535, which is the and momentum equations are, respectividy,
same value as obtained py1]. From Fig. 3, it is seen that Turn-

er's[11] statement: “the inflow velocity at the ‘edge’ of the flow ﬂJr ﬂz ®)
is some fractiorw of the maximum mean upward velocity,” is not X Iz '

strictly correct, becausé/U. never reaches 0.0535 for any value o

of & However, it is easily shown19], that theinward extension JUu dU  Juv

of the curvec/2¢ (the asymptotic curve foW/U, at larged) in- =0. 9)
tersects the jet edg&=1) with a value ofc/2.

Equation (4) can also be derived using a control volumé.ike axisymmetric jets, plane jets have a linear spread rate and are
approach—by equating the difference of volume flux at two sugvell approximated by a Gaussian velocity profl&3,15, (given
cessive downstream stations to the incoming fluid volume. Asgain by Eq.(3) where¢ is nowx/b(z)), but now the centerline
seen in Fig. 3 the maximum value ¥9fis just 2% ofU., making velocity decays ag 2 [6]. Integrating Eq.(8) using (3) we
it rather difficult to measure precisely, and therefore it is lessbtain
frequently presented in the literatufd,5].

TheV profile can be used to directly determine the spread rate, V ¢ )

c. Researchers in the past have determiady curve fitting ex- 0.~ z(4gexp—&9) - Jmerf(£)). (10)
perimental data folJ. However, determining from the experi-

mental profile forV may be advantageous since the location anthis expression has also been obtained[by]. Similar to the
height of the extrema can be unambiguously determined. Hoaxisymmetric case, we find an outflow near the jet axis, and an
ever, as stated above, the experimental uncertainty tan be inflow far away from it. The maximum outflow occurs around
substantial.(A comparison of the derived cross-stream velocitg=0.5 (which is very close to the axisymmetric casad the flow
profile with the experimental data is provided[20].) turns inward foré=0.99- this value is slightly smaller than for

One can insert the time-averaged profiles@bandV into Eq. axisymmetric jetgFig. 3).

(2), to obtain the time-averaged profile for Reynolds stiassas Similar to the axisymmetric case we can define the coefficient
— of entrainment following Turnef11]:
u ¢

— = 5z (exp(— &%) —exp(—2£%)). )

uz 2¢ %ZZO‘UC' (11)

_— 4+
[ v Jz axX

The maximum for Reynolds stress lies&t0.58 (Fig. 4). Wyg-

nanski and Fiedlef5] provide a plot for Reynolds stress by inte-where u is now given by

grating their streamwise velocity profile. However, they do not

provide an explicit expression for it. _ f“ Udx
Figure 4 also shows our experimentally measured Reynolds K - ’

stress for awatey jet at Re=3000 using PIV. The experimental

data can be compared with the analytical result based on timserting Eq.(3) and differentiating with respect g we obtain
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Fig. 5 Dominant kinetic energy production term profiles for Fig. 6 Cross-stream variation of eddy viscosity for jets —
jets (—— axisymmetric jet, -- planar jet ) axisymmetric jet, -- planar jet )

The complete turbulent kinetic energy equation can be found in
d_:“_ EU c (12) the literature(e.g., for axisymmetric jets s€&]). The dominant
dz 2 ~¢” kinetic energy production term isv dU/d¢&. Using Egs.(3), (7),
and (13) we can write
Equating Eqs(11) and(12), we geta= arc/4=0.041(from Fig. —
5 of Gutmark and WygnansKil8], we estimatec=0.092). It Lljv oy

=c(exp(—2£&%)—exp(—3¢&%)) (axisymmetric jets

should be pointed out that the cross-stream velocity does becomg 3 9¢

equal toaU, for large & Turner's[11] statement that the inflow ¢ o

velocity at the edge of the jet equadd), is thus seen to apply uv U \/;c

strictly in the case of planar free-shear flows. —t (9_5 = Téexp(—Zfz)erf(g) (planar jets.
Ramaprian and Chandrasekhpt&] measuredr for planar jets Ue

