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Integral Solution for the Mean
Flow Profiles of Turbulent Jets,
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Integral methods are used to derive similarity solutions for several quantities of inte
including the cross-stream velocity, Reynolds stress, the dominant turbulent kinetic e
production term, and eddy diffusivities of momentum and heat for axisymmetric
planar turbulent jets, plumes, and wakes. A universal constant is evaluated for ax
metric and planar plumes. The cross-stream velocity profiles show that jets and ax
metric plumes experience an outflow near the axis and an inflow far away from it.
outflow is attributed to the decay of the centerline velocity with downstream distance
the extent and magnitude of outflow correlates with the streamwise decay of the cen
velocity. It is also shown that the entrainment velocity should not in general be equat
the product of the entrainment coefficient and the centerline velocity. It is found that
to similar governing equations, profiles for jets and plumes are qualitatively similar.
results show that the derived quantities are strong functions of streamwise and c
stream positions, in contrast to previous approaches that assumed constant (in the
stream direction) eddy viscosity and thermal diffusivity. The turbulent Prandtl numb
approximately equal to unity which matches the value quoted in the literature.
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Introduction
Jets, plumes, and wakes are examples of free shear flows.

is produced when fluid exits a nozzle with some initial mome
tum. On the other hand, plumes are driven purely by buoya
addition at the source. Jets and plumes spread laterally by en
ing ~entraining! ambient fluid. The momentum contained with
the jet remains constant at any streamwise cross section, wh
the momentum contained within the plume increases monot
cally with the streamwise coordinate while maintaining a const
buoyancy. The width of jets and plumes increases at the cos
velocity. Wakes are produced behind an object placed in
freestream, and manifest themselves in the form of a velo
deficit profile.

Jets, plumes, and wakes exhibit self-similarity beyond a cer
downstream distance such that a characteristic length and vel
can be used to scale all distances and velocities in the flow. An
ses and measurements have traditionally focused on the
similar region because fewer independent variables are invo
making it is easier to interpret the results. For jets, plumes
wakes, the time-averaged centerline velocity is generally cho
as the characteristic velocity, the time-averaged centerline t
perature differential~with respect to the ambient! is used as the
characteristic temperature scale, whereas the cross-stream
tances are scaled with the local width. Although more analysi
available for planar cases, it is somewhat easier to setup ex
mentally an axisymmetric jet, plume, or wake, compared to th
planar counterparts. Consequently, more experimental dat
available for the axisymmetric case,@1–5#.

In the self-similar region of the flows under consideration, t
traditional approach is to first perform an order of magnitu
analysis of the Navier-Stokes equations. A boundary layer
proximation is usually applied, allowing a substantial reduction
the number of terms. The resulting terms are then scaled using
appropriate length, velocity, and temperature scales. Further
invoking conservation of momentum and buoyancy for jets a
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plumes, respectively, one can obtain the streamwise variatio
width, centerline velocity and temperature,@6#. Because the num-
ber of unknowns exceeds the number of equations by one,
analysis fails to provide the cross-stream variation of these qu
tities. Of key interest is the functional form of the streamwi
velocity in the cross-stream direction.

One approach to close the system of equations is to assume
the eddy viscosity (nT) is constant in the cross-stream directio
@6–10#. The equations are then solved to obtain the required fu
tional form. With this approach, one obtainsU/Uc5sech2(Aj) for
a plane jet whereA50.706, and (11Bj2)22 for a round jet
where B50.661, @7#. The intent of this paper is to follow the
oppositeapproach, i.e., we select a functional form for the strea
wise velocity profile based on experimental data to close the
tem of equations, and subsequently derive expressions for se
useful quantities~including nT , which can show a cross-stream
variation depending on the choice of the functional form!.

Numerous experimental and numerical studies on free-sh
flows have been undertaken by various groups in the past. Mo
these studies measure~or compute! the streamwise velocity pro
file, and fit a simple mathematical expression to the data.
literature reveals that many researchers,@1–3,11–16# prefer the
Gaussian function to approximate the streamwise velocity
temperature profiles. Our own measurements of axisymmetric
also reveal that overall the Gaussian profile is a superior fit to
data. As an example, we plot in Fig. 1 the normalized streamw
velocity data for an axisymmetric jet of water issuing from
2-mm orifice into a large tank; data were acquired using tw
dimensional PIV at 110<z/d<175 ~see@17# for experimental de-
tails!. The computed profile for Reynolds stress is compared w
experimental measurements made by the authors later in the p
to provide additional validation for the choice of the Gauss
streamwise velocity profile. For these reasons, we preferred
Gaussian profile to the other choices as the input functional fo
for our analysis. Some previous researchers have employe
approach similar to ours to verify certain difficu
measurements—for example, Wygnanski and Fiedler@5# and Gut-
mark and Wygnanski@18# verified their measurements of Rey
nolds stress against values computed from their streamwise ve
ity profile using an intergal approach.
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Perhaps because the primary aim of these researchers w
verify measurements, they did not exploit integral theories to
full extent, nor did they discuss the properties of the express
that they derived. In fact, explicit expressions for even basic qu
tities are not readily available in the literature. The aim
this paper is to extract a complete set of results from the inte
method. We derive a host of useful expressions and exp
their properties in physical terms. As we show, several interes
features of the flow can be obtained, and some proba
misconceptions can be corrected in this manner. Further, u
contrasting appropriate solutions~for example jets versus plumes
axisymmetric versus planar!, our approach yields some new in
sights.

