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Abstract— Reduced-order models with springy massless legs
have been employed extensively in the study of legged locomotion. Due to their hybrid nonlinear dynamics, analysis of such
systems is often carried out numerically. In contrast, this paper
adopts an analytical approach to study conditions for stability
in a sagittal-plane model of quadrupedal bounding. Exploiting
time-reversal symmetries possessed by the underlying vector
fields, the corresponding Poincaré map can be factored in a
way that allows the analytical formulation of conditions that
are necessary for stability (and sufficient for instability) for
bounding gaits. The method is then applied to facilitate the
design of a leg recirculation controller for bounding gaits.
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I. I NTRODUCTION
The method of Poincaré is often used to assess the
existence and stability properties of periodic locomotion
gaits [1]. However, the nonintegrability of the continuoustime vector fields precludes the analytical derivation of the
Poincaré map and its linearization, thus hindering analytically tractable approaches. To seek insight more systematic
than what numerical approaches provide, this paper concentrates on certain families of periodic running orbits – namely,
those admitting time-reversal symmetries – and it formulates
analytical conditions that are necessary for stability of a class
of symmetric bounding motions.
Symmetry has played a key role in the development of
controllers for running robots [2]. While symmetric motions
can account for the coupling between the body and legs at
steady state, asymmetry in the motion can generate stabilizing forces or can be used to accelerate and decelerate the
system as in Raibert’s three-part controller [3]. An analytical
framework for studying stability of periodic locomotion
gaits that exhibit certain symmetry characteristics has been
introduced in [4]. In that work, a class of symmetry transformations – termed time-reversal symmetries [5] – is used
to decompose the Poincaré map associated with symmetric
hopping motions of the Spring Loaded Inverted Pendulum
(SLIP) [6] in a way that allows the derivation of closed-form
conditions that are necessary for stability. The method was
subsequently used in [7] to investigate stability of a suitably
controlled model of the hexapedal robot RHex.
At the core of the symmetry-based analytical methods
discussed above are point-mass models like the SLIP [4], [6]
and its extensions [7]. Such models however cannot capture
the leg-torso coordination dynamics distributed over multiple
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Fig. 1.

A sagittal-plane bounding model with massless legs.

stance and flight phases, which is a distinguished feature of
bounding gaits [8]. Restricting attention to simplified models,
much of the relevant literature on the analysis of bounding
relies primarily on numerical studies of Poincaré maps [8]–
[10]. Similarly, controllers for bounding – including diverse
approaches based, for example, on delayed feedback control [11], [12], on central pattern generators [13], or on
optimally-scaled hip force planning [14] – are developed
without the aid afforded by analytical tools, such as those
available for monopedal hoppers.
This paper develops an analytical framework for deriving
conditions for stability of bounding gaits and applies it to
ease controller design. The method introduced in [4] is
adopted to study a sagittal-plane bounding model developed
in a template setting; see Fig. 1. It is shown that the Poincaré
map associated with the bounding gaits of interest can be
factored in a way that allows the analytical computation of
the (local) volume associated with the flow in a neighborhood
of a fixed point. By requiring that the volume “shrinks” as
the system evolves, a necessary condition for stable bounding
can be analytically derived. The proposed method is then
used to ease the design of a bounding controller.
II. M ODELING Q UADRUPEDAL B OUNDING
In this work, the reduced-order model of Fig. 1 is employed to study quadrupedal bounding. The back and front
virtual legs are assumed to be massless springs, representing
the collective effect of the back and front physical leg pairs.
The geometric and inertia parameters are given in Table
I and they roughly correspond to the quadrupedal robot
Scout II [8]. Figure 2 describes the footfall pattern of a
nominal bounding gait; in this paper, we restrict our attention
to bounding without double stance phase. Depending on
whether a leg is on the ground or in flight, three different
phases are distinguished; namely, the stance-anterior “sa”,

posterior
flight
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flight
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stance
Fig. 2. Footfall pattern of a nominal bounding gait; solid circles indicate
legs in contact with the ground and white circles indicate legs in the air.

the stance-posterior “sp” and the flight “f” phases. These
phases are separated by touchdown and liftoff events, which
are denoted by “td” and “lo,” respectively.
TABLE I
M ECHANICAL PARAMETERS OF THE M ODEL
Parameter
Value
Units
Torso Mass (m)
20.865
kg
Torso Inertia (J)
1.39
kg m2
Hip-to-COM spacing (L)
0.276
m
Nominal Leg Length (l0 )
0.323
m
Leg Spring Constant (kleg )
7040
N/m