asa=Ve/U;=0.045. The slight discrepancy might be due to thghe production term has a maximum arouf¥0.6 (close to the
fact that their measuremen{g,5], were made rather close to themaximum of theuw term) and reduces to zero for large(Fig. 5).
nozzle (5<z/d<60) and therefore, the jet might not have Again, the maxima of the production terms for axisymmetric
achieved complete self-similarity. _ ~and planar jets lie at almost the saieThe magnitude of the
As before, the momentum E¢9) along with the expressions yrpulent kinetic energy term for axisymmetric jets is slightly
for U andV can be used to solve for the Reynolds stress as  |arger than planar jets. The similarity of these terms is due to the
fact that bothuy and 9U/9¢ resemble each other closely for the

uv \/;c ) two cases considered here.
024 exp(—&%)erf(£). (13)  One can derive corresponding expressionsifprfor the axi-
¢ symmetric and planar jets using
The plot looks similar to that of axisymmetric jets with a maxi- — oU
mum até=0.62 and 0 foré¢=0 and large¢ (Fig. 4). In fact, the Uv=—-vr—-, (16)

maxima lie at almost the sangeand are of nearly the same mag-
nitude. AlthoughU profiles for the two cases considered above a®s
similar, theirV and the governing Eq$2) and (9) are very dif- )
ferent. Thus it is not expected thad would look so similar. This _¢ 1-exp(—¢9)
similarity is due to the fact thdt) 9U/dz is the dominating term, Ub 4 2

and behaves similarly for the two cases.

vt

axisym.

The dilution rates can be computed from and
1du ¢ Vo VTC eN(£)
; 49z b (axisymmetric jets (14) Ucb 8 3
Becausev:~U.b (product of the integral velocity and length
1du ¢ _ scale$, we can expe(:t/TaxiSym~z0 (b~z, andU_.~z"? for axi-
wdz 2b (planar jets. (15)  symmetric jets and, VT a2 (0~2, andU~2"*for planar

jets), i.e., not only isvt a function of radius, it can also be a
Because the spread rates for the two cases are virtually identi¢ahction of z. Lessen[21] predicted identicak-dependences for
it is obvious that axisymmetric jets dilute twice as rapidly as theif; based on the principle of marginal instability. While the
planar counterpartéaxisymmetric jets entrain circumferentially, streamwise variation of is well known, v+ is generally assumed
while planar jets entrain from the two sides onlreater mixing to be independent &, [6—10]. The results presented next indicate
in the axisymmetric jets is consistent with the faster decay of thahat this need not be true.
centerline velocity with down-stream distance. It should be The eddy viscosityv; for the axisymmetric and planar cases
pointed out that, since~z, 1/u(du/dz)~z 1, i.e., the dilution are plotted in Fig. 6v is @ maximum at the center of the jet and
rate keeps decreasing with downstream distance. decays to O for largg€. For the axisymmetric case we find that
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v(£=0) is 2.3 times greater than (= \2). (é&=v2 represents 0.02 , - ' ' T
the e~ 2 point of the GaussianFor the planar case, this ratio is
about 1.7. TownsenfB] also observes that; should diminish as
the jet edge is approached because the measured velocity profi
approach zero more rapidly than the profiles calculated on th

basis of constant;. Pope[9] states thabt is within 15% of the -0.02
value 0.028 over bulk of théaxisymmetri¢ jet, and therefore/;
can be assumed constant, independer# of e
2 -004
>
Turbulent Plumes -0.08r
Axisymmetric Plumes. The continuity equation remains the 008k R i
same as Eq(1) for axisymmetric plumes, whereas a buoyancy \\\
term appears in the simplified momentum E2), [13,14: Sl
U U 1 arup -5 05 1 15 2 25 3
iU —+ = . 3
ar U dz r or 9po (7
Fig. 7 Cross-stream velocity profiles for plumes (— axisym-

The gB6 term in Eq.(17) differentiates the plume from the jet.