The basic approach adopted here comprises the following t
steps. First, we assume an analytical expression for the m
streamwise velocityU ~and temperature!. Second, the expressio
for U is substituted into the continuity equation along with t
assumption of the centerline velocity variation, and integrated
determine the mean cross-stream velocity profile. Third, the
pressions forU andV are substituted into the simplified mome
tum ~and energy! equations, and integrated to determine the R
nolds stress ~and velocity-temperature correlations!. These
expressions can then be employed to derive a number of us
quantities. Integral methods are shown here to be successf
reproducing experimental results for standard jets, plumes
wakes ~axisymmetric and planar! which are commonly used a
model flows in a variety of situations. Our results should serve
a useful reference for such studies. However, it should be rem
bered that integral methods may have restricted application
more complex turbulent flows,@13#, where it is difficult to assign
profile shapes, and relate entrainment rates to local influence
complex environments.

The relevant governing equations for jets and wakes are
continuity and the streamwise momentum equation. The two
ditional momentum equations, cross stream and azimuthal, re
pressure with the fluctuating components of velocity, and the fl
tuating components of velocity with themselves, respectively
this paper, we are not interested in exploring these relationsh
For plumes, an additional equation for temperature is required
symmetry considerations, both the cross-stream velocity and
Reynolds stress are zero at the centerline. We have used this
dition throughout this paper to evaluate the constant of integ
tion.

Fig. 1 Streamwise velocity profiles for jets „ axisymmetric
jet from Gaussian profile, -- axisymmetric jet from polynomial
profile, †7‡, dots from experiment, †7‡
814 Õ Vol. 125, SEPTEMBER 2003
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Turbulent Jets

Axisymmetric Jets. The continuity equation for the time
averaged velocities in cylindrical coordinates~see Fig. 2 for the
coordinate system used in this paper! is

1

r

]rV

]r
1

]U

]z
50. (1)

In the self-similar region, the simplified streamwise momentu
equation can be obtained using an order of magnitude analysi
@6#,

V
]U

]r
1U

]U

]z
1

1

r

]r uv
]r

50 (2)

where the overbar denotes time-averaged quantities.
For the self-similar axisymmetric jet,Uc varies asz21, while b

increases linearly withz, @6#. By approximating the streamwis
velocity at any downstream location by a Gaussian,@3,11–13,17#,
~see also Fig. 1!

U~r ,z!5Uc~z!exp~2r 2/b2~z!!

5Uc~z!exp~2r 2/c2z2!

5Uc~z!exp~2j2!, (3)

one can solve forV by substituting Eqs.~3! into ~1!:

V

Uc
5

c

2j
~211exp~2j2!12j2 exp~2j2!!. (4)

V(j)/Uc is plotted in Fig. 3 and reveals that, contrary to t
connotation of an inflow implied by the term ‘‘entrainment,’’ th
cross-stream flow in the vicinity of the centerline is actually o
ward, i.e.,V(j)/Uc>0 for 0<j<1.12. (V(j)/Uc50 at the cen-
terline, reaches a maximum of 0.018 atj50.54 and declines back
to zero atj51.12.! The reason for such an outflow is that th
centerline velocity decreases asz21, and not because of the
Gaussian streamwise velocity profile assumption.V(j)/Uc,0
~i.e., inward! for j.1.12, reaches a minimum of20.022 at
j52.08 and asymptotes to 0 asj→`. It should be pointed out tha
V→0 much more slowly thanU, i.e., although the central regio
is dominated by the axial component of velocity, the cross-stre
flow predominates far away from it.

According to@11#, the entrainment coefficienta can be defined
using the incremental volume flux as

dm

dz
52pbUca, (5)

wherem for axisymmetric jets is given by

m5E
0

`

2prU ~r !dr.

Fig. 2 Coordinate system for planar „x ,z… and axisymmetric
„r ,z… jets, plumes, and wake. For wakes, U represents the ve-
locity defect.
Transactions of the ASME
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It is readily seen thatdm/dz is the incremental volume flux en
tering the jet through a circular control surface at larger, i.e.,

dm

dz
5 lim

r→`

22prV.

From Eq.~4!, V/Uc for large j can be approximated as2c/2j.
Our result gives

dm

dz
52pr

c

2j
Uc52pbUc

c

2
. (6)

By equating Eqs.~5! and~6!, we geta5c/250.0535, which is the
same value as obtained by@11#. From Fig. 3, it is seen that Turn
er’s @11# statement: ‘‘the inflow velocity at the ‘edge’ of the flow
is some fractiona of the maximum mean upward velocity,’’ is no
strictly correct, becauseV/Uc never reaches 0.0535 for any valu
of j. However, it is easily shown,@19#, that theinward extension
of the curvec/2j ~the asymptotic curve forV/Uc at largej! in-
tersects the jet edge~j51! with a value ofc/2.

