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Abstract— This paper examines the influence of torso compliance on the efficiency of quadrupedal running with a bounding
gait. Two sagittal-plane models, one with and one without torso
compliance, are developed in a template setting. The models
feature non-trivial leg mass, and are coupled with a simple leg
recirculation controller to generate bounding motions. Despite
their simplicity, the proposed models are sufficiently expressive
to capture the energetics of bounding motions and to assess
the contribution of torso flexibility to gait efficiency measured
by the cost of transport. Comparisons reveal that torso compliance promotes locomotion performance by reducing energy
consumption only at speeds that are sufficiently high.

I. I NTRODUCTION
A series of robotic quadrupeds has been developed following Raibert’s pioneering work [1] to explore the prospect of
these machines in real-life applications. A variety of dynamic
gaits has been implemented on these quadrupeds, including
walking [2], trotting [3]–[5] and bounding [6]. An important
criterion for assessing the performance of these robots—and
their capacity to operate in a power autonomous fashion—is
energy efficiency.
One way to improve energy efficiency is to incorporate
elastic energy storage elements, i.e., springs, in the robot’s
mechanical structure. Such compliant elements can be used
to recycle energy, thereby reducing the power cost of maintaining the motion. Compliance in quadrupedal robots is
generally introduced in the leg structure [5]–[7]. On the
other hand, incorporating elastic elements within the robot’s
torso did not receive much attention. Although quadrupeds
with articulated torsos have been recently introduced [8], [9],
these robots do not explicitly include compliant elements
in their torsos. In contrast, the quadrupedal robot Canid
combines torso actuation with leaf springs to capture the
effect of torso compliance on motion generation [10].
In parallel with robot design, a variety of models have
been proposed to understand the influence of elastic elements within the torso on quadrupedal running. Recognizing
the value of reduced-order models, or “templates” [11], in
studying the mechanics of legged locomotion, the majority of
these efforts focus on conservative spring-mass systems [12]–
[16]. In analogy with the Spring Loaded Inverted Pendulum
(SLIP) [11], these models feature massless springy legs and
focus on periodic gait generation and stability. As a result,
they cannot capture the consequences of torso compliance on
energy consumption. On the other hand, early results in [17]
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based on biological observations indicate that torso flexibility
could reduce the metabolic cost of transport through recycling part of the kinetic energy required to recirculate the
legs. Yet, no models are known to us that are capable of
directly measuring the effect of torso compliance on gait
efficiency. This is not to say that models with segmented
torsos have not been proposed to assess the cost of transport
of quadrupedal running gaits; in fact, [18]–[20] provide relevant computations. However, in all these models, the torso
is actuated and does not include any compliant elements.
To probe the relationship between elastic elements within
the torso structure and energy consumption in the context
of quadrupedal running, this paper compares two sagittalplane bounding models in a template setting, one with a
segmented flexible, unactuated torso and one with a rigid
undeformable torso. Both models include legs with nontrivial mass, intended to capture the energy cost associated
with leg recirculation. Since our objective is to characterize
the energy cost associated with the generation of a nominal
gait cycle, a simple controller is employed that merely places
the legs during flight in anticipation of touchdown; no control
is exerted at the hip when a leg is on the ground. The
resulting motions are periodic, but not necessarily stable.
By comparing the cost of transport of bounding using the
two models in a non-dimensional setting, it is deduced that
torso compliance significantly enhances energy efficiency,
but only when the Froude number exceeds a particular
value. Interestingly, this value corresponds to the Froude
number at which transitions from trotting to galloping are
observed in animals with drastically different morphological
characteristics [21]. These results suggest that in order to take
advantage of torso compliance in improving the efficiency of
quadrupedal robots, these robots must be capable of realizing
highly dynamic motions. Otherwise, the positive effect of
torso compliance on energy efficiency may be lost.
The structure of the paper is as follows. Section II introduces the two models and derives their dynamic equations
in a non-dimensional form. Section III describes the process
used to numerically generate energy-efficient bounding motions via optimization. Section IV discusses the energetics
of the two models and highlights the effects of torso compliance. Section V concludes the paper.
II. N ON - DIMENSIONAL R EDUCED - ORDER M ODELS
To study the effect of torso compliance on the energetics of bounding in a template setting, two sagittal-plane
quadrupedal models—one with a rigid torso and one with
a flexible segmented torso—are considered; see Fig. 1. The
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Two sagittal-plane quadrupedal models used to study the energetics of bounding motion. (a) Rigid torso model; (b) Flexible torso model.