- . - metric plume, -- planar plume
The temperature equation can be obtained starting from P P P )

—ry— +—=
Vo tU Y

+—+— — imi i ic j i
72 o = ; Similar to axisymmetric jets, for largé we can approximate

— ==+
grz Tt oz V/U. as —5c/6¢. The incremental volume flux entrained by the
using scaling argumentssimilar to jets, to finally arrive at PlUme is again given by Ed5), while our result gives

90 390 dve gud ve ((929 146 020)

([13,14) du 5¢ 5¢c
_ —=Ilim—-2#7rV=27#r —U.=27bU.—.
90 90 1arve’ dz .. 6¢ 6
V—+U—+=-——=0. (18) _ _
ar az r or From this, we getw=5¢/6=0.0833(usingc=0.100,[11]). The

A Gaussian profile is commonly used in the literature to ajzaMe value ofr was obtained byll].
proximate the distributions for velocity and temperature in 'Ntégrating the momentum E17) using Egs.(3) and (20)
plumes, [1,2,11,13,14,1p From similarity considerations, the Y'®
centerline velocity and temperature for axisymmetric plumes vary, w c¢/5 1
respectively, ag~*® andz % while the width increases linearly, — =] zexp— &)~ S exp —2¢%)
[6]. Therefore, the streamwise velocity is given by E3), while u; €16 2
the temperature in the plume can be written as

gBbo. K
6(r,z)= 6.(z)exp —r?/c3z?) = O, (z)exp( —H?£?),  (19) I

2H2U2¢ ¢
where cr#c, i.e., temperature and velocity need not spread gh oo is a constant of integration. Using the condition that
identical rates. In fact/cy=H is 1.2 for axisymmetric plumes,

[11] is bounded at=0, we obtainK = —c¢/3+gBb6./2H?U2, which

Again, from the continuity Eq(1) and using the decay rate ofIeaOIS to
the centerline velocity, one can derive

exp(—H2&%) +

w c5 2 Lo o L
V ¢ 5 5 U2_§ Gexp( &%) 2eXF( £9) 3
U, E —6+6exp(—§2)+§2exp(—§2) : (20) ¢
Cc
gBbeo
The plot of V/U, closely resembles axisymmetric jets—plumes +— ZC (1—exp(—H?%). (21)
experience outflow near the centerline, and an inflow far away 2H7UcE

from it. However, the maximum positivé is now just 0.4% ol - The condition of self-similarity forceg b6, /U2 to be a con-

(for £=0.33, while the maximum negative value of 3.8% lies akiany 6], but its value is not directly reported in the literature.
¢=1.87 (Fig. 7). The cross-stream velocity changes sign glqever, it can be determined by fitting experimental data. For
£=0.595- much earlier than for jets. This is due to the Presencgample, using Beuther etal’§24] data we estimate

of buoyancy. In fact, the presence of buoyancy in the plume cre. b6./2H2U2=0.034. Dai et al.'{1] data similarly indicates a
ates contrasting effects near the center and far away from it w uecof 0 02‘37 U.sing- the Iatter.value*v<0 for £1.5, whereas
comp_ared to the axisymmetric jet. Buoyancy causes the centerl g former' vallje giveso >0 for all £ A negative Re;I/n’oIds stress
velocity to decay less slowly than the jet. Consequently, the m i plumes is unphysicathis is also ;supported by the datalaf).

nitude of the outflow near the centerline is smaller for the plu erefore. we use the former value of 0.034 hereafter. Thus
resulting in a smaller positive/. Secondly, because buoyancy is ' : : '

continuously increasing the momentum of the plume, there is a 9Bbo,
larger volume influx from its lateral surface. Hence, larger inflow
velocities are seen far away from the centerline. This larger inflow 2H2U§
is responsible for greater mixing in plumes. Sreenivas and Pra RP?) . - 2_ : _ )
[22] have proposed a model based on vortex dynamics to expﬁ' Iylnlg thzit K=0, and gbd./U;=0.096. Settingk=0 re
the greater entrainment in the plumes. It is again found that tl gces a(2D) to

inflow velocity neverequalsaU, for axisymmetric plumes. The T

expression folv/U, for axisymmetric plumes can also be found ~ — = — (5 exp( — %) — 3 exf —2£%) — 2 exp —H%¢?)).
in [1] and the plot in1,23]. uz 6¢

C
=0.034=0.34~ 3
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Fig. 8 Reynolds stress profiles for plumes ~ (—— axisymmetric ~ Fig. 10 Dominant kinetic energy production term profiles for
plume, -- planar plume ) plumes (—— axisymmetric plume, -- planar plume )

The behavior ofuv shown in Fig. 8 looks similar taiv of axi-  matches that of axisymmetric jets quite closely with maxima at

symmetric jets. In fact the maxima lie at almost the saine gimost the samé. As expected the production term for the plumes
(=0.6). As can be intuitively expected, Reynolds stress for plumegs |arger than jets for al.