Equation ~4! can also be derived using a control volum
approach—by equating the difference of volume flux at two s
cessive downstream stations to the incoming fluid volume.
seen in Fig. 3 the maximum value ofV is just 2% ofUc , making
it rather difficult to measure precisely, and therefore it is le
frequently presented in the literature,@4,5#.

TheV profile can be used to directly determine the spread r
c. Researchers in the past have determinedc by curve fitting ex-
perimental data forU. However, determiningc from the experi-
mental profile forV may be advantageous since the location a
height of the extrema can be unambiguously determined. H
ever, as stated above, the experimental uncertainty inV can be
substantial.~A comparison of the derived cross-stream veloc
profile with the experimental data is provided in@20#.!

One can insert the time-averaged profiles forU andV into Eq.
~2!, to obtain the time-averaged profile for Reynolds stressuv as

uv

Uc
2

5
c

2j
~exp~2j2!2exp~22j2!!. (7)

The maximum for Reynolds stress lies atj50.58 ~Fig. 4!. Wyg-
nanski and Fiedler@5# provide a plot for Reynolds stress by inte
grating their streamwise velocity profile. However, they do n
provide an explicit expression for it.

Figure 4 also shows our experimentally measured Reyn
stress for a~water! jet at Re53000 using PIV. The experimenta
data can be compared with the analytical result based on

Fig. 3 Cross-stream velocity profiles for jets „ axisymmet-
ric jet, -- planar jet …
Journal of Fluids Engineering
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Gaussian profile and the one derived using the (11Bj2)22 pro-
file, @7#, whereB50.661. We see that the latter result does n
match as well, justifying the selection of the Gaussian profile
our analysis. Additionally, our analytical result matches very w
with the Reynolds stress data of@5,18#.

Planar Jets. It is worthwhile to compare the results for a
axisymmetric jet against a planar jet. For planar jets the contin
and momentum equations are, respectively,@6#:

]V

]x
1

]U

]z
50, (8)

V
]U

]x
1U

]U

]z
1

]uv
]x

50. (9)

Like axisymmetric jets, plane jets have a linear spread rate and
well approximated by a Gaussian velocity profile,@13,15#, ~given
again by Eq.~3! wherej is now x/b(z)), but now the centerline
velocity decays asz21/2, @6#. Integrating Eq.~8! using ~3! we
obtain

V

Uc
5

c

4
~4j exp~2j2!2Ap erf~j!!. (10)

This expression has also been obtained by@15#. Similar to the
axisymmetric case, we find an outflow near the jet axis, and
inflow far away from it. The maximum outflow occurs aroun
j50.5 ~which is very close to the axisymmetric case! and the flow
turns inward forj>0.99- this value is slightly smaller than fo
axisymmetric jets~Fig. 3!.

Similar to the axisymmetric case we can define the coeffici
of entrainment following Turner@11#:

dm

dz
52aUc , (11)

wherem is now given by

m5E
2`

`

Udx.

Inserting Eq.~3! and differentiating with respect toz, we obtain

Fig. 4 Reynolds stress profiles for jets „ axisymmetric jet
from Gaussian profile, -- axisymmetric jet from polynomial pro-
file, †7‡, -.. planar jet, dots from experiment …
SEPTEMBER 2003, Vol. 125 Õ 815



h

s

g
a

t

d in

ric

ly
the
e

h

a

e

te

s
d
t

dm

dz
5

Ap

2
Ucc. (12)

Equating Eqs.~11! and~12!, we geta5Apc/450.041~from Fig.
5 of Gutmark and Wygnanski@18#, we estimatec50.092). It
should be pointed out that the cross-stream velocity does bec
equal toaUc for largej. Turner’s @11# statement that the inflow
velocity at the edge of the jet equalsaUc is thus seen to apply
strictly in the case of planar free-shear flows.

Ramaprian and Chandrasekhara@15# measureda for planar jets
asa5Ve /Uc50.045. The slight discrepancy might be due to t
fact that their measurements,@15#, were made rather close to th
nozzle (5<z/d<60) and therefore, the jet might not hav
achieved complete self-similarity.

As before, the momentum Eq.~9! along with the expression
for U andV can be used to solve for the Reynolds stress as

uv

Uc
2

5
Apc

4
exp~2j2!erf~j!. (13)

The plot looks similar to that of axisymmetric jets with a max
mum atj50.62 and 0 forj50 and largej ~Fig. 4!. In fact, the
maxima lie at almost the samej and are of nearly the same ma
nitude. AlthoughU profiles for the two cases considered above
similar, theirV and the governing Eqs.~2! and ~9! are very dif-
ferent. Thus it is not expected thatuv would look so similar. This
similarity is due to the fact thatU]U/]z is the dominating term,
and behaves similarly for the two cases.

The dilution rates can be computed from

1

m

dm

dz
5

c

b
~axisymmetric jets! (14)

1

m

dm

dz
5

c

2b
~planar jets!. (15)

Because the spread rates for the two cases are virtually iden
it is obvious that axisymmetric jets dilute twice as rapidly as th
planar counterparts~axisymmetric jets entrain circumferentially
while planar jets entrain from the two sides only!. Greater mixing
in the axisymmetric jets is consistent with the faster decay of th
centerline velocity with down-stream distance. It should
pointed out that, sinceb;z, 1/m(dm/dz);z21, i.e., the dilution
rate keeps decreasing with downstream distance.

