A Compliant Hybrid Zero Dynamics Controller
for Stable, Ef cient and Fast Bipedal Walking
on MABEL

Koushil Sreenath, Hae-Won Park, loannis Poulakakis, J. Wz

Abstract—The planar bipedal testbed MABEL contains
springs in its drivetrain for the purpose of enhancing
both energy ef ciency and agility of dynamic locomotion.
While the potential energetic bene ts of springs are well
documented in the literature, feedback control designs tha
effectively realize this potential are lacking. In this paper,
we extend and apply the methods of virtual constraints
and hybrid zero dynamics, originally developed for rigid
robots with a single degree of underactuation, to MABEL,
a bipedal walker with a novel compliant transmission
and multiple degrees of underactuation. A time-invariant
feedback controller is designed such that the closed-loop
system respects the natural compliance of the open-loop
system and realizes exponentially stable walking gaits. ¥
experiments are presented that highlight different aspect
of MABEL and the feedback design method, ranging from
basic elements such as stable walking and robustness under (@ (b)
perturbations, to energy ef ciency and a walking speed of ) ] )
1:5 m/s (3:4 mph). The experiments also compare two feed- Fi9- 1. (@) MABEL, an experimental testbed for bipedal loation.
back implementations of the virtual constraints, one based 'N€ robot is planar, with a boom providing stabilization inet
on PD control as in (Westervelt et al., 2004), and a second sagittal plane. The robot weighs8 kg and is1 m at the hip. The

. - . robot's drivetrain contains springs for enhanced poweciehcy. (b)
that implements a full hybrid zero dynamics controller. On The virtual compliant leg created by the drivetrain through a set

MABEL, the full hybrid zero dynamics controller yields  of differentials. The coordinate system used for the lirkag also
a much more faithful realization of the desired virtual indicated. Angles are positive in the counter clockwiseation.
constraints and was instrumental in achieving more rapid

Virtual £
Compliant Led-,

walking.
Index Terms—Bipedal robots, Hybrid Systems, Zero Hurst, 2008), and the identi cation of its dynamic model
Dynamics, Compliance. is reported in (Park et al., 2010).
Bipedal robots that are simultaneously robustly sta-
I. INTRODUCTION ble, ef cient, and fast are extremely rare. The desire

) ) ) _ to achieve these traits is driving the introduction of
MABEL is a novel bipedal testbed at the University, o ative mechanism designs and feedback control
of Michigan. The robot is planar, with a torso, tWoyethods. MABEL was designed to be both a robust
legs with revolute knees, and four actuators. TWo Qf5ker and a fast runner. It pushes the state of the art in
its actuators are in series with large springs for thg,eqa) mechanism design and provides an opportunity
purpose of enhancing both energy ef ciency and agility, ftective control design methodology to maximize the
of locomotion. The actuators are housed in the t0r$8y,,s ef ciency, speed and stability. This paper reports
and thg |egs are light, placing .the center of m.ass.of tI%‘1‘?1alytical and experimental results for walking on at
robot signi cantly above the hips, as shown in Figurey .o, ;nq a very important preliminary stage for running
1. A more detailed description of the robot has bee(gln at ground and for walking on uneven ground. In
presented in (Hurst et al., 2007; Hurst and Rizzi, 2008 1icylar, a Compliant Hybrid Zero Dynamics controller
Koushil Sreenath and J. W. Grizzle are with the Control Syste (HZD) is designed and the HZD controller is experimen-
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2002), Sony's QRIO (Geppert, 2004), and the HRBNd using springs in parallel with motors in (Yang et al.,
series (Kaneko et al., 2002) have large feet and u2608). A combination of both methods, minimalistic
zero moment point-based controllers (Vukobratovi¢c arettuation and compliant elements, is employed in the
Borovac, 2004) to achieve stable walking. The walkin@ornell Biped (Collins and Ruina, 2005), and the T.U.
gaits are at-footed and the achieved energy ef ciencipelft bipeds TUlip and Flame (Hobbelen et al., 2008)
is low. in order to improve ef ciency. The drawbacks of these
Enhanced agility has been demonstrated on hoppaighly ef cient walkers are that they cannot lift their legs
style robots (i.e., springy, prismatic leg) employingver obstacles, readily change speeds, or run.
intuitive controllers, as demonstrated in (Hodgins and The speed of a biped can be enhanced by careful
Raibert, 1990; Brown and Zeglin, 1998). These robotsechanism and control design as suggested in (Koech-
are highly underactuated, though for the most part, theing and Raibert, 1993), and demonstrated in robots such
control systems did not have to deal with stabilizatioas RunBot (Manoonpong et al., 2007).
of signi cant torso dynamics; indeed, if a torso was MABEL achieves stability, efciency and speed
present, its center of mass was coincident with the hiprough a combination of the novel design of its driv-
joint (Poulakakis and Grizzle, 2009b). etrain and the analytical methods being developed to
The bipedal robot RABBIT was planar, had revoeontrolit. The robot's drivetrain uses a set of differelstia
lute knees, and a non-trivial torso (Chevallereau et atg create avirtual prismatic legbetween the hip and
2003). It was deliberately designed to have point fe#te toe such that one actuator controls the angle of
in order to inspire new analytical control approaches tihe virtual leg with respect to the torso, and another
stabilizing periodic motion in underactuated mechanicaktuator controls its length. Moreover, the drivetrain
systems, and hence move beyond at-footed walkinglso introduces @ompliant elementa unilateral spring
gaits. Research on RABBIT gave rise to the methogisesent in the transmission, that acts along the virtual
of virtual constraints and hybrid zero dynamics (Grizzléeg in series with the actuator controlling the leg length.
et al., 2001; Westervelt et al., 2002, 2003; Morris and controller that properly utilizes this natural compliant
Grizzle, 2005; Westervelt et al., 2007), which provideynamics will lead to an ef cient gait. Further, with the
a systematic method of designing asymptotically stabove mechanical design, it is possible to place all of the
ble walking controllers. A related approach based amctuators in the torso, thereby making the legs relatively
designing a linear feedback controller that stabilizdight and enabling rapid leg motion for fast gaits. More
the time-varying transverse linearization of a hybridetails on the design philosophy are available in (Grizzle
system along a periodic orbit has been developed @t al., 2009; Hurst, 2008).
(Manchester et al., 2009; Shiriaev et al., 2005, 2010; MIT's Spring Flamingo achieved stable, efcient
Song andZefran, 2006). Other types of controllers taand fast walking by employing series elastic actuators
achieve stable walking are based on machine learni(f§EAs) and a virtual model controller (Pratt and Pratt,
and neuronal control, as presented in (Russ Tedrake @@98; Pratt, 2000; Pratt et al., 2001). The virtual model
Seung, 2005) and (Manoonpong et al., 2007; Sabouknntroller creates virtual components, such as springs,
et al., 2006), respectively. dashpots, etc., through carefully computed joint torques.
The ef ciency of bipedal robots is being enhanced byhis enables intuitive tuning of parameters of the con-
using minimal actuation, incorporating compliance, or @oller, though no formal stability results exist. The
combination of the two. Motivated by passive dynamispring in MABEL may seem similar to that in the SEA,
walkers which exhibit stable gaits on small downwartlowever the resemblance is only super cial. The SEA
slopes, and where gravity compensates for energy losgeslesigned for force control and cannot store signi cant
at leg impacts, researchers have devised ef cient meaamsounts of energy. MABEL's springs provide a revolute
of walking on at ground by injecting minimal amountsinstantiation of a spring-loaded prismatic (pogo-stick)
of energy at key points in the gait (Collins et al.Jeg. They can easily absorb 150 J of energy (the equiva-
2005; Kuo, 2002). Another means of enhancing enerdgnt of dropping the robot from a height of 25 cm.) The
ef ciency is by introducing compliant elements. Thespring in the SEA is several orders of magnitude smaller
energetic bene ts of springs in legged locomotion arm size, and is used primarily for ltering and sensing of
well documented (Alexander, 1990). Springs can be usegternal forces, rather than energy storage.
to store and release energy that otherwise would be lostThe presence of compliance in MABEL's transmission
as actuators do negative work, and springs can be usess led to new control challenges that cannot be met
to isolate actuators from shocks arising from leg imwith the initial theory developed for RABBIT. On the
pacts with the ground. Although these bene ts are momathematical side, compliance increases the degree of
pronounced in running, compliance can also be usedderactuation, which in turn makes it more dif cult to
bene cially in walking (Geyer et al., 2006; lida et al.,meet the invariance condition required for a hybrid zero
2007, 2008). Enhanced energy ef ciency was shown udynamics to exist. This technical dif culty was overcome
ing pneumatic arti cial muscles in (Vanderborght et al.in (Morris and Grizzle, 2009) with a technique called a
2008a,b; Takum et al., 2008), using springs in series witdeadbeat hybrid extension”.
motors in (Pratt and Pratt, 1998; Schaub et al., 2009),A second challenge arising from compliance is how



to use it effectively. A rst attempt in (Morris and Finally, we attack the problem of achieving fast walk-
Grizzle, 2006) at designing a controller for a bipeihg. With a zero dynamics controller, we experimentally
with springs took advantage of the compliance alongattain a top sustained walking speed b6 m/s 3:4
steady state walking gait, but “fought it” during tran-mph.)

sients; the compliance was effectively canceled in the The remainder of the paper is organized as fol-
HZD (for details, see (Poulakakis and Grizzle, 2009iows. Section Il describes the general features of MA-
p. 1790)). The problem of ensuring that the feedbadkEL's morphology, and presents the mathematical hy-
action preserves the compliant nature of the system euvarnd model used for walking. Section Il provides the
during transients was studied in (Poulakakis and Grizzlgystematic procedure based on virtual constraints that
2009b,a; Poulakakis, 2008) for the task of hopping iis used to design a suite of walking gaits. Section IV
a monopod, where the HZD itself was designed to hmesents the design of two controllers to realize the gaits

compliant. and studies the stability of the xed points under the
o action of the proposed controllers. Section V describes
B. Contributions the experiments performed to demonstrate the validity