legs in each model are identical; each consists of an upper
segment with mass mleg and moment of inertia Jleg about
its center of mass (COM) and a lower segment represented
by a massless prismatic spring of stiffness kleg . The natural
length of the leg, i.e., the distance between the hip and the
toe when the leg spring is uncompressed, is denoted by l0
and the distance between the COM of the leg and the hip
joint is Lleg . The toe-ground interaction is modeled as an
unactuated, frictionless pin joint.
In the flexible torso model, it is assumed that the anterior
and posterior parts of the torso are identical with mass m,
moment of inertia J about their COM and hip-to-COM spacing L; see Fig. 1(b). A rotational spring is inserted between
the two segments to introduce flexibility that produces a
torque given by ktorso (θa − θp − θrest ), where ktorso is the
stiffness of the spring, θa , θp are the pitch angles of the two
segments and θrest represents the rest angle of the spring.
For fair comparison, the torso mass, hip-to-COM distance
and moment of inertia of the torso about the COM in the
rigid-torso model are 2m, 2L and 2J + 2mL2 , respectively.
The bounding gait, which can be considered as a limiting
case of galloping, is depicted in Fig. 2. Depending on the
state of the legs and the configuration of the torso of the
flexible-torso model, bounding can be divided into four
phases: the posterior stance phase, denoted by “sp”, when

only the posterior (back) leg is on the ground; the anterior
stance phase, denoted by “sa”, in which only the anterior
(front) leg is in contact with the ground; the extended flight
phase, denoted by “fe”, when both legs are in the air and the
torso exhibits a convex configuration and the gathered flight
phase, denoted by “fg”, when both legs are in the air and
the torso is concave. The rigid torso bounding follows the
sequence of Fig. 2, albeit there is no distinction in the torso
configuration during the extended and gathered flight.
A. Continuous-time dynamics in non-dimensional form
For i ∈ {sp, sa, fg, fe}, the equations of motion for both
models can be derived using the method of Lagrange, and
can be brought in state-space form as
ẋi = fi (xi ) + gi (xi )ui

for the flexible-torso model and
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where ui := (ui,p , ui,a )′ represents the inputs at the posterior
and anterior hip joints and xi := (qi , q̇i )′ are the corresponding states, with the configuration variables qi defined as

′
for i = sp,

 (lp , ϕp , ϕa , θp , θa )
′
qi :=
(la , ϕp , ϕa , θp , θa )
for i = sa,
(2)
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for the rigid-torso model.
The physical properties of the two models can be captured
by the following parameters
{m, mleg , J, Jleg , l0 , Lleg , L, ktorso , kleg }.

(4)

To provide a platform-independent analysis, the dynamics of
the system can be transformed in a non-dimensionalpform.
By selecting the characteristic time scale τ as τ := l0 /g,
where g is the gravitational acceleration, the configuration
variables in (2) and (3) and their derivatives obtain the form:
˙ 0 , ζ̈ ∗ := τ 2 ζ̈/l0 ,
ζ ∗ := ζ/l0 , ζ̇ ∗ := τ ζ/l

(5)

for ζ ∈ {xp , yp , xcom , ycom , lp , la } and
ψ ∗ := ψ, ψ̇ ∗ := τ ψ̇, ψ̈ ∗ := τ 2 ψ̈,

(6)

for ψ ∈ {ϕp , ϕa , θp , θa , θ} where the superscript “ * ” denotes a dimensionless quantity. Finally, the non-dimensional
input torque u∗i is defined as:
u∗i := ui /(mgl0 )

(7)

Substitution of (5) and (6) into (1) reduces the parameters
in (4) to the following seven dimensionless quantities:
{I, Mleg , Ileg , d, dleg , κtorso , κleg }

(8)

defined in Table I. One more non-dimensional quantity
defined in Table I is the Froude number, F r, used to describe
the average forward running speed v̄.
TABLE I
N ON - DIMENSIONAL PARAMETERS
Relative torso moment of inertia
Relative leg mass
Relative leg moment of inertia
Relative hip-to-torso COM distance
Relative hip-to-leg COM distance
Relative torso stiffness
Relative leg stiffness
Froude number