Fig. 5 Dominant kinetic energy production term profiles for
jets „ axisymmetric jet, -- planar jet …
816 Õ Vol. 125, SEPTEMBER 2003
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The complete turbulent kinetic energy equation can be foun
the literature~e.g., for axisymmetric jets see@5#!. The dominant
kinetic energy production term isuv]U/]j. Using Eqs.~3!, ~7!,
and ~13! we can write

Uuv

Uc
3

]U

]j U5c~exp~22j2!2exp~23j2!! ~axisymmetric jets!

Uuv

Uc
3

]U

]j U5
Apc

2
j exp~22j2!erf~j! ~planar jets!.

The production term has a maximum aroundj50.6 ~close to the
maximum of theuv term! and reduces to zero for largej ~Fig. 5!.

Again, the maxima of the production terms for axisymmet
and planar jets lie at almost the samej. The magnitude of the
turbulent kinetic energy term for axisymmetric jets is slight
larger than planar jets. The similarity of these terms is due to
fact that bothuv and]U/]j resemble each other closely for th
two cases considered here.

One can derive corresponding expressions fornT for the axi-
symmetric and planar jets using

uv52nT

]U

]r
, (16)

as

nTaxisym.

Ucb
5

c

4

12exp~2j2!

j2
,

and

nTplanar

Ucb
5

Apc

8

erf~j!

j
.

BecausenT;Ucb ~product of the integral velocity and lengt
scales!, we can expectnTaxisym.

;z0 (b;z, andUc;z21 for axi-

symmetric jets! and,nTplanar
;z1/2 (b;z, andUc;z21/2 for planar

jets!, i.e., not only isnT a function of radius, it can also be
function of z. Lessen@21# predicted identicalz-dependences for
nT based on the principle of marginal instability. While th
streamwise variation ofnT is well known,nT is generally assumed
to be independent ofj, @6–10#. The results presented next indica
that this need not be true.

The eddy viscositynT for the axisymmetric and planar case
are plotted in Fig. 6.nT is a maximum at the center of the jet an
decays to 0 for largej. For the axisymmetric case we find tha

Fig. 6 Cross-stream variation of eddy viscosity for jets „

axisymmetric jet, -- planar jet …
Transactions of the ASME
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nT(j50) is 2.3 times greater thannT(j5A2). ~j5& represents
the e22 point of the Gaussian.! For the planar case, this ratio i
about 1.7. Townsend@8# also observes thatnT should diminish as
the jet edge is approached because the measured velocity pr
approach zero more rapidly than the profiles calculated on
basis of constantnT . Pope@9# states thatnT is within 15% of the
value 0.028 over bulk of the~axisymmetric! jet, and thereforenT
can be assumed constant, independent ofj.

Turbulent Plumes

Axisymmetric Plumes. The continuity equation remains th
same as Eq.~1! for axisymmetric plumes, whereas a buoyan
term appears in the simplified momentum Eq.~2!, @13,14#:

V
]U

]r
1U

]U

]z
1

1

r

]r uv
]r

5gbu. (17)

The gbu term in Eq.~17! differentiates the plume from the je
The temperature equation can be obtained starting from

V
]u

]r
1U

]u

]z
1

]vu8

]r
1

]uu8

]z
1

vu8

r
5gS ]2u

]r 2
1

1

r

]u

]r
1

]2u

]z2 D ,

using scaling arguments~similar to jets!, to finally arrive at
~@13,14#!

V
]u

]r
1U

]u

]z
1

1

r

]rvu8

]r
50. (18)

A Gaussian profile is commonly used in the literature to a
proximate the distributions for velocity and temperature
plumes, @1,2,11,13,14,16#. From similarity considerations, th
centerline velocity and temperature for axisymmetric plumes v
respectively, asz21/3 andz25/3 while the width increases linearly
@6#. Therefore, the streamwise velocity is given by Eq.~3!, while
the temperature in the plume can be written as

u~r ,z!5uc~z!exp~2r 2/cT
2z2!5uc~z!exp~2H2j2!, (19)

where cTÞc, i.e., temperature and velocity need not spread
identical rates. In factc/cT5H is 1.2 for axisymmetric plumes
@11#.