The key results of the paper are summarized nextf the designed controllers. Section VI discusses various
Firstly, a HZD-based controller is designed for walkingispects of the robot and the feedback controllers re-
such that the natural compliant dynamics is preservedaled by the experiments. Finally, Section VII provides
in the closed-loop system (robot plus controller). Thisoncluding remarks and brie y discusses future research
ensures that the designed walking gait uses the compglans.
ance to do negative work at impact, instead of it being
done by the actuators, thereby improving the energy Il. MABEL TESTBED

ef ciency of walking. Stability analysis using the method 1his section presents details about the morphology

of Poincaré is then carried out to check stability of thes MABEL. and develops the appropriate mathematical
closed-loop system. Prior to experimentally testing the jqals for, the study of walking.
controller, simulations with various model perturbations

are performed to establish robustness of the designed o
controller. The controller is then experimentally vali- Description of MABEL
dated on MABEL. MABEL is a planar bipedal robot comprised of ve
Secondly, walking gaits are designed to optimize tHanks assembled to form a torso and two legs with knees;
energetic cost of mechanical transport (Collins et akge Figure 1. The robot weigh$ kg, is1 m at the hip,
2005; Collins and Ruina, 2005). This results in a gaand mounted on a boom of radi@®25 m. The legs are
that is more than twice as ef cient on the testbed thaterminated in point feet. All actuators are located in the
a gait that we had designed by hand and reported tiorso, so that the legs are kept as light as possible; this
(Grizzle et al., 2009). The resulting cost of mechanic# to facilitate rapid leg swinging for running. Unlike
transport is approximately three times more ef cient thamost bipedal robots, the actuated degrees of freedom of
RABBIT, and better than Honda's ASIMO, even thougteach leg do not correspond to the knee and hip angles.
MABEL does not have feet. This puts MABEL's energyinstead, for each leg, a collection of cable-differentials
ef ciency within a factor of two of T.U. Delft's Denise is used to connect two motors to the hip and knee joints
and a factor of three of the Cornell Biped, none of whicin such a way that one motor controls the angle of the
can step over obstacles or run; it is also within a factetrtual leg consisting of the line connecting the hip to
of two of the MIT Spring Flamingo which can easilythe toe, and the second motor is connected in series with
step over obstacles but cannot run, and within a factarspring in order to control the length or shape of the
of three of humans, who can do all of the above. virtual leg; see Figure 2. The reader is referred to (Park
Thirdly, in preparation for future running experimentset al., 2010; Grizzle et al., 2009; Hurst, 2008) for more
we turn our attention to fast walking, where each singléetails on the transmission.
support phase may be on the order of 300 to 350 ms.The springs in MABEL serve to isolate the re ected
Very precise control is needed for accurately implementetor inertia of the leg-shape motors from the impact
ing the virtual constraints of an HZD controller withforces at leg touchdown and to store energy in the
these gait times. All experimental implementations afompression phase of a running gait, when the support
the virtual constraints reported to date have relied dag must decelerate the downward motion of the robot's
local PD controllers (Westervelt et al., 2004). The zercenter of mass; the energy stored in the spring can
dynamics controllers provide great tracking accuracy tlhen be used to redirect the center of mass upwards
theory, but are often criticized for being overly dependeifior the subsequent ight phase, when both legs are
on high model accuracy, and for being too complex toff the ground. These properties (shock isolation and
implement in real-time. Here we demonstrate, for thenergy storage) enhance the energy ef ciency of running
rst time, an experimental implementation of a compliand reduce the overall actuator power requirements.
ant HZD controller. The tracking accuracy attained is farhis is also true for walking as we will demonstrate
better than the simple PD controllers used earlier.  experimentally. MABEL has a unilateral spring which



leg-shape Bspring Figure 2, qrr is the torso angle, andia ., Gnis.,

motor - \}’ T T T~ and Gsp,, are the leg angle, leg-shape motor position,
Ous H 1 =Y \ and Bspiing  position, respectively for the stance leg.
= -—{orso . .
T N, The swing _Ieg variablesya , , LS o and Gesp,, are
S~_A- - — A de ned similarly. For each legg s is determined from
spring; > Y. Ons anddesp by
1 B \
=0:031 +0:19 ; 1
leg-angle. ! /1 Os Snis Jksp 1)
motor N which also shows that the torque at the leg-shape is
N A N S--- a linear combination of the motor and spring torques.
= = = This re ects the fact that the cable differentials place
T LI the spring in series with the motor, with the pulleys
rhigh Qs introducing a gear ratio. The coordinatp{}gp ; Phip are
the horizontal and vertical positions of the hip in the
_Yrhigh - Yshin _ Ohigh + Qshin sagittal plane. The hip position is chosen as an indepen-
Ois= 5 Qua =— 200 . .
2 dent coordinate instead of the center of mass because

it was observed that this choice signi cantly reduces

Fig. 2. MABELS powertrain (same for each leg), all housedtie  the number of terms in the symbolic expressions for the
torso. Two motors and a spring are connected to the traditibip

and knee joints via three differentials. On the robot, tHéedéntials dynamlcs. ) ) ) .
are realized via cables and pulleys (Hurst, 2008) and noigears. The equations of motion are obtained using the

They are connected such that the actuated variables aredg @and method of Lagrange. The Lagrangian for the uncon-
leg shape, see Figure 1, and so that the spring is in seribstlvétleg

shape motor. The base of the spring is grounded to the torddhan strained system,e : TQe! Ris de ned by

other end is connected to thixping differential via a cable, which

makes the springinilateral. When the spring reaches its rest length, Le=Ke V¢ (2)
the pulley hits a hard stop, formed by a very stiff damper. Wites

happens, the leg shape motor is, for all intents and purpoggdly where,Ke : TQe ! R andVe : Qe ! R are the

connected to leg shape through a gear ratio. total kinetic and potential energies of the mechanism,
respectively. The total kinetic energy is obtained by

summing the kinetic energy of the linkagé!™ , the

compresses but does not extend beyond its rest lengfyetic energy of the stance and swing leg transmissions,
This ensures that springs are present when they are usﬁukns s;KUIans s and the kinetic energy of the boom
y Ne ’ )

for shock attenuation and energy storage, and absgﬁi@om
when they would be a hindrance for lifting the legs from ©

the ground. Ke(GkiG) = KI™ (Gpi ) + KE™ = (0p; ) + @)
KE™™ = (01 @) + K™ (Gki @)
B. Mathematical Model The linkage model is standard. Physically, the boom

A hybrid model appropriate for a walking gait, com-constrains the robot to move on the surface of a sphere,
prised of a continuous single support phase and &nd a full 3D model would be required to accurately
instantaneous double support phase, is developed nésedel the robot and boom system. However, we assume
The impact model at double support is based on (Huhe motion to be planar and, as in (Westervelt, 2003,
muzlu and Marghitu, 1994). The single support modél. 94), only consider the effects due to mass and inertia
is a pinned, planar, 5-link kinematic chain with revoof the boom. This will introduce some discrepancies be-
lute joints and rigid links. Because the compliance igveen simulation and experimental results. The symbolic
unilateral, it will be more convenient to model it as arexpressions for the transmission model are available
external force when computing the Lagrangian, instegline at (Grizzle, 2010b).
of including it as part of the potential energy. Similar notation is used for the potential energy,

1) MABEL's Unconstrained DynamicsThe con g- _ \/link trans «
uration spaceQ. of the unconstrained dynamics of Ve () = Vf (G) + Ve (Ge) + (4)

. . rans sw boom .
MABEL is a simply-connected subset & R2: ve Ve (Ge) + Voo

DOF are associated with the links in the robot's bodyyye to its unilateral nature, the spring is not included in
two DOF are associated with the springs in series Withe potential energy of the transmission; only the mass of
the two leg-shape motors, and two DOF are associatg@f motors and pulleys is included. The unilateral spring
with the horizontal and vertical pOSition of the I’Obots considered as an external input to the System.

in the Sagittal plane. A set of coordinates suitable for With the above ConsiderationS, the unconstrained
parametrization of the robot's linkage and transmissiopot dynamics can be determined through Lagrange's
S G == ( OLA; OnLsy: OBspy s OLA G, Omis. s OBsp,,:  equations

Gror 5 pﬂip; Prip ), the subscriptst and sw refer to the d@e @e_ . 5
stance and swing legs respectively. As in Figure 1 and a@ @g ° )




where, . is the vector of generalized forces acting on The state-space form of the stance dynamics, with the

the robot and can be written as, state vectoxs := (s; ) 2 TQs, can be expressed as,
TRMEM @R el a0
Bfric fric (Ge;G) + Bsp sp (s G) ; &% Ds "Hs Ds "Bs (12)
where the matriceBe, Eext, Bfric , andBs, are derived = Ts(Xs) + Go(Xs)U;

from the principle of virtual work and de ne how the
actuator torquesl, the external force§ex at the leg,
the joint friction forces tic , and the spring torques
enter the model, respectively.