I := J/(mL2 )
Mleg := mleg /m
Ileg := Jleg /(mleg l02 )
d := L/l0
dleg := Lleg /l0
κtorso := ktorso /(mgl0 )
κleg := kleg l0 /(mg)
√
F r := v̄/ gl0

constraints. It is mentioned that other control methods such
as the PID controller in [19] can also be used. In what
follows, we derive the controller for the flexible-torso model;
the corresponding controller for the rigid-torso model can be
derived in an analogous fashion, and is omitted for brevity.
To the dynamics (1) we associate the output function
yi = hi (qi , αi ) := qc,i − hdi (si (qi ), αi )

(9)

where qc,i is the controlled variable, which in our case is
selected to be the posterior (anterior) absolute leg angle in
the anterior (posterior) stance phase and in the extended
(gathered) flight phase, i.e.,
(
γp = ϕp + θp for i ∈ {sa, fe},
qc,i :=
(10)
γa = ϕa + θa for i ∈ {sp, fg}.
In all the phases, the desired evolution hdi is described
via 5-th order Beziér polynomials with coefficients αi :=
{αi,k }k=0,...,5 , i.e.,
hdi (si (qi ), αi ) =

5
X

bi,k (si (qi ))αi,k ,

(11)

k=0

where the terms bi,k are given by
B. Event-based transitions
The continuous-time phases are separated by touchdown
and liftoff events as in Fig. 2.
1) Flight-to-stance transitions: The flight phase terminates when the vertical distance between the toe of either the
posterior or the anterior leg and the ground becomes zero.
Due to the non-zero mass of the upper part of each leg, an
impact occurs at touchdown, which is modeled according to
[22, Section 3.4].
2) Stance-to-flight transitions: In general, transitions from
stance to flight happen when the ground reaction force becomes zero. Because of the assumption of massless springy
lower legs, liftoff is assumed to occur when the leg spring
extends to its natural length.
III. G ENERATION OF P ERIODIC M OTIONS
Our purpose in this work is to characterize the impact
of torso flexibility on energy consumption. As a result, the
objective of the controller used to generate bounding is to
recirculate the leg during the flight phase and to replace the
energy lost at impacts. No control is exerted for the leg
that is in contact with the ground; the corresponding hip
joint is passive, similarly to the conservative massless models
in [23]. Note that the resulting motions are not necessarily
stable and further control action is required to guarantee
stability. Finally, to avoid cumbersome notation, hereafter we
neglect “ * ” with the understanding that all the variables are
the non-dimensional ones defined in (5), (6) and (7).
A. Leg recirculation control
As was mentioned above, we focus on the hip joint of the
leg that is in flight. In our study, the corresponding hip joint
torque ui in (1) will be determined by imposing suitably
designed output functions in the form of (virtual) holonomic

bi,k (si ) :=

5!
sk (1 − si )5−k ,
k!(5 − k)! i

(12)

in which the dependence on qi has been suppressed, and si
is the strictly monotonic quantity
si :=

γ max − γ
.
γ max − γ min

(13)

In (13)
γ :=

(

γp for i ∈ {sp, fg},
γa for i ∈ {sa, fe},

(14)

and γ max and γ min are the maximum and minimum values
of γ in the corresponding phase. Note that with these definitions, the output functions (9) are solely dependent on the
configuration variables qi and the parameters αi associated
with the polynomials (11), and can therefore be interpreted
as (virtual) holonomic constraints.
As a final note, the monotonicity of si in (13) is important,
since it allows us to replace time, effectively coordinating the
motions of the legs with respect to an “internal” clock, as
in [22]. More details on establishing the monotonicity of si ,
for i ∈ {sa, sp, fg, fe} can be found in the Appendix.
To impose the constraints (9) on the dynamics (1) we
differentiate (9) twice with respect to time to obtain
d2 yi
= L2fi hi (xi , αi ) + Lgi Lfi hi (qi , αi )ui ,
dτ 2

(15)

where, in accordance with the notation in [22], L2fi hi and
Lgi Lfi hi are the Lie derivatives of the output function hi
defined by (9) along the vector fields fi and gi that participate
in (1). Since one of the hip torques in ui is either 0 or
determined by the swing-leg retraction (SR) controller (22)
explained in the Appendix, the other hip torque will be

ui,a
ui,p

TABLE II

TABLE III

C ONTROL A CTION IN E ACH P HASE

N ON - DIMENSIONAL M ECHANICAL PARAMETERS OF THE M ODELS

i = sa
0
zeroing (15)

i = fg
zeroing (15)
SR

i = sp
zeroing (15)
0

i = fe
SR
zeroing (15)

computed to ensure d2 yi /dτ 2 = 0; Table II summarizes the
control action in each phase. With these inputs, the dynamics
(1) in each phase can be written in closed-loop form as
ẋi = ficl (xi , αi ).