is larger than jets. Interestingly, this similarity v for axisym- The dilution rate can be calculated from

metric jets and plumes can be inferred by noting that the above

expression reduces to E) for H=1 (althoughH = 1.2 for axi- 1dup _5¢

symmetric plumes wdz 3b° (23)

From the temperature E@18) and using Eqs(3), (19), and _ _ _

(20) one can obtain Comparing Egs(14) and (23), we find that entrainment, and
o hence dilution rate for axisymmetric plumes is about 1.6 times
ve'  5cC ) 5. greater than for axisymmetric jets.

U0, 6—§(1*e><p(*§ ))exp(—HE%). (22) The normalized eddy viscosity can be obtained using(E6).
as

From the plot in Fig. 9 the cross-stream velocity-temperature cor-

relation remains positive for al with a maximum value of 0.026 VT c ) ) )

at £&=0.51. EZE(5*39XH*§)*29XH*(H —1)&9)).

The production term is obtained as ¢
—aul o Here again the variation witl§ is large. In fact, the ratio of
Yol _¢ Py N a2 v1(£=0) to vr(£=y2)>2 (Fig. 11). In addition, vy~ z?".
Ug €l 3 (5 exp(=2¢%) — 3 exp(— 3¢9 For plumes, a further assumption of constéintcross-stream

) ) direction eddy thermal diffusivity,yr has been made by the re-
—2exp—(H+1)¢£9)). searchers in the past to obtain the functional forms of the similar-

This has a maximum of 0.020 arouie-0.6 (Fig. 10. This plot Iy functions where

0.04 T T T 0.05 T T

0.045

0.04

0.035

0.03

v/ Ucb

0.025

0.02

0.015

0.01

0.005 : ! >
§

Fig. 9 Velocity-temperature correlation for plumes (— axi- Fig. 11 Cross-stream variation of eddy viscosity for plumes
symmetric plume, -- planar plume ) (— axisymmetric plume, -- planar plume )
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Fig. 12 Cross-stream variation of eddy thermal diffusivity for
plumes (—— axisymmetric plume, -- planar plume )
00 =y
v ==97 or

Our approach provides the radial variationyin (using Eqs(19)

and(22)) as

Planar Plumes. The continuity equation for planar plumes is
the same as for planar jetEqg. (8)), while the momentum equa-
tion can be derived by adding the buoyancy term to the planar jet
momentum equatiori6],

VaU—&-U(?U-‘raE 0 25
ax Yoz T o T 9B (25)

The temperature equation in the self-similar regime is given by

(6D

v L9 o
ox oz ax

(26)

Here the centerline temperature variesza$, while it is inter-
esting to note that the centerline velocity does not change down-
stream,[6], i.e., presence of buoyancy prevents the decay of the
centerline velocity. This has an interesting consequence for the
cross-stream velocity, expressed mathematically as

VvV oc
7= z(2gexp(—§2)fﬁerf(§))-

Unlike axisymmetric plumes, we find that planar plumes do not
experience an outflow near the centerling,U. is small for
£<0.54 (less than 10% of its asymptotic value of 0.0%fd re-
mains negative throughout, i.e., the flow is always towards the
axis (Fig. 7). Qualitatively the plot is similar to planar jets. Buoy-
ancy causes planar plumes to entrain more than planar jets like
their axisymmetric counterparts.

yr__5¢ _ _ g2 Similar to planar jets, we can obtain the coefficient of entrain-
= (1—exp(—£9).
Ucb  12H2¢2 ment as
Figure 12 reveals thag;/(U:b) has a value of 0.029 at the cen- &

terline while it drops to 0.012 fog=v?2, i.e., the radial variation in
yt IS substantial. Moreovery; is a function of downstream dis-
tance, i.e.,yr~z?°. Knowing the distribution of both/; and y;
we can obtain the turbulent Prandtl number; 8 a function o

as

yr 5 1—exp(—£?)
Pr-|—=— =

i H?5-3exp—&)—2exp— (H-1)&)

“T

Usingc=0.11,[16], we obtaina=0.0975.
The Reynolds stress is given by
w  me erf(\2¢)|  Jmgpbo,
— = +
uz 2 V2 2HU?

erf(&)exp( — £2)— erf(Hé).