Applying Lagrange's equations (5), with the kinetic
and potential energies de ned by (3) and (4), respe
tively, results in the second-order dynamical model

where,f 5; gs are the drift and input vector elds for the
stance dynamics, andg := Cg(0s;0) & + Gs ()
Bfric fric (GsiG%) Bsp sp (Gs; G)-
3) Stance to Stance Transition Magn impact oc-
urs when the swing leg touches the ground, modeled
ere as an inelastic contact between two rigid bodies.
In addition to modeling the impact of the leg with
De(G) &+ Ce(0e;G) G+ Ge(g)= ¢ (7) the ground and the associated discontinuity in the gen-
eralized velocities of the robot as in (Hurmuzlu and
for the unconstrained dynamics of MABEL. Heba is  Marghitu, 1994), the transition map accounts for the
the inertia matrix, the matrixCe contains Coriolis and assumption that the spring on the swing leg is at its
centrifugal terms, an@e is the gravity vector. rest length, and for the relabeling of robot's coordi-
2) Dynamics of StanceFor modeling the stancenates so that only one stance model is necessary. In
phase, the stance toe is assumed to act as a paspigicular, the transition map consists of three subphases
pivot joint (no slip, no rebound and no actuation)executed in the following order: (a) standard rigid impact
Hence, the Cartesian position of the hip:)ﬂip 'Phip » model (Hurmuzlu and Marghitu, 1994); (b) adjustment

is de ned by the coordinates of the stance leg an@f spring rest length in the new swing leg; and (c)
torso. The springs in the transmission are appropfoordinate relabeling.

ately chosen to support the entire weight of the robot, Before entering into the details, the spring is dis-
and hence are stiff. Consequently, it is assumed theitssed. To meet our modeling assumption of Section
the spring on the swing leg does not de ect, that id)-B2, the post-transition spring position on the new
OBsp., 0. It follows from (1) that gus,, and swing leg has to be non-de ected. This requirement
qs. are related by a gear ratigm.s,, is taken as makes the pre and post-transition position coordinates
the independent variable. With these assumptions, thet identical. Physically, the spring being non-de ected
generalized con guration variables in stance are takes a well-founded assumption because as soon as weight
aSOs = OLA 4 OmLSq > OBspy s OLA o s OmLS oy s OfTor - of the robot comes off the former stance leg, the spring

The stance dynamics is obtained by applying th@pidly relaxes and the pulleyss, comes to rest on the

above holonomic constraints to the model of Sectidmard stop. This causes a change in torque on the leg-
II-B1. The stance con guration space is therefore ahape motor, and either the motor shaft or the leg shape

co-dimension three submanifold de, i.e., Qs := needs to reposition to maintain a balance of torques in
G2 Qej GBsp, O p{‘oest 0;ploe, O . For later the leg shape differentials. Because the leg shape has a
use, we denote by high re ected inertia at the motor, it is the motor that
repositions. Further, sincqs is a linear combination
G = s(G) (8) of gnis and gesp per (1), we can assume the spring

and motor position change appropriately such that the

the value ofge whengs 2 Qs, and by linkage positionsts, ¢ ¢ are still identical. Thus, the

&= s(G) (9) Pre and post-transition linkage coordinates still remain
identical.
the value ofge projected ontdQs  Qe, such that, s The robot physically transitions from one stance phase
s=id to the next when the swing toe contacts the ground. It
The resulting Lagrangiahs : TQs ! R can be is assumed that there is no rebound or slip at impact,
expressed as and that the old stance leg lifts off from the ground

L= L N . (10 without interaction. The external forces are represented
s 1= Le(Oi%)ifge, ., opn, . OPhe. OQ (10) by impulses, and since the actuators cannot generate

and the dynamics of stance are obtained through Ligjpulses, they are ignored during impact. Mathemati-

. . . cally, the transition then occurs when the solution of
grange's equations, expressed in standard form as . . . o .
(12) intersects the co-dimension one switching manifold

Ds(t) &+ Cs(Gs; %) &+ Gs (&) = s (11)

where, s:= Bsu+ Bfric fric (Gs:G)+ Bsp sp (G G)
is the vector of generalized forces acting on the robot. The stance to stance transition mapy s: Sy s !

Ssi si= Xs2TQsj p¥oesw =0 : (13)



TQs, is de ned as 4) Hybrid Model of Walking: The hybrid model of

" # walking is based on the dynamics developed in Section

. ds ] [I-B2 and transition map derived in Section II-B3. The

sl §.— 5 (14) . . . . .y .
g . continuous dynamics with discrete state transitions is

represented as,

where, the componentsy ( and % . dene the
transition maps for the con guration variables and their s
velocities, respectively.

The transition map for the velocities is derived as . GAIT DESIGN USINGZERO DYNAMICS
follows. Let g be the impulsive force on the foot due ) ) )
to the ground-foot impact and lek be the impulsive This sectloq presents afeedpack contrqller for.achlev-
torque on the spring due Byping hitting the hard stoh N9 asymptoucgl_ly stable,_ perlodlp walking gf':uts. on
Then the generalized external impulsive force acting JAABEL. In addition to orbital stability, a key objective
the system is obtained from the principle of virtual workS {0 take advantage of the spring in the robot's drivetrain

= fs(Xs) + Os(Xs)u  Xg 2 Sy

21
sl S(Xs) Xs 2 Sq st (1)

P
|

as, that is placed in series with the leg-shape motor @rd
Inspired by analysis in (Poulakakis and Grizzle, 2009b,
@Re., @6kp,, T p. 1784) and (Poulakakis, 2008, Chap. 6) for monopedal
Fext = T& IR + @ R (19) hoppers with compliance, this will be accomplished by

controlling variables on the motor end of the spring

We have three constraints that need to be satis ed and letting the joint end of the spring, which sees the

impact. The rst condition is for the new swing leg tolarge ground reaction forces, remain passive. In this
have zero spring velocity. The second condition is for theay, the robot in closed-loop with the controller will

new stance toe to have zero velocity. The third constrairgspond to impulsive forces at impact in a manner similar

is obtained by integrating the unconstrained dynamids, a pogo stick. In particular, the closed-loop system

(7), over the duration of the instantaneous event. Thesdl use the compliance to do negative work at impact

conditions are (i.e., decelerating the center of mass and redirecting it
@ upward), instead of it being done by the actuators,
(:‘gsp =0 =) ﬂq’; =0; (16) thereby improving the energy ef ciency of walking.
B @aq It will be shown that the method of virtual con-

straints and hybrid zero dynamics is exible enough to
Phe.. =0 =) @Re,, =0: (17) accomplish the control objectives outlined above. The
- @g method of Poincaré is used to verify stability of the
closed-loop system. Prior to experimentally testing the
De ¢ & De G G = Fext: (18)  controller, simulations with various model perturbations
are performed to establish robustness of the designed
By assembling the constraints (16)-(18), and solvingpntroller. The controller is then experimentally vali-
for the post-impact velocity, we can de ne a map, dated on MABEL.

such thatg = (_g, ). Thus, the transition map for the The rest of the section is as follows: Section IlI-A

velocities is presents the virtual constraint design for walking, Sec-
@ < @ < tion IlI-B presents the compliant zero dynamics for
g = @y R @l; (19) MABEL, Section III-C mathematically formalizes the

event transitions between the subphases of the virtual
where g, ¢ areasdenedin (8), (9), anR is a linear constraints, Section Ill-D presents two cost functions for
operator representing coordinate relabeling as introdluceptimization and, nally, Section llI-E presents the xed
in (Westervelt et al., 2007, p. 57). points obtained by optimization.
Next, as per earlier discussions regarding the adjust-
ment of spring rest length for the new swing leg, thé. Virtual Constraint Design for Stance
transition map for the coordinates can be expressed as Recall that virtual constraints are holonomic con-

q _ straints on the robot's con guration variables that are
s s = s R Tmsy s (20) asymptotically imposed through feedback control. They
are used to synchronize the evolution of the robot's links

Wher_e TmLS « resets the spring to its rest_ _posmon b&ﬁ}roughout a stride in order to synthesize a gait (Wester-
modifying the stance leg-shape motor position such tha

o ) velt et al., 2007). One virtual constraint is designed per
the stance leg-shape position itself is unchanged. :
independent actuator.

1We have checked that rst doing the standard impact for thmgw  2The double support phase of human walking is spring-likehia t
leg, and then doing a second impact fgysp hitting the hard stop, vertical direction and redirects the center of mass (Rebukd., 2009;
with the constraint that the new stance leg end velocity nesnaero, Geyer et al., 2006). The COM redirection is obtained heréaut a
gives the same result as the model presented here. double support phase.



The virtual constraints are parametrized by, a broken up into subphases: the motor-compression phase
strictly monotonic function of the joint con guration (mc), the stance-compression phase), the stance-

variables, and can be expressed in the form injection phaseq), and the stance-decompression phase
- h he 29 (sd). The details of these subphases are given later in
y = hs(a) = Hots (s): (22) the section. Figure 3 illustrates the evolution of each of

If a feedback can be found such thgtis driven these constraints ofmis, , dA ., Oniss, » @Nd0ror -
asymptotically to zero, ther§gs ! h3( s) and thus  The reason behind breaking up the stance phases
the controlled variable$i§gs evolve according to the into four subphases is to facilitate the design of virtual
constraintH§ogs = h§ ( ). Here, the controlled variablesconstraints that effectively make use of the compliance.
are selected to be the rotor angle of the stance leg-sh#pdey idea is to hold the stance motor leg shape at a
motor, gns, » the swing leg variablegya ., ; Gnis,, . constant value shortly after impact in order to allow the
and the absolute torso angig, . From hereon, the rotor spring (which is in series with this actuator) to absorb
angle of the stance leg-shape motor is simply referred tloe impact shock entirely. Note that if the motor position
as stance motor leg shape. is held constant, then its velocity is zero and the motor
1) Deciding what to control: The torso is selected performs no mechanical work. The spring then does the
as a controlled variable instead of the stance leg angfegative work of decelerating the center of mass and
because, for MABEL, the torso represents over 65% oddirecting it upwards; in other words, the spring stores
the mass of the robot, and hence the position of the torte impact energy and returns it later to the gait instead
heavily in uences the gait. The stance motor leg shapef the actuator doing negative work and dissipating it
Onis, s iS chosen instead of the stance leg shape,, as heat. This effectively preserves the natural compliant
so that the joint side of the spring remains passive, dgnamics of the system and prevents the actuator from
discussed above. Mathematically, with this choice, thghting the spring.
spring variable will become a part of the zero dynamics, Another key subphase involves the torso. Because it
thereby rendering the zero dynamics compliant. Froim heavy, we have observed that making the pre-impact
(1), if omLs , is held constant, theq s, responds to the torso velocity close to zero at the end of the gait helps
spring torque throughgsp_, . On the other hand, s,  in avoiding excessive forward pitching of the torso just
were selected as a controlled variable, then the actuasdter swing leg impact. This is achieved by designing
is forced to cancel the spring dynamics. the torso virtual constraint such that, before impact, the
The swing leg virtual constraints are similar to theorso position is constant and its velocity is zero; see
controlled variables on RABBIT, a robot without comphasesd in Figure 3.
pliance. This is because under the assumption that theRemark1: The choice of the variables to be con-
swing spring is at its rest position throughout stanceéolled in the virtual constraints makes the zero dynamics
Gsp,, 0, which from (1) shows that the motor legcompliant. The choice of the evolution of the virtual
shapefmis,, , is related to the leg shapgs,, , through constraints facilitates ef cient use of the compliance.