(16)

where αi includes all the parameters associated with the
construction of the output functions for each phase.
B. Poincaré return map
To determine the existence of periodic bounding motions,
we numerically integrate the closed-loop dynamics for each
phase according to the phase sequence of Fig. 2 starting with
the anterior leg liftoff to construct the return map P as
z[k + 1] = P(z[k], α[k]),

(17)

where α includes all the parameters αi introduced by the
continuous-time controllers designed in Section III-A, and
z := (ϕp , ϕa , θp , θa , l˙a , ϕ̇p , ϕ̇a , θ̇p , θ̇a ) for the flexible-torso
model and z := (ϕp , ϕa , θ, l˙a , ϕ̇p , ϕ̇a , θ̇) for the rigid-torso
model. Then, the problem of computing periodic bounding
gaits is reduced to the problem of finding a state vector z
and parameters α so that
z − P(z, α) = 0.

(18)

C. Optimization
To compare energy consumption for the two models, we
use the cost of transport (COT) [24], which is defined as the
total energy consumed divided by the distance travelled and
the weight of the model, i.e.
Z T
1
(|ua ϕ̇a | + |up ϕ̇p |)dτ,
(19)
c=
2(1 + Mleg )T F r 0
where all the quantities are non-dimensional and T is the
stride period. Note that the definition of the COT by (19)
corresponds to the mechanical cost of transport; the actuator
efficiency is not considered. With this criteria for measuring
energy efficiency, the search for efficient bounding motions
can be cast as a constrained optimization problem
min{c(z, α)}

such that

z = P(z, α),

(20)

which is solved numerically using MATLAB’s fmincon.
IV. R ESULTS
Using the optimization framework described in Section
III, the COT of bounding gaits that are realized in both the
rigid and flexible torso models can be compared for different
speeds and geometries. We begin our discussion with Fig. 3,
which shows the COT computed for different relative hipto-COM distances d ∈ {0.34, 0.38, 0.42} and for various
traveling velocities, as these are captured by the Froude
number F r ∈ [1.5, 5.0]. The rest of the parameters are kept