Tsa (x0 ) = inf{t > 0 | Hsa→f (φ̂tsa (x0 )) = 0}

(7)

Tsp (x0 ) = inf{t > 0 | Hsp→f (φ̂tsp (x0 )) = 0}

(8)

Tf (x0 , γ) = inf{t ≥ 0 | Hf→sa

t
or f→sp (φ̂f (x0 ), γ)

= 0},
(9)

where γ ∈ {γp , γa }. With these definitions at hand, the flow
map F̂i : X → X for each phase i ∈ {sa, f, sp} is
T (x0 )

F̂i (x0 ) = φ̂i i

A. Dynamics in Continuous Time
In each phase, the configuration space Q is a simplyconnected open subset of R2 × S1 , and can be parameterized
by the Cartesian coordinates xcm and ycm of the COM
together with the torso angle θ, i.e., q = (xcm , ycm, θ)′ ∈ Q.
For each i ∈ {sa, f, sp}, the dynamics can be written in
state-space form as
ẋ = fi (x),
(1)
where x ∈ X := {(q ′ , q̇ ′ )′ | q ∈ Q, q̇ ∈ R3 }.
B. Event-based Transition
Transitions between different phases occur when certain
threshold functions H : X → R cross zero. Assuming
that liftoff occurs when a leg reaches its natural length as
it extends, the threshold functions that correspond to the
anterior and posterior legs liftoff are, respectively,
p
Hsa→f (x) = l0 − (xcm + L cos θ)2 + (ycm + L sin θ)2
(2)
p
Hsp→f (x) = l0 − (xcm − L cos θ)2 + (ycm − L sin θ)2
(3)
where l0 is the natural (uncompressed) leg length. On the
other hand, the threshold functions that describe touchdown
events are defined as
Hf→sp (x, γp ) = ycm − L sin θ − l0 cos γp

(4)

Hf→sa (x, γa ) = ycm + L sin θ − l0 cos γa

(5)

corresponding to toe height. Notice that γp and γa in (4) and
(5) are parameters available for control, and can be selected
through a leg angle control policy.
C. Flow, Flow Maps and Poincaré Return Map
For each i ∈ {sa, f, sp}, let φ̂i (t, x0 ), t ≥ t0 , be a maximal
solution of (1) with initial condition x0 ∈ T Q; that is,
φ̂i (t0 , x0 ) = x0 and
Z t 

(6)
fi φ̂i (τ, x0 ) dτ .
φ̂i (t, x0 ) = x0 +
t0

With a slight abuse of notation, define φ̂ti (x0 ) = φ̂i (t, x0 ).
The continuous time evolution of the system is interrupted
when the corresponding threshold function becomes zero.
The time-to-switch function Ti : X → R for each phase
i ∈ {sa, f, sp} is defined by

(x0 ) .

(10)

In words, the flow map takes “entry” conditions to “exit”
conditions for each phase. Assume, without loss of generality, that the bounding cycle begins at the touchdown of
the anterior leg, and let Ssa ⊂ X be the set of anterior leg
touchdown states that result in the completion of a stride.
The stride map F̂ : Ssa → X can then be defined through
the composition of the corresponding flow maps as
F̂ = F̂f ◦ F̂sp ◦ F̂f ◦ F̂sa .

(11)

To evaluate stability, the method of Poincaré is used. Since
the horizontal position xcm of the COM is a monotonically
increasing cyclic variable, it will be projected out from the
stride map. Let Π be the projection of the state vector x to
its non-xcm component z = (ycm , θ, ẋcm , ẏcm , θ̇)′
#
"
0
01×5
x
(12)
Π(x) :=
05×1 I5×5
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Σsp (z) := 
z

(13)

(14)

which recover the horizontal position of the COM with
respect to a local frame attached at the toe of the support
leg. Then, the Poincaré return map P : Π(Ssa ) → Π(Ssa )
can be defined through the stride map (11) as
P = Π ◦ F̂ ◦ Σsa
= Π ◦ F̂f ◦ F̂sp ◦ (Σsp ◦ Π) ◦ F̂f ◦ F̂sa ◦ Σsa
= Ff ◦ Π ◦ F̂sp ◦ Σsp ◦ Ff ◦ Π ◦ F̂sa ◦ Σsa

(15)

= Ff ◦ Fsp ◦ Ff ◦ Fsa ,
where Ff is the restriction of F̂f on Π(X ) so that Π ◦ F̂f =
Ff ◦Π due to the decoupling of the horizontal motion from the
vertical and the rotational motions during flight, and Fi :=
Π◦ F̂i ◦ Σi , i ∈ {sa, sp}. Note that the first equality in (15) is
due to the fact that Σsp ◦Π = id on the range of F̂f ◦ F̂sa ◦Σsa .