a gear ratio. . In our design of the virtual constraints for MABEL,
In summary, the COﬂtFOHGd variables are we use the framework for virtual constraints with sub-
Om phases developed in Appendix A, with the index set for
LS s .
the subphases given by
Hig = § 3% £, (23)
qussw P := fmc;sc;s; sdg; (26)

I'

The desired evolution of each of the controlled variableggd with the index set for the virtual constraints given
are denoted bir% s, his_ , h3.s., . andhy, respec- by

tively, and assembled azs V = fmLSq; LAgw; mMLSsy; Torg: (27)
hrgLSst(( S)) Further, we chooséM = 5 in (52), and imposeC!
HENE g A sw (S) : (24) continuity between successive subphases. This ensures
mLst S continuity of position and velocity at the boundary of
hor (5) two phases of a virtual constraint. However, acceleration,

For MABEL, we choose s to be the absolute angleand consequently, the actuator torques, are allowed to be
formed by the virtual compliant leg relative to thediscontinuous at phase boundaries.
ground, i.e., 3) Stance motor leg-shape virtual constrainthe
_ i desired evolution of the stance motor leg-shape position,
s(&) = WAs Gror - (25) hd.s. . is as follows. During the motor-compression
2) Speci cation of the constraintsvirtual constraints phase, the velocity of the motor leg-shape immediately
for the stance phase of MABEL are inspired by thafter |mpactgmLS is usually nonzero and is smoothly
constraints designed for Thumper in (Poulakakis aratought to zero by the end of the motor-compression
Grizzle, 2009a; Poulakakis, 2008). The stance phasepisase, i.e.gq"}fssl =0.



without the actuator performing unnecessary negative
work on the leg shapeys,, .

The stance-injection phase starts with the spring just
decompressed t(ﬁs’;,m. The actuator then rapidly repo-

sitions the motor shaft to a new desired positiq),s _ -
Under nominal conditions, this straightens the leg during
mid-stance for ground clearance of the swing leg. Under
large perturbations, this motion will cause the actuator
to inject (or remove) energy through compression (or
decompression) of the spring by rapidly repositioning
the motor end of the compliance.

Following the stance-injection phase, the motor shaft
is maintained at the positiomy, g throughout the
stance-decompression phase, waiting for the spring to
decompress again in preparation for leg touchdown.

The virtual constraints for the stance motor leg shape
are depicted in Figure 3. The thick solid line is the
virtual constraint, and the thin line is the localthat
parametrizes the local Bézier polynomial. The gure
also shows the virtual constraints for the other controlled
variables. Appendix A provides further details regarding
choosing the the Bézier polynomial coef cients for each
subphase.

4) Torso virtual constraint: The desired evolution
of the torso angle,nd, , does not need to be as
nely specied; it's evolution will be primarily left
to optimization, which will be discussed in Section
[1I-D. The motor-compression, stance-compression, and
stance-injection phases, are combined into a single
phase. This phase serves as a transient phase that
drives the torso in a smooth manner from the initial
con guration, o ;0 . to the nal con guration,

Oor s dr =0 , in preparation for impact.

During the stance-decompression phase, the torso is
held constant in preparation for impact. Simulations with
o = S < the model and experiments with a simpler PD controller
. detailed in (Grizzle et al., 2009) showed that achieving
Fig. 3. The general shape of the stance phase virtual coristrahe a nearly zero pre-lmpac_t Veloc_lty _tends to _prevent the
thick solid lines illustrate the evolution of each of thetwirl constraints heavy torso from excessively pitching after impact.
as a function of s. Each virtual constraint is broken into subphases 5) Swing |eg virtual constraintsThe desired evolu-

(mc, sc, s, sd) and each subphase is locally expressed Bif aorder ; d
Bézier polynomial. The thin lines show the evolution ofresponding tlon_Of the swing leg Eamglehb’-\ sw ! and motor leg shape

local s that parametrizes the local Bézier curve and goes fbm pOSltion,h?an ., are the simplest of all of the constraints
to 1. The subphases can be combined as, for instance, in the togsg no subphases are used. A single virtual constraint on
b oS, i s e 5L e subphaseether 2 Swing leg angle is designed to bring the leg forward,
all four phases. The thick dotted lines are correction paigials Preparing it for impact with a desired step length. The
introduced to create hybrid invariance of the zero dynanaicd are constraint on swing motor leg shape is responsible for
discussed in Section IV. lifting the swing leg from the ground, avoiding foot
scuf ng during the gait, and extending the leg before
impact. These two constraints are similar to RABBIT
Throughout the stance-compression phase, the ldgvestervelt et al., 2004).
shape motor position is kept at a constant amnfle; _ - 6) Discussion:The use of subphases in the evolution
With the motor position locked, the bending of theof the stance motor leg shape and torso introduces
stance knee compresses the spring. The phase lasts @aditional independent parameters to be speci ed in the
OBsp,, = ogst)m with ggsp < O, the point at which the constraint design. One benet is that it approximately
spring decompresses to a value near the nominal spritecouples the evolution of these angles from one phase
compression at mid-stance, a typical value being v another; changing the evolution in one phase does not
degrees. This ensures that the impact kinetic energysigsongly affect the other as long as the boundary condi-
rst stored in the spring and then returned to the gatton is maintained. This facilitates intuitively specifig

For =




the initial shape of the virtual constraints and make&chieving the virtual constraints by zeroing the corre-
the optimization task easier. For a list of independesponding outputs reduces the dimension of the system
parameters to be found by optimization, refer to Tabley restricting its dynamics to the submanifold
IV in Appendix B. embedded in the continuous-time state spaca. Z

For later use, we can organize the virtual constrainis called the zero dynamics manifold and the restriction
for each phase separately. For epchP , we can de ne dynamicsz = fjz . (2) is called the zero dynamics.
the output, From Lagrangian dynamics (the derivation is standard

] ) ] (Westervelt et al., 2007, Chap. 5) and skipped for sake
Yo = hp(di )= HG (&) hG(si p); (28) of brevity), a valid set of coordinates ah | is

and,
Hop 3 23 2 3
mLS st ( 3) 1
h% (o) GBsp
CTEEESER: R SR X, =828 a. 3 (35)
th_st ( S) 3 SP st
hior (s) 4 @%s
The Bézier coef cients for each phase can be organized ) o N )
as This set of coordinates explicitly contains tfBepring
' 2 3 ; S .
P s variable, which illustrates clearly that the zero dynamics
g P Sté is compliant:
p=3 phe £ (30) >
mLS s 2 3 Lt s
Tor + Lfs(bSPst
Remark2: Both the local virtual constrairing and >§§d = 5'22 = @s . : (36)
the local selection of the controlled variable) can 3 @aspy P
be modied for each subphase resulting in (28). Here '4 @%s

we only change the parameters used in the Bézier

polynomials P and leaveH§ = H§ as de ned in (23), N

andhf} = h$ as de ned in (24), for each phage2 P.  C. Event Transitions
The division of the stance phase into subphases when

B. Stance Zero Dynamics specifying the virtual constraints in Section IlI-A neces-

L . itates the speci cation of the transition maps between
The organization of the stance phase into four suﬁi P P

phases creates four continuous dynamics and discre

transitions between them. As discussed in Section III-AI bld by concatenating the solutions of the parameter-

for each phas@ 2 P, an output functiory, has been ;
associated with the continuous stance dynamics de n(ejgpendent hybrid systems for each subphase

in (12). The zero dynamics is de ned as the maximal Xe 27
internal dynamics of the system that is compatible with % Xp —f p(x )

the output being identically zero (Isidori, 1995). Differ- ~ ,: =P~ PP _

entiating the output twice with respect to time results S q= Xp2Z , jHp q(Xp) =0
in ' Xa = ptg Xy o

g subphases. In preparation for the next section, we
odel the hybrid dynamics on the zero dynamics man-

%: L2 hy (Xs; )+ La.Lf.ho(a o)U; (31) The model captures the continuous-time dynamics

dt? felPATs P GmleTP AR BT of the system in phas@® 2 P and the discrete
whereL gLt hp (Gs; p), the decoupling matrix, has full transition to phaseq 2 P, with the only valid
rank. Under the conditions of (Westervelt et al., 200Thoice of transitions for walking beingp;q 2

Lemma 5.1), f(mc;sc) ; (sc; ) ; (si; sd) ; (sd; me)g.
The switching surfacesS, ¢, for the transitions for
. - . 1 P! g
U xs p)=  (Lolrho (G o) (32) walking are de ned by the zero level sets of the corre-
L7 hp (Xsi p); sponding threshold functiondp, ¢ : TQs! R, which
is the unique control input that renders the smooth foud® diven below,
dimensional embedded submanifold Hrt = s m
Z =fxs2TQsjh ; =0; A
b s Qs | p(os. ) } (33) Her s 0= GBsp, 5 37)
Li.hp(Xs; p) =09 Hei sd:= s g

invariant under the stance dynamics (12); that is, for Hal me ©= Ploey,

everyz27Z ,

The transition maps, pi q:Spi q! TQs, provide the
fo(2)=fs(@)+ g(x)u 2T,Z : (34) initial conditions for the ensuing phasg2 P, and are
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a step of squared torque divided by distance traveled,
1 A
Jnom ((s)= ———  jju(®)j’dt; (39
ptoeSW 0

where T, is the step duration angf, is the step
length. Minimizing this cost function tends to reduce
peak torque demands and minimizes the electrical energy
consumed per step.