Parameters
Values

I
1.8

Mleg
0.1

Ileg
0.01

Lleg
0.25

κleg
25.8

κtor
5.5

θrest
-0.17

constant and are given in Table III. It should be mentioned
here that all the bounding motions corresponding to the
flexible-torso model exhibit pronounced torso oscillations,
and that below a minimum speed no cyclic motions can be
generated for this model.
It is clear from Fig. 3 that the energy consumption
increases with the traveling speed in both models. However,
compared to the flexible-torso model, the energy cost in the
rigid-torso model increases at a faster rate as the Froude
number grows. This is evident from Fig. 3, where it is seen
that the difference between the COT for the flexible- and
rigid-torso models is amplified at higher Froude numbers.
At low Froude numbers, it was either impossible to compute
fixed points in the flexible-torso model, as in Fig. 3(a) and
3(b), or the fixed points resulted in relatively higher COT
than those of the rigid-torso model, as in Figs. 3(c). These
observations imply that the benefits of torso flexibility in
terms of energy efficiency are most appreciated at higher
traveling speeds. Finally, Fig. 3(c) shows that the threshold
value for the Froude number beyond which the flexible-torso
model becomes more efficient is approximately equal to 1.81 .
It is interesting to note that this value corresponds to the
transition from trotting to galloping, which is the same in
animals with drastically different geometries2 [21], such as
horses and dogs [25], [26].
The improved efficiency of the flexible-torso model at
higher traveling speeds can be attributed to the contribution
of the torso’s dorsoventral oscillations to recirculating the
legs. According to this hypothesis—which was put forward
in [27]—as the torso flexes it facilitates the motion of the
anterior leg backward and of the posterior leg forward,
and vice versa for the case where the torso extends. The
model of Fig. 1(b) is well suited for analyzing the effect of
leg recirculation on efficiency; for, it effectively measures
the energetic cost associated with the repositioning of the
swing leg in anticipation of touchdown. In more detail,
Fig. 4 depicts the evolution of the absolute and relative
leg angles for one of the fixed points of Fig. 3(c); namely,
the fixed point corresponding to3 d = 0.42 and F r =
3.0. Figure 4 shows that, for the rigid-torso model, the
evolution of the absolute angle of the posterior, γp , and
anterior, γa , legs does not differ significantly from that
of the corresponding relative angles ϕp and ϕa . By way
of contrast, the differences between γp and ϕp , and γa
and ϕa are much larger in the flexible-torso model. For
example, the absolute angle of the anterior leg γa evolves in
[−0.77, 0.49] while the range of the anterior leg angle relative
1 This value is also observed in fixed points computed for d > 0.42 which
are not shown here.
2 In biological studies, the Froude number is defined as F r := v̄ 2 /(gl ),
0
which is the square of our definition in Table I.
3 Similar behavior as in Fig. 4 is exhibited by the rest of the fixed points.
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Fig. 3. COT of flexible-torso (blue circles) and rigid-torso (red squares) models of different speeds and relative hip-to-COM distance. The continuous
lines are fitted 3rd-order polynomials.
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to the torso ϕa is [−0.40, 0.13]. Unlike the pitch motion
of the rigid-torso model, which shows little effect on leg
recirculation, the torso’s flexion/extension oscillations in the
flexible-torso model significantly contributes to repositioning
the leg during flight.
As a final comment, it can be seen from Figs. 5(a), 5(c) and
5(e) that as the forward speed increases, the stride frequency
of the flexible-torso model remains almost constant. Correspondingly, Figs. 5(b), 5(d) and 5(f) demonstrate a linear
relationship between the forward speed and the stride length
for the flexible-torso model. This observation is consistent
with biological data showing that at high-speed running gaits
mammals increase their velocity by increasing stride length
instead of stride frequency [26].
V. C ONCLUSIONS
This paper studies the energetics of quadrupedal running
with a bounding gait in the context of two reductive sagittalplane models with and without torso compliance. Contrary
to other template-like models of bounding that have ap-
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peared in the literature, the proposed models feature nontrivial leg mass and their dynamic equations are derived
in a non-dimensional form. The models are coupled with
a simple controller that is capable of generating cyclic
bounding motions without, though, ensuring their stability.
The controller merely recirculates the legs in flight; no
control action is exerted on the legs in contact with the
ground. Based on the analysis of the corresponding return
map, a number of bounding gaits that minimize the COT
at different traveling speeds and torso geometries have been
computed. Comparisons among these different gaits based on

the corresponding COT for the two models reveal a number
of interesting observations. For example, torso flexibility
enhances gait efficiency only when the running speed is
beyond a threshold value, which interestingly matches the
transition from trotting to galloping speed in animals of
different geometries and structures. These results are relevant
to the design and control of quadrupedal robots that harness
compliant structures in their torsos and legs to realize highly
dynamic and efficient running motions.
A PPENDIX
The monotonicity of si in the stance phases i ∈ {sa, sp} is an
immediate consequence of the evolution of the absolute leg
angles γp and γa ; for, the stance leg is continuously swept
backward. During the flight phases, the monotonicity of si
can be guaranteed through proper choice of the coefficients
of the Beziér polynomials, in conjunction with a swingleg retraction controller, like the one proposed in [28]. This
controller minimizes the horizontal speed of the toe relative
to the ground at touchdown, thereby reducing the energy lost
due to the impact. To provide more details, consider si in
the gathered flight; i.e., sfg . Prior to entering the gathered
flight—that is, at the end of the anterior stance—known
properties of the Beziér polynomials [22, Section 6.2] can
be used to write the swing velocity of the posterior leg as
γ̇p = 5(αsa,5 − αsa,4 )ṡsa .

(21)

Since ssa is strictly monotonically increasing in stanceanterior, choosing αsa,5 < αsa,4 will force the posterior leg
to swing backward; that is, γ̇p < 0 as we enter the ensuing
gathered flight phase. Choosing the input torque up during
the gathered flight according to the prescription
up = Kp ẋtoe
p

(22)

where Kp < 0 and ẋtoe
is the forward velocity of the
p
posterior toe relative to the ground allows us to choose
the constants αsa,5 , αsa,4 in (21) and Kp in (22) to make
γp monotonically decreasing during the gathered flight. The
same procedure is used to ensure the monotonicity of sfe in
the extended flight phase, resulting in introducing a constant
Ka . Note that Kp and Ka are incorporated in the parameters
α used in the optimization problem of Section III-C.
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