D. Passive Periodic Bounding Gaits
A number of fixed points of the Poincaré return map
(15) that correspond to bounding motions can be found
numerically. It has been observed that these motions satisfy
certain symmetry conditions that will be important in the
analysis of the following section; see [8] for a detailed
discussion. Figure 3 presents the state evolution for one such
fixed point z̄. Focusing on the stance phases, it can be seen
that the evolution forward in time of the anterior stance phase
based on the corresponding initial condition x̄sa = Σsa (z̄) is
indistinguishable from the evolution of the posterior stance
phase traversed backward in time based on the initial condition x̄sp = Ĝ · x̄sa , where Ĝ = diag [−1, 1, −1, 1, −1, 1].
Furthermore, if we define G := diag [1, −1, 1, −1, 1], then
G ◦ Fsp ◦ Ff ◦ Fsa (z̄) = z̄ .

(16)

Finally, as was observed in [8], fixed points satisfy the
property that the touchdown angle of the posterior (anterior)
leg is equal to the negative of the liftoff value of the anterior
(posterior) leg; i.e., γatd = −γplo and γptd = −γalo . Note that
this property is similar to that observe in the SLIP [4], [6].
Bounding gaits that enjoy such symmetry properties are at
the center of this work, the purpose of which is to analyze
the stability of these motions by exploiting the symmetries
of the underlying vector fields.
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For periodic bounding gaits, a common approach to evaluate stability is by numerically computing the eigenvalues of
the linearization of the Poincaré map about a fixed point [8].
In contrast, this paper uses the framework introduced in [4]
to state analytical expressions that are necessary for stability
(and sufficient for instability).
A. Basic Concepts
Consider the discrete map P and let z̄ be a fixed point
of P ; that is, P (z̄) = z̄. If z̄ were an asymptotically stable
fixed point and z0 were in the domain of attraction of z̄,
then limk→∞ P k (z0 ) = z̄, where P k = P ◦ · · · ◦ P . This
observation implies that locally, in a neighborhood of an
asymptotically stable fixed point, the volume of P shrinks;
mathematically,
| det(Dz P (z̄))| < 1 ,

(17)

which provides a condition that is necessary for stability [4].
However, (17) is not sufficient1 ; in fact, we will be concerned
with fixed points z̄ of P defined by (15) that satisfy (17) and
are not asymptotically stable; for, perturbations that shift the
total energy of the system cannot be rejected in the conservative setting of the model2. Nevertheless, (17) provides
important information for selecting control parameters, due
to the fact that det(Dz P (z̄)) can be computed analytically
in a neighborhood of a fixed point.
The computation of det(Dz P (z̄)) in (17) can be facilitated
if the vector fields underlying the construction of P satisfy
certain symmetry properties. In particular, the notion of timereversal symmetries of vector fields is the additional structure
we require. Let f be a vector field defined on a chart X , and
consider the dynamical system ẋ = f (x). A diffeomorphism
G : X → X is a time-reversal symmetry, if
Dx G · f = −f ◦ G ,

(18)

where Dx G denotes the derivative of G in x. Equivalently,
in terms of the flow φt associated with ẋ = f (x),
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G ◦ φt = φ−t ◦ G .

(19)
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where idX is the identity map on X . The framework introduced in [4] is suitable for analyzing periodic orbits of
systems, in which the Poincaré map P can be written as the
composition of time-reversed flow maps Pα = Gα ◦ Fα , i.e.

2
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Time reversal symmetries have been employed to study
conservative reductive models of legged locomotion in [4]
under the additional assumption of involutivity; that is,
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Fig. 3. State evolution at a symmetric bounding gait starting at anterior
leg touchdown. Vertical lines represent subsequent events; from left to right:
anterior leg liftoff, posterior leg touchdown, posterior leg liftoff.