Next we use a cost function that quanti es the me-
chanical energy consumed. The speci ¢ mechanical cost
of transport,cy is introduced in (Collins et al., 2005;
Ssl o Collins and Ruina, 2005) as means of quantifying energy
consumed for bipedal locomotiom,; is the energy
consumed per unit weight per unit distance traveled and
can be de ned as a cost function,

motor-compression

stance-injection

Fig. 4. The hybrid system for stance with continuous-timeges
and discrete event transitions.

Ry P
. S L E@Mmd
given below, Jom = Mgd ; (40)
=id

e whereM is the mass of the robog is the acceleration
< s =id (38) due to gravityd is the distance traveled, and
st «:=id
@ as = o0 wlah>0  q,

0 ui(t)g(t) O
whereid is the identity map and g s is de nedin (14). Mechanical power can be either positive (energy is
The event transitions are indicated in Figure 4. To ndhjected) or negative (energy is absorbed). Some au-
a set of values for the independent parameters of thweors, (Hobbelen and Wisse, 2008), consider the absolute
constraint design speci ed in Section IlI-A, we employmechanical power while de ning they:, whereas the
the above hybrid system and formulate the problem ds nition in (40), (41) does not take into account any
a constrained optimization. negative work that is performed by the actuators, the
idea being that if the actuators were redesigned, energy
could be absorbed mechanically through a friction brake
D. Gait Design Through Optimization or electronically through regenerative breaking.

A periodic walking gait is designed by selecting the _ .
free parameters in the virtual constraints. As in (Westele- Fixed Point for Walking

veltet al., 2003, 2007), this is most easily done by posing This section presents a nominal xed point@8 m/s
an optimization problem, such as minimum energy pejbtained by applying the optimization procedure outlined
step length, subject to constraints to meet periodicityy Section 11I-D to the virtual constraints of Section
workspace and actuator limitations, and desired walking-A, and with the cost function (39). Figure 5 illustrates
speed. The equations of the compliant zero dynamighe nominal evolution of the virtual constraints and other
which are of reduced dimension compared to the full dyon guration variables for one step. It is seen that the
namics, are employed in the optimization for ef ciencystance motor leg shape is held constant for the rst part
of computation. of the gait right after impact, and both the stance motor
The nonlinear constrained optimization routingeg shape and the torso are held constant towards the
fmincon of MATLAB's Optimization Toolbox is nal part of the gait. Interestingly, the torso moves less
used to perform the numerical search for desiraflan two degrees throughout the step.
gaits. The quantities involved in optimization are the Figure 6 illustrates the evolution of the leg shape
scalar cost function to be minimized, the vector of and the stanc®sping Variables. Notice that the spring
equality constraints, EQ, and the vector of inequalityompresses to its peak value, and tte ! s tran-
constraints, INEQ. The optimization algorithm, equalitgition is triggered as the spring decompresses to ve
and inequality conditions are given in Appendix B andegrees. The injection of energy in thephase causes
the list of optimization parameters is speci ed in Tableghe spring to compress again. Figure 7 illustrates the
V. actuator torques used to realize the gait. These torques
Several popular cost functions for bipedal gait desigare small in comparison to the peak torque capacities of
are given in (Westervelt et al., 2007, Sec. 6.3.3). Herthe actuators30 Nm atum s and55Nm atupy.s. The
two cost criteria are used in in the optimization proces®rques are discontinuous at phase boundaries, as noted
First we use a nominal cost function, as used in RABBI€arlier, due to the choice of the virtual constraints being
in (Westervelt et al., 2004), consisting of the integralroveC! at phase boundaries. Figure 8 illustrates the evolution
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© est — Fig. 7. Actuator torques corresponding to the nominal xemnp
a0 =i Note that the torques are discontinuous at subphase boesddue
105§ - ™ o ” o o 0"”7“' .,  to the choice ofC! continuity of the virtual constraints at subphase
Time (5) boundaries as per Appendix A-A.

Fig. 5. Evolution of the virtual constraints and con gurativariables
for a nominal xed point (periodic walking gait) at a speed @® 4

m/s and step lengtl®:575 m. The dots on the stance motor leg- |
shape virtual constraint illustrate the location of trénsi between

consecutive subphases.

& 2

1k

118
109
of the swing leg height and the vertical position of th_
center of mass (COM) of the robot. The COM move 7|
downward immediately after impact, before reversin ‘ ‘ ‘ ‘ ‘ ‘ ‘

course and following a roughly parabolic path. Suc Time (9

a trajectory more closely resembles that of a human
ig. 8. Evolution of swing leg height and vertical center odsa

(.Lee and '.:arley' 1.998) than thaF of a robot with r|_g| COM) of the robot for the nominal xed point. The COM trajecy
links and rigid gearing. The speci ¢ cost of mechanicahore closely resembles that of a human gait than of a robdt wit
transport for this nominal gait iss = 0:0452 The rigid links since the COM moves downward immediately aftepact,
corresponding power plot is very similar to the powetPefore reversing course and following a roughly parabotithp

plot for the next designed gait and is not shown.

A second walking gait was designed, this time using
cost function (40), which optimizes for the speci ¢ cost
of mechanical transport. The optimization terminated
with a value ofcyy = 0:0385which is over10% lower

than that for the nominal gait. Fort_his xed point, Figure The feedback presented in (32) renders the zero dy-
9 compares the total power provided by the stance |eg yics manifold invariant under the stance phase dynam-
shape mot_or to the total power at stance leg Shape’,Whﬁf§. It is used in the optimization process of gait design
the Iatter_ is the sum of the a}ctua_tor and compl!aqqﬁ order to evaluate the torques along a solution of the
power. Itis clear that the spring is doing the vast majority,, je| respecting the virtual constraints. The feedback
of the negative work that is necessary on the stance I?QZ) does not however render the solution stable or
attractive in any way. In the following, two controllers

IV. CLOSED-LOOPDESIGN AND STABILITY
ANALYSIS

7 200 T
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Fig. 9. Power plot of a xed point obtained by optimization @),

% o1 0z 03 oa o5 08 o7 os  Specic cost of mechanical transport. The thick line illages the total

Time (<) instantaneous power at the leg shape from the actuator anspting,

and the thick black line illustrates the instantaneous patehe leg

Fig. 6.  Evolution of the leg shape and starBepying Variables shape from the motor alone. The difference is the energyisheaved

corresponding to the nominal xed point. The dot on Bigying Plot  and that would otherwise have to be provided by the actuéttrei

illustrates the location of thec to si event transition and corresponds spring were absent. This plot shows the signi cant energynemy at
toOgsp,, =5 - impacts due to the presence of the compliance in the trasgmis
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based on the classic input-output linearizing controlleB. Hybrid Invariance

U= U (xo L. L:h . 1 The above controllers are not hybrid invariant. It
= U (Xsp) Lalehy (G p) 4oy Was discovered in (Morris and Grizzle, 2006, 2009)
Kpp y + Kp y (42) that, in the presence of compliance, while the feedback

2 L

controller (42) will render the zero dynamics manifold of
a given phase invariant under the continuous dynamics,
it will not necessarily render it invariant under the
transition maps, that is, at transitions from one phase
A. A PD + Feedforward Controller to a_nother, invarianc_e is Iqst. '_I'he loss of invariance
manifests itself as an impulsive disturbance to the control
With an eye toward experimental implementation, wiaw at each transition off the periodic orbit. These per-
look at successful controllers that have been employedttrbations do not prevent asymptotic stability from being
enforce virtual constraints in experiments. For RABBITachieved, but they do cause the actuators to do more
it was possible to implement the virtual constraintgiork. The reference (Morris and Grizzle, 2009) proposed
through a simple PD controller (Westervelt et al., 2004} supplemental event-based controller that eliminatss thi
per issue and, in fact, createshgbrid zero dynamicor the
u= Kpy Kpy closed-loop system, that is, the zero dynamics manifold
is invariant under the continuous dynamics as well as
for y given by (22), andy computed numerically. On the transition maps.
MABEL, such a controller (employed in experiments in For the related robot, Thumper, (Poulakakis, 2008;
(Grizzle et al., 2009)) resulted in virtual constraintstth&Poulakakis and Grizzle, 2009a) propose an event-based
were not accurately achieved due to large tracking erromsintrol at each phase transition. This is not practical
and attempts at reducing the errors with high controlldévere, however, because we have certain phases with
gains were unsuccessful. See Section VI-F for discussiertremely small duration (thenc phase for instance).
of this point. Instead, we create a hybrid zero dynamics by updating
To address this, the vector of nominal control torquegarameters only at the impact event (swing leg contacts
u from (32) is incorporated as a feedforward term ithe ground).
the PD controller. In particular, along the nominal orbit, Following (Morris and Grizzle, 2009; Grizzle et al.,
for each of the actuated variables 2 M and for 2008), the virtual constraints are modi ed stride to stride
each of the phasgs 2 P, u is regressed against SO that they are compatible with the initial state of the
with 5" order Bézier polynomials to obtain the Bézierobot at the beginning of each step. The new output for

coefcients [ and resulting in the controller the feedback control design is,

wherep 2 f mc; sc; §i; sdg, are discussed.