(27)

It is interesting to note that unlike; and y7, Pr is independent Note that the constant of integration is zero in E2jr), and for
of the spread rate arel Moreover, Py is not such a strong func- similarity to existgﬂbeclug should be a universal constap®,.

tion of radial position as'r and y1. Py varies from 0.9 at the The experimental data of Ramaprian and ChandrasekHdia
centerline to 0.8 at=v2 (Fig. 13. Physical arguments can beindicatesH=1.2 (identical to axisymmetric plumgsWe estimate
used to show that =1, [25], and our result is in good agree-the value of/77g8b6.,/2HU? (denoting this byC) as 0.069 which

ment.

0.95

Fig. 13 Cross-stream variation of turbulent Prandtl number for

plumes (—— axisymmetric plume, -- planar plume
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)

givesﬁmaX/U§=0.036 até=0.63. (The maximum value is very
close to the value of 0.035 predicted by Malin and Spald&j).
For Ramaprian and Chandrasekharpl$] data we obtainC
=0.062, but we find thativ becomes negative fagf>1.6. As in
the case of axisymmetric plumesy should remain positive for
all ¢ (this is also supported by the data[df]). Hence, we will
useC=0.069 to obtain

JmgBbé, Jmc e 1
—0.069-071—~ Y
2HU? 2 2 2

and gﬁbﬁC/U§=O.093 which is very close to the value for axi-
symmetric plumes. Equatiof27) can then be simplified tésee
Fig. 8

uw mc o erf20) erf(Hg)
JE 7| ereexr - - — o o).

While it is known thatH = 1.2, an interesting result is obtained by
substitutingH = {2 in the above expression. Then, it is seen that
uv for planar plumes is twice that of planar jeétg. 13.

The velocity-temperature correlation for planar plumes is given

by
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06w 0.25 : T y y
PR _g2¢2
U0, 2 erf(§)exp(—HE%).
As for axisymmetric plumes, the velocity-temperature correlatiol o0.2r / \\\ ]
is also positive with a maximum of 0.035 &:0.53(Fig. 9). Note o / .
that for both axisymmetric and planar plumes, the maximum valugo /,’ v
of v’ is to the left of the maximum fouv. 5 015f / K 1
We can obtain the production term as g K \
! 1 \\
uv dU cerf(\2¢)exp — £2) S ol \ ]
— —| = Jmc| Eerf(&)exp —2£2) — s o1 S
ud 9é (5 (&)exp(—2¢& 2 5 i .
. ferf(Haexp(gZ)) o0st / -
\/E . /ll \\\‘\
As for jets and axisymmetric plumes, this term has a maximur 0 : . : — =
value around:=0.6 (Fig. 10. In fact, the maximum lies at almost 0 0.5 1 : 15 2

the same location as the maximum of Reynolds stresses. It shouia
be pointed out that unlike for jets, the production term for plangtig 14  Cross-stream velocity and Reynolds stress profiles for
plumes is larger than their axisymmetric counterparts. wakes (—— axisymmetric wake, -- planar wake )
The dilution rate for planar plumes can be obtained as
ldu c

pdz b’ . . _ S
In the self-similar regioiJ ;. decreases as <, while b increases
As expected, the dilution rate of planar plumes is higher thags z3, [6]. Keeping these in mind, we can obtaih from the
planar jetscompare Eqs(15) with (28)). Interestingly, it is equal continuity Eq.(1) as
to the dilution rate of axisymmetric jet&qgs. (14) and(298)).

(28)
23

Once again, we can derive expressionsifpr vy, and Py and \% b¢ )
question the validity of assigning constant cross-stream values to [V 3, A9 (31)
them.
As for planar plumes, inflow occurs for alwith a maximum at
T —\/;C erf(&)exp(— £2)— erf(2¢) + erf(H¢) 520-71? i ?
Ub  4gexp—&?) 2 V2 ) Reynolds stress can be obtained using E29). and (30) as
YT \/;C uv (
—_—= erf(&), —=—— | 1—exp—2&%) +2&% exp(— 2&2
V2 erfié)exp(— &) 4U,