1 For sufficient conditions of stability, all the eigenvalues of the linearization of the Poincaré map are needed, not just their product that is equal to
the determinant in (17).
2 In Section IV-B below we will introduce non-conservative control inputs
at the hip joint and a controller that regulates the total energy of the system
to achieve asymptotic stabilization.

where Fα is the flow map of a vector field fα , i.e., Fα (x) :=
T (x)
φαα (x) and Gα is an involutive time-reversal symmetry
for α ∈ {1, ..., n}. In general, if a map Pα is involutive, the
following theorem proved in [4] simplifies the computation
of the determinant of its Jacobian at a fixed point.
Theorem 1 ( [4, Theorem 3]): Let z̄ ∈ S be a fixed point
of a map Pα : S → S, where S contains a neighborhood
of z̄. If Pα is an involution, the determinant of its Jacobian
Dz Pα evaluated at z̄ is | det(Dz Pα (z̄))| = 1.
The significance of the decomposition (21) lies in the case
that a fixed point z̄ of the overall Poincaré map P is also a
fixed point of all the factors Pα , i.e.,

The proof of Theorem 2 is organized in two lemmas. The
first shows that the flow maps Fsa and Fsp are G-related.
Lemma 1: Let Ssp and Ssa be the sets of posterior and
anterior touchdown states that result in the completion of a
stride, respectively. Then,
(i) Fsa ◦ G ◦ Fsp = G, on Π(Ssp ),
(ii) Fsp ◦ G ◦ Fsa = G, on Π(Ssa ),
where Π denotes the projection map defined by (12).
Proof: We begin with statement (i). By inspecting fsa
and fsp it can be verified directly that Ĝ ◦ fsp = −fsa ◦ Ĝ,
where Ĝ = diag [−1, 1, −1, 1, −1, 1] and Ĝ · Ĝ = I6×6 .
Integrating based on an initial condition x0 ∈ Ssp results in

z̄ = P (z̄) ⇒ z̄ = (Gα ◦ Fα )(z̄)

Ĝ ◦ φ̂tsp = φ̂−t
sa ◦ Ĝ .

(22)

for α ∈ {1, ..., n}. Then, if any of the constituent maps
Pα = Gα ◦Fα is an involution, the finite volume preservation
property established by Theorem 1 can be used to facilitate
the computation of the determinant of the linearization of
the overall Poincaré map at a fixed point. As a result,
analytical conditions that are necessary for stability can be
stated through the use of (17).
It turns out that for a class of important locomotion models
that includes the Spring Loaded Inverted Pendulum (SLIP),
the condition (22) is satisfied naturally. For example, in
the SLIP implementing a hopping gait, a fixed point of
the Poincaré map is also a fixed point of the flight and
stance time-reversed flow maps [4]. However, in the case
of bounding gaits, insisting that a fixed point of the Poincaré
map is also a fixed point of the stance-posterior, flight and
stance-anterior phases would be rather restrictive and would
result in unnatural bounding motions. The following section
proposes a controlled factorization of the Poincaré map,
which, under a simple leg placement policy, allows us to
circumvent this issue.
B. Main Result: Necessary Conditions for Stability
The Poincaré map in (15) can be factored as
P = Ff ◦ G ◦ G ◦ Fsp ◦ Ff ◦ Fsa ,
| {z } |
{z
}
P2

(23)

P1

where G = diag [1, −1, 1, −1, 1] and G · G = I5×5 the
identity matrix. Note that P1 in (23) does not correspond to
the time-reversed flow map of an individual phase; rather it
is the time-reversed composition of three flow maps.
We begin with Theorem 2, which establishes conditions
under which, P1 is an involution; that is,
(G ◦ Fsp ◦ Ff ◦ Fsa ) ◦ (G ◦ Fsp ◦ Ff ◦ Fsa ) = idΠ(Ssa ) . (24)
γatd

Theorem 2: Let
be the touchdown angle of the anterior leg. Define Ssa := {x ∈ X | Hf→sa (x, γatd ) = 0, ẏcm <
0, θ̇ < 0} and let Π(Ssa ) be the projection as per (12). If
γptd = −γalo ,

(26)

Next we show that Tsp (x0 ) = Tsa (Ĝ(x0 )). According to
(26), Hsp→f ◦ φ̂tsp = Hsp→f ◦ Ĝ ◦ φ̂−t
sa ◦ Ĝ. Now, by
the definitions (2) and (3) of the corresponding threshold
functions observe that Hsp→f = Hsa→f ◦ Ĝ. Then, Hsp→f ◦
−t
Ĝ ◦ φ̂−t
sa ◦ Ĝ = Hsa→f ◦ φ̂sa ◦ Ĝ, and hence
Hsp→f ◦ φ̂tsp = Hsa→f ◦ φ̂−t
sa ◦ Ĝ.