= h ' S+; S+
Usp = U (s 5) Key Koy @) YT WY Y @)
_ _ _ _ =HgG ha(s) he sy iy
Wh”ere,y(;s af de rr:ed in (22)y still computed numeri- The output consists of the previous output, (22), and an
caly,and s = p - additional correction term that depends on the previous

The stability of the xed-points with the proposed, ., evaluated at the beginning of the steg, speci cally,
closed-loop controller (43) can be tested numencalgyﬁ = H3q hS( 1) andys* = Ha %( s +
s ) = -

using a Poincaré map : S ! S with the switching The values ofys*, and ys* are determined at the

surfatcte tak?[_n 0 _be th_e zvyltchlng csjurface atsht =d beginning of each step and held constant throughout the
event transition, i.e5 = Ss1 «, an step. The functiorh? is taken here as

2 3
P(x9)= (T it d(Xs): st sd(Xs))s  (44) 0
_8hia, ()4,
where, (t;Xxo) denotes the maximal solution of (12), he(s) = gthfSSW (SS) ; (46)
with initial condition xo at timetg = 0 and withu as ﬂ%msw( 9

de ned in (43). Finally,T, is the time-to-impact function )
de ned in the usual way (Westervelt et al., 2007, p. 94Vith eachhy ( s), v 2 VnfmLS«g taken to be twice
Using the Poincaré return map (44), we can numefgontinuously differentiable functions of such that,

cally calculate the eigenvalues of its linearization about 3he(systiyst) =y

the xed-point. The analysis shows that the walking gait @Vr@ P s

obtained by optimizing (39) and with the closed-loop 3 @ s) oI .

controller (43) is exponentially stable with a dominant - h¢ ( g ys*;ys*) =0; = +2v s
eigenvalue 00:6921 47)

Similarly, the gait obtained from optimizing (40) isWith h$ designed this way, the initial errors of the output
also exponentially stable, with a dominant eigenvalue ahd its derivative are smoothly joined to the original
0:8194 virtual constraint at the middle of the rst phase of
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the corresponding virtual constraint. By the choice afcenarios. Figure 10 depicts the experimental setup. To
EXSW; nr?l:_ssw and TS (dened in Section IlI-A), the illustrate the power and limitations of the proposed
joining of the swing leg virtual constraints occurs at thenethods, ve experiments are presented. First, the ro-
middle of the step, while the joining for the torso virtuabustness and ef ciency of walking motions, resulting
constraint occurs earlier, at the middle of the combinddom enforcing the virtual constraints of Section Il
phaseancscsi. This is illustrated in Figure 3 with thick through a feedforward plus PD controller developed in
dotted lines. Section IV-A, is evaluated. Then, to achieve fast walking
As noted in the de nition ofh? in (46), we have motions, the full compliant HZD controller developed in
selectedhy, s 0 since themc phase is too short Section 1V-B is implemented.
to handle signi cant transients without large actuator

toraues. and further we want to enforce the virtu For each experiment, the controller was rst coded in
ques, a . aé++ and evaluated on a detailed simulation model of the
constraint in thesc phase to be constant in order to effec-

. : . robot that included encoder quantization and numerical
tively use the compliance. To overcome this, we propose.. .. . :

. . estimation of velocity variables from encoder measure-
an event-based control action specic for tmelLSg; .

. : - g ments. The controller was tested under various model
virtual constraint that updates\is_; mis.: mis. at : : .
the beginnina of each step such that anuriﬁ rti;n:qaﬁtase perturbations, such as errors in the torso mass, spring

>d 9 : P suc 9 ' stiffness, torso center of mass position, and deviations
the virtual constraint only drives the motor leg shape . .. L . : .
In initial conditions. These simulations are not discussed

VeIOCIty. to zero, and during thec phase, the virtual h?re for the sake of brevity. The simulation model was
constraint keeps the motor shaft locked at a consta*

position. Not until thes phase does the modi ed virtual Hen replaced with the physical robot. The experimental

. . ; . . protocol is identical to the one used in (Westervelt et al.,
constraint smoothly join the nominal virtual constrain 004, Sect. 4). The experiments varied in duration from
This correction term is also illustrated in Figure 3 With7 ' P

thick dotted lines. 8 steps to 265 steps, and were ended in each case by the

Under the new control law de ned by (45), the be_experimenter stopping the robot and killing the power.

havior of the robot is completely de ned by the event The results of the experiments are presented in Figures
transition maps and the swing phase zero dynamidsl-19. In order to facilitate comparisons, Figures 11-13
with h§ replaced byh + h:. The stability of the assemble results from Exp. 1, 4 and 5; the remaining
xed-point x can now be tested numerically using agures pertain to individual experiments. In the experi-
restricted Poincaré map : S\Z ! S\Z where ments, the left leg refers to the inner leg, which is closer
Z = fxs 2 TQsj Ye(s) = 0;yc(q) = 0g, the to the center boom, and the right leg refers to the outer
switching surface is taken to be the switching surfadeg, which is farther from the center boom. All walking
at thes | sd event transition, i.e.S = Sqi &, and speeds are measured with respect to the center point of
x)= (T s w(X): @ a(x)):  (48) the hip between the two legs. Videos of the experiments

are available on YouTube (Grizzle, 2010a).

where, (t;Xo) denotes the maximal solution of (12),
with initial condition xo at timetg = 0 and u as
de ned in (42). Hybrid invariance is achieved because
the transition map for these events;; « is the identity
map, and g1 «1(Sst «\Z ) S & «w\Z .

Using the restricted Poincaré return map (48), we can
numerically calculate the eigenvalues of its linearizatio
about the xed-point. For the gait obtained by optimizing
(39), we obtain the eigen\éalues

3
0:7258

eig % =9 2638 S5 (49)
1:800% 6

From (Morris and Grizzle, 2009, Cor. 2), the feedback
(42) and (45) renders the periodic orbit of the closed-
loop system exponentially stable foim (42) suf ciently
small, andKp, Kp such that 2+ Kp + Kp =0 is
Hurwitz.

The orbit obtained from optimizing (40) is also expo-
nentially stable, with a dominant eigenval0&g 065

V. EXPERIMENTS Fig. 10. Experimental setup of the bipedal testbed MABEL.
This section documents experimental implementations

of the controllers of Section IV in various walking
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210

A. Exp. 1: Nominal Walking at a Fixed Speed
200
This experiment approximately implements the virtual® ™|
constraints depicted in Figure 5 with the feedforwarc ™|
plus PD controller given in (43). It was noticed in early 3
experiments that the transition from tee phase to the  **
s phase given by (37) did not always occur. The sprin¢g .|
was not decompressing to the trigger point, and was .,
probably due to the initial few steps being far away 1o - e = e ”
from the nominal orbit, and also because of inability fime ®
of the controller to accurately track the stance motor @
leg shape virtual constraint. To ensure that the transitio =
from thesc phase to thai phase always occurred in the  zof
experiments, the switching surface for this transition is¥ o
modi ed to have a guard around the nominal value of wof
«» such that the transition is guaranteed to occur fo g

S

s2 (& ; «* ] with being a small positive  sof
guantity. The modi ed switching surface is g% :
S;)?p § = (SSC' Si \f Xs 2 TQS J s 2 %6 a8 s o2 s‘vaT ()9‘.6 o8 0 02 104
(¢« ot 1 [ (50 o

Xs 2 TQs j +
S Qs s < Fig. 11. Tracking for the swing-leg virtual constraints fa) PD +

Feedforward controller in Exp. 1, and (b) Decentralizecbzymamics

hi ller led ful IKi il aontroller in Exp. 5. The tracking for PD + Feedforward coiiar
This controller led to successful walking, as illustratefl quite good, whereas the tracking for decentralized zgmmmhics

in Figures 11 through 15. The evolution of the desirecbntroller is worse right after impact and recovers quitell wear
and achieved virtual constraints is depicted for the swirgPact

leg variables in Figure 11(a) and for the torso and stance

leg motor positions in Figure 12(a). The nominal track-

ing in the Swing |eg is Very good, whereas Considerab% EXp 2: Demonstration Of RObUStneSS to Perturbations

errors occur in the torso and stance leg motor position. 1q et the robustness of the controller used in Exp. 1,
This is consistent with the fact that the swing leg igyternal, short duration forces are applied at the hip
unloaded and lightweight, and hence much easier 19 \arious instants of time. The results are depicted
control. The torques are given in Figure 13(a). in Figure 16. Initially, the robot is pushed forward by
Figure 14 depicts the evolution of the torso anglghe experimenter, causing the robot to speed up by
and the evolution oBspring for the left and right legs roughly30% During the subsequent ten steps, the speed
in stance, respectively, over 52 of the 78 steps in thgowly converges back to the nominal. Next, a retarding
experiment. Each of these is compared to the nomirfakce is applied, causing the robot to slow down by
xed point. There is a pronounced asymmetry in theéoughly45% Over the next three steps, the robot's speed
robot, as was noted in (Grizzle et al., 2009). Thifas essentially returned to the unperturbed value. This
asymmetry is due to the boom radius not being larggperiment demonstrates the robustness of the robot in
enough and is currently not included as part of the modelosed loop with the feedback controller given by (43)
It is also evident that the experimental gait is faster thag external disturbances and illustrates an asymmetry in
the designed value: the nominal xed point@8 m/s, the rejection of the speed perturbation. A simulation of
whereas the average experimental speed is approximat@ model was carried out to estimate the force applied.
1:0 m/s. One possible reason for the speed discrepangyconstant force over the second half of the gait was
is the impact model; see (Westervelt et al., 2004, p. 56@ssumed to be applied at the end of the boom. In order to
This is discussed in Section VI. Another possible reasegthieve similar speed gains and speed drops, the required
is the large errors in tracking the virtual constraints. Afprce from simulation is around8 N in the forward
will be seen, controllers in subsequent experiments Willirection, and around’l N in the reverse direction,
reduce these errors and the walking speed will be closeispectively.
to that of the xed point. When the robot is pushed forward (external energy
Finally, Figure 15 illustrates the evolution of theis injected into the system), the speed of the robot
Bspring -pulley for the stance and swing legs. Notice thahcreases, and the robot takes a large number of steps
thesc! s transition does not occur at ve degrees aso recover. One would expect that, due to the increased
on the nominal orbit, and that in the swing phaBgying  Speed, larger amounts of energy would be dissipated
is not xed at zero as assumed in the model. at impacts after the forward push perturbation. This
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Fig. 12. Tracking for the stance-leg virtual constraints fa) PD

+ Feedforward controller in Exp. 1, (b) Compliant zero dymesm
controller in Exp. 4, and (c) Decentralized zero dynamiasticdler in
Exp. 5. The PD + Feedforward controller produces signi ciatking
errors. This tracking delity is much improved using the qoliant
zero dynamics controller. However, there are signi cantiléstions

in tracking the motor leg shape, corresponding to a pealatiani
of approximately 1:3 in q.s. The decentralized zero dynamics
controller improves the tracking even further, with the iletions
nearly eliminated.