Again, from the continuity Eq.~1! and using the decay rate o
the centerline velocity, one can derive

V

Uc
5

c

j S 2
5

6
1

5

6
exp~2j2!1j2 exp~2j2! D . (20)

The plot of V/Uc closely resembles axisymmetric jets—plum
experience outflow near the centerline, and an inflow far aw
from it. However, the maximum positiveV is now just 0.4% ofUc
~for j50.33!, while the maximum negative value of 3.8% lies
j51.87 ~Fig. 7!. The cross-stream velocity changes sign
j50.5952 much earlier than for jets. This is due to the presen
of buoyancy. In fact, the presence of buoyancy in the plume
ates contrasting effects near the center and far away from it w
compared to the axisymmetric jet. Buoyancy causes the cente
velocity to decay less slowly than the jet. Consequently, the m
nitude of the outflow near the centerline is smaller for the plu
resulting in a smaller positiveV. Secondly, because buoyancy
continuously increasing the momentum of the plume, there
larger volume influx from its lateral surface. Hence, larger inflo
velocities are seen far away from the centerline. This larger infl
is responsible for greater mixing in plumes. Sreenivas and Pra
@22# have proposed a model based on vortex dynamics to exp
the greater entrainment in the plumes. It is again found that
inflow velocity neverequalsaUc for axisymmetric plumes. The
expression forV/Uc for axisymmetric plumes can also be foun
in @1# and the plot in@1,23#.
Journal of Fluids Engineering
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Similar to axisymmetric jets, for largej we can approximate
V/Uc as 25c/6j. The incremental volume flux entrained by th
plume is again given by Eq.~5!, while our result gives

dm

dz
5 lim

r→`

22prV52pr
5c

6j
Uc52pbUc

5c

6
.

From this, we geta55c/650.0833~using c50.100, @11#!. The
same value ofa was obtained by@11#.

Integrating the momentum Eq.~17! using Eqs.~3! and ~20!
yields

uv

Uc
2

5
c

j S 5

6
exp~2j2!2

1

2
exp~22j2! D

2
gbbuc

2H2Uc
2j

exp~2H2j2!1
K

j

whereK is a constant of integration. Using the condition thatuv
is bounded atj50, we obtainK52c/31gbbuc/2H2Uc

2, which
leads to

uv

Uc
2

5
c

j S 5

6
exp~2j2!2

1

2
exp~22j2!2

1

3D
1

gbbuc

2H2Uc
2j

~12exp~2H2j2!!. (21)

The condition of self-similarity forcesgbbuc /Uc
2 to be a con-

stant, @6#, but its value is not directly reported in the literatur
However, it can be determined by fitting experimental data.
example, using Beuther et al.’s@24# data we estimate
gbbuc/2H2Uc

250.034. Dai et al.’s@1# data similarly indicates a
value of 0.027. Using the latter value,uv,0 for j>1.5, whereas
the former value givesuv.0 for all j. A negative Reynolds stres
for plumes is unphysical~this is also supported by the data of@1#!.
Therefore, we use the former value of 0.034 hereafter. Thus,

gbbuc

2H2Uc
2

50.03450.34c'
c

3
,

implying that K'0, and gbbuc /Uc
250.096. SettingK50 re-

duces Eq.~21! to

uv

Uc
2

5
c

6j
~5 exp~2j2!23 exp~22j2!22 exp~2H2j2!!.

Fig. 7 Cross-stream velocity profiles for plumes „ axisym-
metric plume, -- planar plume …
SEPTEMBER 2003, Vol. 125 Õ 817
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The behavior ofuv shown in Fig. 8 looks similar touv of axi-
symmetric jets. In fact the maxima lie at almost the samej
~50.6!. As can be intuitively expected, Reynolds stress for plum
is larger than jets. Interestingly, this similarity inuv for axisym-
metric jets and plumes can be inferred by noting that the ab
expression reduces to Eq.~7! for H51 ~althoughH51.2 for axi-
symmetric plumes!.

From the temperature Eq.~18! and using Eqs.~3!, ~19!, and
~20! one can obtain

vu8

Ucuc
5

5c

6j
~12exp~2j2!!exp~2H2j2!. (22)

From the plot in Fig. 9 the cross-stream velocity-temperature
relation remains positive for allj with a maximum value of 0.026
at j50.51.

The production term is obtained as

Uuv

Uc
3

]U

]j U5
c

3
~5 exp~22j2!23 exp~23j2!

22 exp~2~H211!j2!!.

This has a maximum of 0.020 aroundj50.6 ~Fig. 10!. This plot

Fig. 8 Reynolds stress profiles for plumes „ axisymmetric
plume, -- planar plume …

Fig. 9 Velocity-temperature correlation for plumes „ axi-
symmetric plume, -- planar plume …
818 Õ Vol. 125, SEPTEMBER 2003
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matches that of axisymmetric jets quite closely with maxima
almost the samej. As expected the production term for the plum
is larger than jets for allj.

The dilution rate can be calculated from

1

m

dm

dz
5

5c

3b
. (23)

Comparing Eqs.~14! and ~23!, we find that entrainment, and
hence dilution rate for axisymmetric plumes is about 1.6 tim
greater than for axisymmetric jets.

The normalized eddy viscosity can be obtained using Eq.~16!
as

nT

Ucb
5

c

12j2
~523 exp~2j2!22 exp~2~H221!j2!!.

Here again the variation withj is large. In fact, the ratio of
nT(j50) to nT(j5A2).2 ~Fig. 11!. In addition,nT;z2/3.

For plumes, a further assumption of constant~in cross-stream
direction! eddy thermal diffusivity,gT has been made by the re
searchers in the past to obtain the functional forms of the simi
ity functions where

Fig. 10 Dominant kinetic energy production term profiles for
plumes „ axisymmetric plume, -- planar plume …

Fig. 11 Cross-stream variation of eddy viscosity for plumes
„ axisymmetric plume, -- planar plume …
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Our approach provides the radial variation ingT ~using Eqs.~19!
and ~22!! as

gT

Ucb
5

5c

12H2j2
~12exp~2j2!!.