(27)

This implies that the value of Hsp→f along the flow φ̂tsp (x0 )
is equal to the value of Hsa→f along the time-reversed flow
φ̂−t
sa ◦ Ĝ(x0 ). Since by (7) and (8), Tsp and Tsa represent the
minimal solutions of the corresponding threshold equations
being equal to zero, (27) implies Tsp (x0 ) = Tsa (Ĝ(x0 )).
Applying the projection map Π (12) completes the proof.
Statement (ii) can be shown using similar arguments.
Remark 1: Figure 4 provides some intuition on Lemma 1.
Due to the fact the vector fields fsp and fsa of the stanceposterior and stance-anterior phases are related through Ĝ,
the evolution of the stance-posterior phase starting from
initial conditions zA = Π(xA ) and progressing forward in
time is indistinguishable from the evolution of the stanceanterior phase starting from the corresponding G-reflected
initial conditions, zD = Π(ĜxA ) = GzA , and progressing
backward in time. Lemma 1 establishes that not only the
flows, but also the flow maps of the two phases are G-related
due to the fact that the corresponding threshold functions
“preserve” the time reversal symmetry G.
Next we show that the flow map of the flight phase prior
to the posterior-stance is G-related with the flow map of the
flight phase prior to the anterior-stance phase, provided that
the touchdown angle of the posterior leg is selected according
to the simple control law (25).
zA

zD
zB

zC

(25)

then, P1 is an involution on Π(Ssa ). Furthermore, if z̄ ∈
Π(Ssa ) is a fixed point of P shared by P1 , we have that
| det(Dz P1 )(z̄))| = 1.

Fig. 4. The stance-posterior and stance-anterior phases are related through
a time-reversal symmetry.

Lemma 2: Let γalo be the anterior leg liftoff angle. Define
Sf := {x ∈ X | Hsa→f (x) = 0, ẏcm > 0} and let Π(Sf )
be the projection as per (12). If the posterior leg touchdown
angle is selected according to (25), then Ff ◦ G ◦ Ff = G.
Proof: (sketch) The condition γptd = −γalo guarantees
that the time-to-switch functions for the two phases satisfy
Tf (x0 ) = Tf (Ĝ(x0 )). The arguments are identical to those
in the proof of Lemma 1 and are omitted for brevity.
The proof of Theorem 2 is provided next.
Proof: [Theorem 2] The proof is an immediate consequence of Theorem 1 in view of the Lemmas 1 and 2.
With Theorem 2 in hand, we can now state necessary
conditions for the stability of a periodic bounding gait.
The determinant of the Poincaré map at a fixed point z̄
realized under the touchdown angle control policy suggested
by Theorem 2 can be computed as
| det(Dz P (z̄))| = | det(Dz P2 (P1 (z̄))) · det(Dz P1 (z̄))|
= | det(Dz P2 (z̄))| = | det(Dz Ff (z̄))|.
A necessary condition for z̄ to be a stable fixed point of
P is | det(Dz Ff (z̄))| < 1. Note that Ff is the flow map
of the flight following the posterior stance and that the
corresponding touchdown angle has not been fixed by the
procedure, thus it is available for control.
Given an initial condition z0 = Π(x0 ), the fight phase flow
map Ff can be computed analytically due to the integrability
of the underlying vector field ff ; i.e.,


ycm,0 + ẏcm,0 Tf − 12 gTf2


θ0 + θ̇0 Tf






ẋcm,0
(28)
Ff (z0 ) = 



ẏcm,0 − gTf


θ̇0
where3 Tf = Tf (z0 , γa ) is an implicit function of initial state
and front leg angle, which will be determined by a feedback
law of the form γa (z0 ). Tf can be described by zeroing the
threshold equation Hf→sa :

gTf2
+ Lsin(θ0 + θ̇Tf ) − l0 cosγatd = 0 (29)
2
The determinant of Dz Ff (z0 ) can be computed by
ycm + ẏcm Tf −

det(Dz Ff ) = 1 − g

∂Tf
∂Tf
∂Tf
+ ẏcm,0
+ θ̇0
(30)
∂ ẏcm,0
∂ycm,0
∂θ0

The partial derivative of Tf in the determinant can be
replaced using implicit differentiation rules on (29). After
some manipulation, Dz Ff (z0 ) can be written as
det(Dz Ff (z0 )) =

∆1
,
−∆2

(31)

where


∂γatd
∂γatd
∂γatd
∂γatd
+ θ̇0
−g
−
∆1 = sin γa l0 ẏcm,0
∂ycm,0
∂θ0
∂ ẏcm,0
∂Tf
∆2 = ẏcm,0 − gTf + θ̇0 L cos(θ0 + θ̇0 Tf ) + l0 sin γatd
3 By

∂γatd
∂Tf

(5), Hf→sa does not depend on xcm , thus Tf is a function of z.