1 2 2 )
=— . — expl— . 32

H? 2 erfl&)exp — £) —erf(V2£) + erf(H¢) g, & R 2
Turbulent eddy viscosity and thermal diffusivity are plotted int should be mentioned that in this case the integration constant is
Figs. 11 and 12, respectively. Botl andyr~z. Pr has a maxi- nonzero(actually K =b/12z¢£). It is not possible to plot Eq.32)
mum value of 0.82at the centerlinewhile it drops to 0.74 for without knowingU,/U.. However, sinceJ/U,= (1), one can
&=v2 (Fig. 13. It is again reassuring to note that;Rrl as pre- simplify the momentum equation by replacinddU/dz by
dicted by physical argumentg25]. UydU/dz, [6], to obtain:

A arﬁ_o a3
Turbulent Wakes oz Tr o O (33)
Axisymmetric Wakes. Unlike jets and plumes, wakes have aOn comparing Eqg1) and(33), we can see that they are identical

nonlinear spread rate. The continuity equation for axisymmetr{gy /U, replacesV). Hence it is not surprising to see
wakes remains the same as En, while the momentum equation

can be derived as for axisymmetric jets. However, herdJ . is m b¢ ,

of order unity, i.e., the velocity fluctuations are of the order of the UuU. - 3,88, (34)

velocity defect,[6]. This simplifies the momentum equation fur- 0¥e

ther: which is exactly the same expression as ¥0iU.. It should,
JU  1dra however, be noted thatv has been normalized witb U, and
54- FT=0, (29) notUﬁ. uv/UgU. andV/U, are plotted in Fig. 14.

We will use the expression farv given by Eq.(32) to obtain

It is interesting to note tha¥ does not appear in the streamwisdhe production term and the radial variation in turbulent eddy
momentum equation. This is because in the momentum equatldgcosity as

VoUlar=0(UZ/L), while UdUlaz=0O(UyU./L); since _
U./Uy=0O(b/L), the former can be discarded. uv du

_b ( 1—exp —2&%) +2&% exp(—2&%)

Using a Gaussian profile for the velocity defect, the streamwise F g_g 6z
velocity is given by ¢
4U
U(r,2)=Uo~Uq(z)exp —1?/b?)= Uy~ U (z)expl §2)-(30) ~ G e~ [exp— ),
C
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vT ( 2 2 2 Ugb”
= | 1-exp(—28%) + 2% expl( — 28) VT =
Ucb  24z¢% exp— £?) pl 4z
U Since Uy, is invariant withz, we obtainvy -~ z~ 3 while
T 2 eXIO(—§2))- VT ke Z°, in agreement with Lessen’s predictiofg]]. Re-
Cc

markably, the dependence of on ¢ disappears for wakes.
Planar Wakes. The continuity equation for planar wakes is

given by Eq.(8) while the momentum equation 5], Conclusions
— A comprehensive analysis has been conducted for six standard
JU  Juv ! . .
— + W =0. (35) casegaxisymmetric and planar jets, plumes, and wakEgpres-

sions for cross-stream velocity, Reynolds stress, and turbulent ki-
U, varies asz~ 2 while b increases ag!? for planar wakes, _netic energy _production terms are Qeriv_ed _for _these cases assum-
[6,21]. Integrating the continuity E8) gives ing a Gaussian streamwise velocity distribution. The plots are
compared amongst themselves and provide several insights.

i:_ gexp(_g). (36) 1 Expressions for cross-stream velocity indicate outflow for

Uc jets and axisymmetric plumes near the axis, while inflow occurs in
Comparing Eqs(31) and (36), we see that the inward velocity the far field. P_Ianar plumes c_io not experience any such outflow.
is very similar. However, the decay withis slightly different for Outflow of fluid near the axis is a natural consequence of the

the two cases. ecay of the centerline velocity with downstream distafeed
Reynolds stress can be obtained from the momentur{E5y. not because of the assumed Gaussian velocity profilee decay
using Eq.(30): rates of axisymmetric jets, planar jets, and axisymmetric plumes

o are, respectivelyz t, z72 z713 while the radial extents of

uv ) outflow arer/b=<1.12, 0.99, 0.59. Moreover, the decay rate for

Uz 16z —4gexp(—2¢%) +2merf(\m¢) planar plumes varies & and these do not experience any out-
¢ flow. Thus, a higher decay rate correlates with a larger radial