Figure 12 reveals thatgT /(Ucb) has a value of 0.029 at the cen
terline while it drops to 0.012 forj5&, i.e., the radial variation in
gT is substantial. Moreover,gT is a function of downstream dis
tance, i.e.,gT;z2/3. Knowing the distribution of bothnT andgT
we can obtain the turbulent Prandtl number, PrT as a function ofj
as

PrT5
gT

nT
5

5

H2

12exp~2j2!

523 exp~2j2!22 exp~2~H221!j2!
.

It is interesting to note that unlikenT andgT , PrT is independent
of the spread rate andz. Moreover, PrT is not such a strong func
tion of radial position asnT and gT . PrT varies from 0.9 at the
centerline to 0.8 atj5& ~Fig. 13!. Physical arguments can b
used to show that PrT'1, @25#, and our result is in good agree
ment.

Fig. 12 Cross-stream variation of eddy thermal diffusivity for
plumes „ axisymmetric plume, -- planar plume …

Fig. 13 Cross-stream variation of turbulent Prandtl number for
plumes „ axisymmetric plume, -- planar plume …
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Planar Plumes. The continuity equation for planar plumes
the same as for planar jets~Eq. ~8!!, while the momentum equa
tion can be derived by adding the buoyancy term to the plana
momentum equation,@6#,

V
]U

]x
1U

]U

]z
1

]uv
]x

5gbu. (25)

The temperature equation in the self-similar regime is given
~@6#!

V
]u

]x
1U

]u

]z
1

]vu8

]x
50. (26)

Here the centerline temperature varies asz21, while it is inter-
esting to note that the centerline velocity does not change do
stream,@6#, i.e., presence of buoyancy prevents the decay of
centerline velocity. This has an interesting consequence for
cross-stream velocity, expressed mathematically as

V

Uc
5

c

2
~2j exp~2j2!2Ap erf~j!!.

Unlike axisymmetric plumes, we find that planar plumes do n
experience an outflow near the centerline;V/Uc is small for
j,0.54 ~less than 10% of its asymptotic value of 0.098! and re-
mains negative throughout, i.e., the flow is always towards
axis ~Fig. 7!. Qualitatively the plot is similar to planar jets. Buoy
ancy causes planar plumes to entrain more than planar jets
their axisymmetric counterparts.

Similar to planar jets, we can obtain the coefficient of entra
ment as

a5
Apc

2
.

Using c50.11, @16#, we obtaina50.0975.
The Reynolds stress is given by

uv

Uc
2

5
Apc

2 S erf~j!exp~2j2!2
erf~A2j!

A2
D 1

Apgbbuc

2HUc
2

erf~Hj!.

(27)

Note that the constant of integration is zero in Eq.~27!, and for
similarity to existgbbuc /Uc

2 should be a universal constant,@6#.
The experimental data of Ramaprian and Chandrasekhara@16#
indicatesH51.2 ~identical to axisymmetric plumes!. We estimate
the value ofApgbbuc/2HUc

2 ~denoting this byC! as 0.069 which
gives uvmax/Uc

250.036 atj50.63. ~The maximum value is very
close to the value of 0.035 predicted by Malin and Spalding@26#!.
For Ramaprian and Chandrasekhara’s@16# data we obtainC
50.062, but we find thatuv becomes negative forj.1.6. As in
the case of axisymmetric plumes,uv should remain positive for
all j ~this is also supported by the data of@16#!. Hence, we will
useC50.069 to obtain

Apgbbuc

2HUc
2

50.06950.71
Apc

2
'

Apc

2

1

A2
,

and gbbuc /Uc
250.093 which is very close to the value for ax

symmetric plumes. Equation~27! can then be simplified to~see
Fig. 8!

uv

Uc
2

5
Apc

2 S erf~j!exp~2j2!2
erf~A2j!

A2
1

erf~Hj!

A2
D .

While it is known thatH51.2, an interesting result is obtained b
substitutingH5A2 in the above expression. Then, it is seen th
uv for planar plumes is twice that of planar jets~Eq. 13!.

The velocity-temperature correlation for planar plumes is giv
by
SEPTEMBER 2003, Vol. 125 Õ 819
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Ucuc
5

Apc

2
erf~j!exp~2H2j2!.

As for axisymmetric plumes, the velocity-temperature correlat
is also positive with a maximum of 0.035 atj50.53~Fig. 9!. Note
that for both axisymmetric and planar plumes, the maximum va
of vu8 is to the left of the maximum foruv.

We can obtain the production term as

Uuv

Uc
3

]U

]j U5ApcS j erf~j!exp~22j2!2
j erf~A2j!exp~2j2!

A2

1
j erf~Hj!exp~2j2!

A2
D .

As for jets and axisymmetric plumes, this term has a maxim
value aroundj50.6 ~Fig. 10!. In fact, the maximum lies at almos
the same location as the maximum of Reynolds stresses. It sh
be pointed out that unlike for jets, the production term for plan
plumes is larger than their axisymmetric counterparts.