(©)

Fig. 13.  Motor torques for (a) PD + Feedforward controller in
Exp. 1, (b) Compliant zero dynamics controller in Exp. 4, o}
Decentralized zero dynamics controller in Exp. 5. The temdior
the PD + Feedforward controller are noisy, but are comparal
magnitude to the nominal predicted values presented inr&iguThe
torques for the compliant zero dynamics controller appeatennoisy’
and experience signi cant saturation (saturation limiterevset to6
Nm on leg angle motors anti0 Nm on leg-shape motors). For the
decentralized zero dynamics controller, the leg angle ntotgues are
far less “noisy' than those for the compliant zero dynamistmoller,

while the leg shape motor torques are still a little "noisylt still much
reduced when compared to the compliant zero dynamics dlaniro

would cause the robot to converge to its nominal motion

faster. However, this is not the case in the experiment,enteol experimentally using the feedforward olus PD
indicating that the energy loss at impact is fairly small! P y Y P

Thus a large number of steps are needed to dissipgpeptro”er (43). The designed xed point has a cost of

the extra energy injected into the system by the pus?’i*?;:_z 0:031’5;5;1nd_ rtlo:r;:nal Walkm? fpiedtfs m/Z d
This is also what we see in simulation in Section VI-B, ' '94'€ EpIcts e power plots for he Inside an

This indicates that the compliance plays an importaﬂ{'jtSIde legs obtained by averaging the experimental data

role in the impacts. For pushes in the opposite directioﬂver?? steps. The realized energetic cost of mechanical

) ; A3 ;
additional energy is quickly injected into the system bt ansport 1 G 0:14%. For comparison purposes,
the actuators.

igure 18 shows the power plot for the hand-tuned
virtual constraints reported in (Grizzle et al., 2009). It

C. Exp. 3: Ef cient Walking 3This is around10% lower than the realized energetic cost of
. . L . _mechanical transport for Exp. 1, which wast 0:15. The
The xed point obtained by optimizing for the specic designed values of the energetic cost of mechanical trangmothe

energetic cost of mechanical transport (40) is impleerresponding xed points also differ by the same amount.
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Fig. 14. This gure compares the evolution qgsp for the left and

right legs in stance for Exp. 1 and the evolution of the torseer 02

52 steps, and compares them with the corresponding valuethdo

nominal xed point. The step times for the left and right legary,

with the robot walking faster when the right (i.e., insidey lis stance, )

and both step times are shorter than the xed point. This islest Sl m s e B s

when we compare the average walking speed in the experirght,

m/s, with the designed xed point walking speed @B m/s. Possible Fig. 16. Speed at each step for Exp. 2. An external distugbamthe

reasons for this discrepancy are discussed in the text. hgtide in ¢, of a forward push is applied on step 9 (thick line), anel speed

the Bspring plot, right after impact, in the experiments the Springy¢ e syhsequent ten steps is faster than the nominal. Agrnett

compresses more slowly than in the xed point. This is pdysdne disturbance in the form of a backward push is applied on s&p 3

to a non-instantaneous double support phase in the expesme (thick line), and the speed of the subsequent three stepewsrsthan
the nominal. In both cases nominal speed is recovered.ebtiegly,

2 it takes more steps for the robot to lose energy and slow datrer

than for the robot to gain energy and speed up. This indidhtgsvery

little energy is lost at impact.

o {5 o S —
305 P 75 ] 2 25 23 % 500 )
Time (<) -1000 — U sOs
Umts Gns
Fig. 15. Stance and swirjspring €volution for nominal experiment. =
The asterisks indicate the locations of the transitionmfsubphasec w ‘ ‘ ‘ ‘ ‘
to subphasei. This transition occurs before thgs, =5 event due s 0
to the presence of the additional guards in the experiméd®, Itis g - E
also seen that the swirjspring angle is not ab as assumed in the & p—
model. This deviation is signi cant right after impact, bappears to ; ; ; Unis Gus

I
40 50 60 70 80 90 100
% Gait

quickly die out to a small value for the remaining part of tratg

Fig. 17. Power plot of Exp. 3 implementing a xed point obtihby

is clear that the new control design makes more ef ciefPtimizing forcme (40). The plots are obtained by averaging the power
over 77 steps 89 steps with the left leg as stance aB8 steps with

use of the compliance available in the open-loop pla right as stance). The vertical lines indicate mean phassition

than the controllers previously designed. instants. Most of the negative work is done by the complidgnstead
The experimentally realized,, is approximately °f the actuator.

three times the designed value. This is discussed in

Section VI-C. We thus stepped away momentarily from the problem

of fast walking and concentrated on achieving a higher
delity implementation of the virtual constraints. We
decided to use the full I/O linearizing controller (42),
This section focuses on achieving greater delity inwith correction polynomials as in (45). Although zero
the tracking of the virtual constraints. dynamics based controllers are great in theory, all experi-
Background An important goal of MABEL is run- mental implementations to date had been with simple PD
ning. As an intermediate goal, we have started looking abntrollers (Westervelt et al., 2004; Morris et al., 2006).
fast walking. We consequently designed new xed pointgero dynamics controllers are often criticized for being
using the methods of Sections Il and I1I-D, for walkingoverly dependent on the model being accurate, and for
at 1.0 and 1.2 m/s, and implemented them using théyeing too complex to implement in real time.
controller structure of (43). Experiments were unsuccess-Results We report, for the rst time, an experimen-
ful, even when the transition controller of (Westerveltal implementatiof of the full compliant hybrid zero
et al., 2007, Chap. 7) was added. The experimental dalgamics controller to successfully achieve walking on
showed poor tracking of the torso and stance motor leg

shape virtual constraints and led us to conclude that moréTe enable computing all terms of the zero dynamics based con-
troller within alms sample time, an extremely ef cient matrix library

p!’eCise control was needed in order to achieve theggeq on c++ expression templates (Veldhuizen, 1995; Atkescu,
higher speeds. 2001) was used.

D. Exp. 4: Compliant Zero Dynamics Controller
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10 » o0 s o g %010 stance-compressiors@) to the stance-decompressiosd) phase. The
transitions appear to be closer to the nominal valueggf = 5

Fig. 18. Power plot for the hand-tuned virtual constrainggezgiment when compared to the PD controller, Figure 15.

reported in (Grizzle et al., 2009). The plots are obtainedsraging
the power oveB2 steps. Immediately after impact and during the rst
10% of the gait, we can see the motor actually ghts the spring. | . ;
the rest of the gait, the motors do almost all the work. E. Exp. 5: Fast Walking o )
We return to the problem of achieving fast walking. A

decentralizedzero dynamics controller is implemented
using the virtual constraints of Exp. 1. This is simply
OIthe zero dynamics controller as implemented in Exp. 4,

MABEL. The virtual constraints of Exp. 1 are used . : . .
. . . with the off-diagonal elements of the decoupling matrix,
here. The tracking accuracy obtained is far better than .
Lt h, set to zero. This was observed to reduce the

the feedforward plus PD controller used previously. The% . . .
. . . cross-talk' in the control signal due to errors in one
compliant zero dynamics controller, (32), (42), with the . .
i . : output being transferred to another. Figures 11(b) and
correction terms, (45), and with the modi ed event tran; . . . . ;
. . - 12(c) illustrate the virtual constraint tracking achieved
sition surface, (50), is deployed. The output coordinatés : . :
; : . With the decentralized zero dynamics controller. Figure
are normalized to approximately the same magnitu

. : . ugs compares the torques obtained under the effect of the
for better conditioning of the decoupling matrix. Unlike :
) ; ; . presented controllers. The torques for the decentralized
in Section V-A, u is computed from the dynamics . :
. ) ) ; . zero dynamics controller are less noisy when compared
directly and is not approximated. (Recall that in Sectio . .
: . . _._ 10 the torques for the compliant zero dynamics controller.
IV-A, u was regressed against to obtain a Bézier . : :
. ; . . With this controller, MABEL started walking at
polynomialu ( s; ). This approximated along the

. . . ) .. aroundl:15m/s. The torso was gradually leaned forward
periodic orbit as a function ofs but provides no velocity |~ ; )
correction.) to increase the speed. A top walking speedl &2 m/s

was achieved with a sustained walking speedl1df
The tracking of the swing virtual constraints is at leastn/s (3:4 mph.) This made MABEL “the fastest walking
as good as that obtained in Figure 11(a) with the PBiped of any size” in the world on October 31, 2009, and
controller and is not shown. Figures 12(a) and 12(iihe record was held until April 22, 2010, when PETMAN
compare the tracking afor andgnis, under the effect reclaimed the speed record witll®7 m/s walking gait;
of the PD and the compliant zero dynamics controllertje video was posted to YouTube (Grizzle, 2010a).
respectively. The tracking is greatly improved, where the Section VI-D compares the walking speed of several
error oncy,r reduced from a peak &1 to2:4 , witha bipedal robots.
reduction in root mean square error (RMSE) fram4
to 0:89 . Similarly, the error orgy,.s,, reduced from a VI. DISCUSSION OF THEEXPERIMENTS
peak of59:1 to 39:5 , with a reduction in RMSE from
29:82 to 0:28 (when scaled by a gear ratio 8f:42,
this translates to a reduction in error fars, from a
peak of1:9 to 1.3, with a reduction in RMSE from
0:95 to 0:009 .) A. Asymmetry
The model used in the feedback designs has assumed
a planar robot; in particular, this is predicated on the
(%bot's dynamics being identical when the left leg is in

This section discusses various aspects of the robot and
the feedback controllers revealed by the experiments.