IV. C ONTROLLER D ESIGN F OR B OUNDING G AITS
Based on the analysis in Section III, a controller is derived
first that ensures convergence to a fixed point in the presence
of perturbations that do not alter the energy level of the
system. To reject perturbations that alter the total energy,
actuation will be introduced at the hip joints during stance
to regulate the energy of the system at a desired level.
A. Stabilization within a Constant Energy Level
Based on the condition (25) of Theorem 2, we set
γptd [n] = −γalo [n] ,

(32)

and we employ the following feedback controller to regulate
the touchdown angle of the anterior leg
γatd [n] = γ̄atd + c(γ̄plo − γplo [n])
γ̄atd

(33)

γ̄plo

where
and
are the anterior leg liftoff and the posterior
leg touchdown angles at a fixed point; c is a constant gain,
and γplo is the posterior leg’s liftoff angle.
y
−Lsinθ0
) and using γptd =
Noticing that γplo = −acos( cm,0 l0
lo
−γa at a symmetric fixed point z̄0 , the determinant of the
Jacobian of the Poincaré return map at fixed point z̄ is
| det(Dz P (z̄))| = | det(Dz Ff (z̄))| = |c|.

(34)

As a result, based on our previous analysis, a necessary
condition for the system to be stable is c ∈ (−1, 1).
Fig. 5 shows the discrete evolution of the system in closed
loop with the controller (32)-(33) under a perturbation away
from the fixed point of Fig. 3. The perturbation does not
change the total energy of the system. Three different values
of c are considered. Although, (34) is necessary but not
sufficient for stability, it can be seen that for c = 0.5 < 1 the
system converges to a fixed point. For c = 1 the evolution
oscillates around the fixed point while it diverges for c > 1.
Finally, to fully characterize stability, Fig. 6 presents the root
locus of the eigenvalues of the linearization of the Poincaré
map for different values of c at the fixed point. It can be
seen that for |c| > 1 the system is indeed unstable.
B. Asymptotic Stabilization of a Bounding Gait
Conservation of energy in the model of Fig. 1 precludes
asymptotically stable fixed points; for, perturbations altering
the total energy of the system cannot be rejected. A simple
controller is proposed here that is capable of asymptotically
stabilizing bounding motions of the system.
1) Energy Controller: To regulate the system’s energy,
two actuators are introduced at the hip joints of the posterior
and the anterior legs. Each actuator acts only when the
corresponding leg is on the ground, and deliver torques
computed according to the prescription
τ = −K

E − Ē
,
∆ϕ̄

(35)

where ∆ϕ̄ is a constant, corresponding to the change of the
stance leg angle ϕ relative to the torso at the fixed point; E
is the total energy and Ē is the nominal value at the fixed
point, and K ∈ [0, 1], controls the converging rate.
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Inspired by this analysis, a simple touchdown angle policy
is devised with its control gains so that the necessary
condition for stability is satisfied. The control policy is
further augmented with an energy controller and velocity
feedback to asymptotically stabilize periodic bounding gaits.
The performance of the controller is evaluated by simulation.
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2) Velocity Feedback: To prevent the system from converging to a nearby fixed point within the same energy level,
the posterior leg touchdown angle controller (32) is modified
to include a “symmetry-breaking” term, as follows
¯cm − ẋcm ) ,
γptd [n] = −γalo [n] + Kvel (ẋ

(36)

where Kvel is a gain multiplying the error between the
¯cm and the current ẋcm velocity.
nominal (fixed point) ẋ
3) Simulation Results: Fig. 7 presents the performance of
the controller under control laws (33), (35) and (36). The
control coefficients are chosen as c = 0.1, K = 0.1 and
Kvel = 0.05. Linearization of the Poincaré return map gives
a dominant eigenvalue of 0.89, suggesting that the fixed point
is locally exponentially stable.
V. C ONCLUSION
This paper analyzed stability of passive bounding gaits
based on a reductive sagittal-plane model. For conservative
piecewise holonomic systems, the approach used here offers analytically expressed necessary conditions for stability.
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