The dilution rate for planar plumes can be obtained as

1

m

dm

dz
5

c

b
. (28)

As expected, the dilution rate of planar plumes is higher th
planar jets~compare Eqs.~15! with ~28!!. Interestingly, it is equal
to the dilution rate of axisymmetric jets~Eqs.~14! and ~28!!.

Once again, we can derive expressions fornT , gT , and PrT and
question the validity of assigning constant cross-stream value
them.

nT

Ucb
5

Apc

4j exp~2j2!
S erf~j!exp~2j2!2

erf~A2j!

A2
1

erf~Hj!

A2
D ,

gT

Ucb
5

Apc

4H2j
erf~j!,

PrT5
1

H2

A2 erf~j!exp~2j2!

A2 erf~j!exp~2j2!2erf~A2j!1erf~Hj!
.

Turbulent eddy viscosity and thermal diffusivity are plotted
Figs. 11 and 12, respectively. BothnT andgT;z. PrT has a maxi-
mum value of 0.82~at the centerline! while it drops to 0.74 for
j5& ~Fig. 13!. It is again reassuring to note that PrT'1 as pre-
dicted by physical arguments,@25#.

Turbulent Wakes

Axisymmetric Wakes. Unlike jets and plumes, wakes have
nonlinear spread rate. The continuity equation for axisymme
wakes remains the same as Eq.~1!, while the momentum equation
can be derived as for axisymmetric jets. However, hereu8/Uc is
of order unity, i.e., the velocity fluctuations are of the order of t
velocity defect,@6#. This simplifies the momentum equation fu
ther:

U
]U

]z
1

1

r

]r uv
]r

50. (29)

It is interesting to note thatV does not appear in the streamwi
momentum equation. This is because in the momentum equa
V]U/]r 5O(Uc

2/L), while U]U/]z5O(U0Uc /L); since
Uc /U05O(b/L), the former can be discarded.

Using a Gaussian profile for the velocity defect, the streamw
velocity is given by

U~r ,z!5U02Uc~z!exp~2r 2/b2!5U02Uc~z!exp~2j2!.
(30)
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In the self-similar regionUc decreases asz22/3, while b increases
as z1/3, @6#. Keeping these in mind, we can obtainV from the
continuity Eq.~1! as

V

Uc
52

bj

3z
exp~2j2!. (31)

As for planar plumes, inflow occurs for allj with a maximum at
j50.71.

Reynolds stress can be obtained using Eqs.~29! and ~30! as

uv

Uc
2

5
b

12zj S 12exp~22j2!12j2 exp~22j2!

2
4U0

Uc
j2 exp~2j2! D . (32)

It should be mentioned that in this case the integration consta
nonzero~actuallyK5b/12zj). It is not possible to plot Eq.~32!
without knowingU0 /Uc . However, sinceU/U05O(1), one can
simplify the momentum equation by replacingU]U/]z by
U0]U/]z, @6#, to obtain:

U0

]U

]z
1

1

r

]r uv
]r

50. (33)

On comparing Eqs.~1! and~33!, we can see that they are identic
(uv/U0 replacesV). Hence it is not surprising to see

uv
U0Uc

52
bj

3z
exp~2j2!, (34)

which is exactly the same expression as forV/Uc . It should,
however, be noted thatuv has been normalized withU0Uc and
not Uc

2. uv/U0Uc andV/Uc are plotted in Fig. 14.
We will use the expression foruv given by Eq.~32! to obtain

the production term and the radial variation in turbulent ed
viscosity as

Uuv

Uc
3

]U

]j U5
b

6z S 12exp~22j2!12j2 exp~22j2!

2
4U0

Uc
j2 exp~2j2! Dexp~2j2!,

Fig. 14 Cross-stream velocity and Reynolds stress profiles for
wakes „ axisymmetric wake, -- planar wake …
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Ucb
5

b

24zj2 exp~2j2!
S 12exp~22j2!12j2 exp~22j2!

2
4U0

Uc
j2 exp~2j2! D .

Planar Wakes. The continuity equation for planar wakes
given by Eq.~8! while the momentum equation is,@6#,

U
]U

]z
1

]uv
]x

50. (35)

Uc varies asz21/2, while b increases asz1/2 for planar wakes,
@6,21#. Integrating the continuity Eq.~8! gives

V

Uc
52

bj

2z
exp~2j2!. (36)

Comparing Eqs.~31! and~36!, we see that the inward velocit
is very similar. However, the decay withz is slightly different for
the two cases.

Reynolds stress can be obtained from the momentum Eq.~35!
using Eq.~30!:

uv

Uc
2

5
b

16z S 24j exp~22j2!1A2p erf~Apj!

2
8U0

Uc
j exp~2j2! D .

The production term is

Uuv

Uc
3

]U

]j U5
bj

8z S 24j exp~22j2!1A2p erf~Apj!

2
8U0

Uc
j exp~2j2! Dexp~2j2!.

nT can be obtained as

nT

Ucb
5

b

32zj exp~2j2!
S 24j exp~22j2!1A2p erf~Apj!

2
8U0

Uc
j exp~2j2! D .