8U, extent of outflow. See Agrawal et 4R0] for more discussion on
- U—gexp( - 52)) . the coupling between the decay of the centerline velocity and the
¢ radial extent of the outflow.
The production term is 2 Expressions for the entrainment coefficients of planar jets

and plumes are developed along the lines of their axisymmetric
counterparts. It is found that for planar jets and plumés
=aU.; this is, however, not true for axisymmetric cases. Hence,
contrary to conventional belief, the entrainment veloatould

uv U
ud 9

=g(f4fexp(f2§2>+ﬂerf<ﬁg>

8U, ) ) not be equated taU. for axisymmetric jets and plumes.
T, gexp— &) |exp—£°). 3 The value of the universal constagbd,/U? is estimated
) as 0.096 and 0.093 for axisymmetric and planar plumes, respec-
vy can be obtained as tively.
” 4 Reynolds stress and the dominant turbulent kinetic energy
T ; . oo

= | —afexp—2&)+ 2merf( 7 production term for jets and plumes are qualitatively the same

Ub  32z¢exp—&?) ( ¢exp(—28) (V) with a maximum aroun@=0.6. Magnitudes for jets and axisym-

metric plumes are nearly the same. These are much smaller than
8Uo Eexp— gz)) for planar plumes.
Uc ' 5 Unlike plumes and jets, the normalized cross-stream velocity
o . . ) nd Reynolds stresses for wakes are functions of downstream dis-
m;m%{g&gg tgﬁ dmuc;rirr]:;nittutr(;]oet?tgﬁ;“?hneassin\:\lS;igngEe\;vgglngIsst);fasnce' In addmon, the turbulent kinetic energy production term for .
' Xisymmetric and planar wakes has the same cross-stream distri-
uv bé¢ bution.
=— —exp — &), (37) 6 Cross-stream variations for, v, and P¢ are shown to be
UoUe 2z significant, therefore, the use of constant valuegpfind y; in

which, as expected, is the same expression a¥for, for planar the cross-stream direction is unjustifieds Rs found to lie be-
wakes(Fig. 14). tween 0.9 and 0.7 for axisymmetric and planar plumes.

It is not possible to compare the production terms for the axi- 7 Our analysis reveals that the eddy viscosity is independent of
symmetric and planar wakes becalkgis unknown. However, if the cross-stream coordinate for axisymmetric and planar wakes.
we use the simplified expressions for the Reynolds stEss.

(34) and(37)), we can write the productions terms as Acknowledgments
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— 3—§: 3 7 (axisymmetric wakes der grant NSF-ATM-9714810. We thank Prof. Pablo Huq of the
UoUg College of Marine Studies, University of Delaware, for encourag-

b oU ) be? expl — 262) ing us to undertake this study and helpful discussions.

(planar wakep

Uou2 9¢ z Nomenclature
These two terms differ just by a constant. b = width (defined as(b)/U,=e"* for jets and plumes,
The simplified expressions far; (using Egs.(16), (30), (34), and U,—U(b))/U.=e ! for wakes
and(37)) are ¢ = spread ratedb/dz
> cr = spread rate for temperature
v __ Ugb d = diameter of the nozzle
Taxisym. 6z ' g = acceleration due to gravity
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H = clcy
K = constant of integration
L = downstream distance scale
p = time-averaged pressure
Pr; = turbulent Prandtl number
r = cross-stream coordinate used for axisymmetric case
T = temperature
T’ = fluctuating temperature
T, = ambient fluid temperatur@assumed constant
T. = time-averaged centerline temperature
u, v = fluctuating components of velocity
u’ = fluctuating velocity scale
U = time-averaged streamwise velocity
Uy = free stream velocity
U. = time-averaged centerline velocitfor wakes—
velocity defect at the centerlipe
V = time-averaged cross-stream velocity
V. = time-averaged entrainment velocity
X = cross-stream coordinate used for planar case
z = coordinate along the axis
a = coefficient of entrainment
B = coefficient of thermal expansion
y = thermal diffusivity
vt = turbulent thermal diffusivity
0 =T-T,
o =T -T,
O = Tc—To
wu = volume flux
vt = eddy viscosity
¢ = nondimensional cross-stream coordinater (b for
axisymmetric cases=x/b for planar case. See Fig) 2
p = density
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