Simplifying the momentum equation as was done with axisy
metric wakes, and using it to obtain the simplified Reynolds str

uv
U0Uc

52
bj

2z
exp~2j2!, (37)

which, as expected, is the same expression as forV/Uc for planar
wakes~Fig. 14!.

It is not possible to compare the production terms for the a
symmetric and planar wakes becauseU0 is unknown. However, if
we use the simplified expressions for the Reynolds stress~Eqs.
~34! and ~37!!, we can write the productions terms as

uv

U0Uc
2

]U

]j
5

2b

3

j2 exp~22j2!

z
~axisymmetric wakes!

uv

U0Uc
2

]U

]j
5

bj2 exp~22j2!

z
~planar wakes!.

These two terms differ just by a constant.
The simplified expressions fornT ~using Eqs.~16!, ~30!, ~34!,

and ~37!! are

nTaxisym.
52

U0b2

6z
,
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nTplanar
52

U0b2

4z
.

SinceU0 is invariant withz, we obtainnTaxisym. wake
;z21/3 while

nTplanar wake
;z0, in agreement with Lessen’s predictions,@21#. Re-

markably, the dependence ofnT on j disappears for wakes.

Conclusions
A comprehensive analysis has been conducted for six stan

cases~axisymmetric and planar jets, plumes, and wakes!. Expres-
sions for cross-stream velocity, Reynolds stress, and turbulen
netic energy production terms are derived for these cases as
ing a Gaussian streamwise velocity distribution. The plots
compared amongst themselves and provide several insights.

1 Expressions for cross-stream velocity indicate outflow
jets and axisymmetric plumes near the axis, while inflow occur
the far field. Planar plumes do not experience any such outfl
Outflow of fluid near the axis is a natural consequence of
decay of the centerline velocity with downstream distance~and
not because of the assumed Gaussian velocity profile!. The decay
rates of axisymmetric jets, planar jets, and axisymmetric plum
are, respectively,z21, z21/2, z21/3, while the radial extents of
outflow arer /b<1.12, 0.99, 0.59. Moreover, the decay rate f
planar plumes varies asz0 and these do not experience any ou
flow. Thus, a higher decay rate correlates with a larger ra
extent of outflow. See Agrawal et al.@20# for more discussion on
the coupling between the decay of the centerline velocity and
radial extent of the outflow.

2 Expressions for the entrainment coefficients of planar
and plumes are developed along the lines of their axisymme
counterparts. It is found that for planar jets and plumesVe
5aUc ; this is, however, not true for axisymmetric cases. Hen
contrary to conventional belief, the entrainment velocityshould
not be equated toaUc for axisymmetric jets and plumes.

3 The value of the universal constantgbbuc /Uc
2 is estimated

as 0.096 and 0.093 for axisymmetric and planar plumes, res
tively.

4 Reynolds stress and the dominant turbulent kinetic ene
production term for jets and plumes are qualitatively the sa
with a maximum aroundj50.6. Magnitudes for jets and axisym
metric plumes are nearly the same. These are much smaller
for planar plumes.

5 Unlike plumes and jets, the normalized cross-stream velo
and Reynolds stresses for wakes are functions of downstream
tance. In addition, the turbulent kinetic energy production term
axisymmetric and planar wakes has the same cross-stream d
bution.

6 Cross-stream variations fornT , gT , and PrT are shown to be
significant, therefore, the use of constant values ofnT andgT in
the cross-stream direction is unjustified. PrT is found to lie be-
tween 0.9 and 0.7 for axisymmetric and planar plumes.

7 Our analysis reveals that the eddy viscosity is independen
the cross-stream coordinate for axisymmetric and planar wak
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Nomenclature

b 5 width ~defined asU(b)/Uc5e21 for jets and plumes,
and (U02U(b))/Uc5e21 for wakes!

c 5 spread rate5db/dz
cT 5 spread rate for temperature
d 5 diameter of the nozzle
g 5 acceleration due to gravity
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H 5 c/cT
K 5 constant of integration
L 5 downstream distance scale
p 5 time-averaged pressure

PrT 5 turbulent Prandtl number
r 5 cross-stream coordinate used for axisymmetric cas
T 5 temperature

T8 5 fluctuating temperature
T0 5 ambient fluid temperature~assumed constant!
Tc 5 time-averaged centerline temperature

u, v 5 fluctuating components of velocity
u8 5 fluctuating velocity scale
U 5 time-averaged streamwise velocity

U0 5 free stream velocity
Uc 5 time-averaged centerline velocity~for wakes—

velocity defect at the centerline!
V 5 time-averaged cross-stream velocity

Ve 5 time-averaged entrainment velocity
x 5 cross-stream coordinate used for planar case
z 5 coordinate along the axis
a 5 coefficient of entrainment
b 5 coefficient of thermal expansion
g 5 thermal diffusivity

gT 5 turbulent thermal diffusivity
u 5 T2T0

u8 5 T82T0
uc 5 Tc2T0
m 5 volume flux

nT 5 eddy viscosity
j 5 nondimensional cross-stream coordinate (5r /b for

axisymmetric case,5x/b for planar case. See Fig. 2!
r 5 density
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