Figure 19 illustrates the stance and swiBgpring
values over a few steps. Notice that Hed s transition
occurs more closely to the designed value. Figure 13
depicts the control torques at the actuators. These
noisier than with the PD control torques. This issue wi
be resolved in the next section.

ance or the right leg is in stance. The data shows clearly
at this is false. The robot itself is nearly symmetric.
he asymmetry arises from the boom used to constrain
the robot to the sagittal plane. The facility housing the
The average walking speed for this experimer®: robot only permits a boom of lengtk25 m from the
m/s. This is closer to the designed walking speed than éenter of the oor to the center of the robot. The width of
Exp. 1. The reduction in errors in the virtual constraifMABEL's hips is 0:24 m, which is approximately.0%
improve the correlation between the desired and realizefithe boom. For comparison, RABBIT has a boom of
walking speeds. length 1:7 m, with a hip width of0:074 m, which is
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TABLE |

approximately4% of the boom. The robot plus boom EFFECT OFIMPACT MAP SCALING ON WALKING SPEED

may need to be modeled as a 3D system. Impact map scaling factor Steady-state walking speed
It was noted that the experimental walking speed for 1.0 0.80 m/s

Exp. 1 in Section V-A wadl:0 m/s. The average speed 0.99 0.86 m/s

with the left (inner) leg as stance 98 m/s while the 8:3? 8:8; mg

average speed with the right (outer) leg as stande0i2 0.966 1.00 m/s

m/s. The ratio of left and right stance speeds is nearly 0.96 1.04 m/s

equal to the ratio of distance of left and right legs to the

center column. % S

Simulation
= Right Stance
m— | eft Stance

B. Impact Model

For legged robots, the accuracy of the model ¢ 4
the leg end (foot) impact with the walking surface is -
dif cult to ascertain and to improve. The vast majority _ *° _ 1
of researchers adopt an instantaneous double supp%:
model, and use (Hurmuzlu and Marghitu, 1994) tc ‘ ‘ ‘ ‘ || it Stance
build the corresponding mathematical model. Severalr ° o o2 e ° °° v
searchers have used or proposed compliant ground mod-
els (Westervelt et al., 2007, p. 278), (Plestan et al., 20039: 20- This gure shows the plots of thBsping_and the Torso

) . separately for the left and right legs as stance for Exp. lcandpares
Canudas de Wit et al., 1995; Freeman and Orin, 1994ih a simulation of the nominal xed point with an impact $iog
Bruneau and Ouezdou, 1997, 1999; Pascal, 1994; \\itor, =0:966.
et al., 1994, 1993), (Roussel, 1998, Chap. 5) yielding a
double support phase of nonzero duration. Results exist
in the literature in which rigid impact models have als§U"ng the sc and sd phases, a consequence of the
been used to obtain non-trivial double support phasi¥bility of the actuator to function as an ideal brake.
(Miossec and Aoustin, 2005; Roussel et al., 1998). Whifdowever, this is not the case. Detailed examination
the compliant models seem more physically realistic, tfd the mechanical work performed in thee and <d
uncertainty present in the parameters of such mod&gases reveals that the stance motor leg-shape already
does not necessarily yield a more accurate result, andftes little work in the experiment. Introducing a brake
certainly does add considerable complexity to the modil the experimental setup would then have little effect
via numerical stiffness and / or non-Lipschitz continuoud improving thecq: value. After several simulations,
dynamics. perturbing different parts of the model, such as in-

The bottom line is that when comparing theoreticdireasing friction and introducing cable stretch, we have
predictions to experiments, the impact model should @é)sgrved that .both friction and gable stretch contri_bute
considered as one possible source of error. In all 8fgnicantly to increase the speci ¢ cost of mechanical
the experiments reported here, the robot walked fasfénsport. - _ _
than predicted by the dynamic model. The reference rable Il |II_ustrates the (mechanlcal) energy ef ciency
(Westervelt et al., 2004, Fig. 9) suggested that this coufi Séveral bipedal robots, and is sortedday . Although
be accounted for by scaling the post-impact velocif{)® experimentally obtainegk, value for MABEL is not
predicted by (19). The scaling is performed here iftS good as the designed yalue, it is better than that of
such a way that the post-impact velocity still respectdonda’s ASIMO, over2:75 times better than RABBIT
the constraints (16), (17), (18). The impact scaling @nd twice better than the hand_-tuned virtual constraints
achieved by replacing with g in these constraints, based controller on MABEL. This puts MABELS energy
where is an impact scaling factor. Table | shows variou§f ciéncy within a factor of two of T.U. Delft's Dems’é-
steady-state walking speeds for different values of tfd a factor of three of the Cornell Biped, none of which
impact scaling factor. It is notable that for the simulatiofan Step over obstacles or run; it is also within a factor
to match the experimental walking speed, we requiff two of the MIT Spring Flamingo which can easily

=0:966, a change of less that? to the impact map. step over obstacles but cannot run, and within a factor
Figure 20 compares the nominal walking experimef@ three of humans, who can do all of the above..
with a simulation with this impact scaling factor.

D. Exp. 5: Fast Walking
C. Exp. 3: Ef cient Walking In order to compare MABEL's walking performance

As mentioned in Section V-C, the experimentallyvith other bipedal robot designs and control methods,
realizedcn; is approximately three times the designedable Il lists robot parameters, peak walking speed,

value.
o h his di is d 5T.U. Delfts Meta has a mechanical cost of transport @09
) ne may suppose t 5_“ this '.Screpancy Is due to th—ﬁ)bbelen and Wisse, 2008), computed considering bothtimegand
existence of non-negligible motion of the motor shafiositive work performed by the actuators.
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TABLE Il
EFFICIENCY NUMBERS FOR VARIOUS BIPEDAL ROBOTS AND 2r
VARIOUS CONTROLLERS ONMABEL.

Robot Cmt g

Honda's ASIMO 1:60 2t

RABBIT (Westervelt, 2003, Sec. 6.5.1) 0:38

MABEL - Hand designed VC (Grizzle et al., 2009) 0:29 *l ; ; ; ; ; ; ;

MABEL - 0.8 m/s FP, HZD Ctrl (Exp. 4) 0:18 524 526 52.8 53 Tirs;‘z.z(s) 53.4 53.6 53.8 54

MABEL - 0.8 m/s FP (Exp. 1) 0:15

MABEL - cmt = 0:0385 FP (Exp. 3) 0:14 Fig. 21. Cable stretch as measureddpy ~ gmLa =23:53 for the

T.U. Delft's Denisé (Collins and Ruina, 2005) 0:08 right (outer) leg over two consecutive swing and stance ghésr the

MIT's Spring Flamingo (Collins and Ruina, 2005) 0:07 fast walking experiment, Exp. 5. Negative cable stretclueglare not

Cornell Biped (Collins et al., 2005) 0:055 to be interpreted as cable compression. Cable differsntéguire two

McGeer's Dynamite (Collins and Ruina, 2005) 0:04 sets of cables to “pull' in either direction. The negativédleastretch
*¥3D, autonomous and untethered. values in the gure refer to cable stretch in the second cable

and the dimensionless velocityThe table is sorted to the robot's linkage througbo : 1 gear ratios, and it
by peak speed. Of note is the bipedal robot RunB@firned out that a high-gain PD implementation resulted
(Manoonpong et al., 2007; Geng et al., 2006), which if suf ciently accurate realization of the virtual con-
the fastest walker measured by dimensionless velockyaints. However, on MABEL, this simple controller was
and leg lengths per second. MABEL was the fastefadequate for fast gaits, motivating the implementation
walker in terms of absolute speed from October 31, 20@9 an input-output linearizing controller. We believe
until April 22, 2010, when PETMAN took the record. that three things limited our ability to increase the PD
Notice that MABEL and it's predecessor, RABBIT,gains in (43) suf ciently high to realize the constraints:
are the only ones in this list without ankles and feetower gear ratios in the drivetrﬁnencoder ‘noise' when
It has been suggested in (Lee and Piazza, 2009) thatimating derivatives; and the additional compliance

ankles and even toes, in humans, are very useful 4@ising from the cable stretch discussed above.
provide a push-off to increase speed. The effect of push-

off in bipedal robots is studied in (Kuo, 2002) and is
established as an energy ef cient way to increase speed. VII. CONCLUSION

MABEL contains springs in its drivetrain for the
E. Cable Stretch purposes of enhancing energy ef ciency and agility of

The differentials in MABEL's drivetrain, c.f. Figure 2, dynamic locomotion. This paper has presented a novel
are realized by a series of cables and pulleys. The read8glytical design method to realize the potential of the
is referred to (Hurst, 2008; Park et al., 2010) for detail§PriNgs. An extensive set of experiments was performed
The robot was designed under the assumption that ﬁ%nlustra_te and con rm important aspects of the feed-
cables undergo zero deformation, and this assumptiBAck design.
has been used in developing the dynamic model of theA HZD-based controller was designed to achieve
robot that we used for control design. In the experiment@Symptotically stable walking while recruiting the com-
it has been observed that there is signicant cablliance in the robot's drivetrain to perform most of
stretch. A representative plot of the cable stretch in tiBe negative work required to decelerate the downward
leg angle is shown in Figure 21, where the variabl@otion of the robot's center of mass after impact, instead
Oa + Onia =2353 is plotted in degrees. If the cablesof the actuators. This not only improved the energy

were rigid, this variable would be identically zéro ~ efciency of walking, but also made the gait more
natural looking. Stability analysis of the walking gait

was performed using the method of Poincaré.

) ) The analytically derived control law was experimen-
The theorems supporting the method of virtual congy validated on MABEL. The controller was demon-
straints are easier to prove when an input-output lineariggateq to be robust to external disturbances as well as
ing controller such as (42) is used (Morris and Grizzlgg gignj cant differences between the design model and
2009; Westervelt et al., 2007; Poulakakis and Grizzlgye actyal robot. In particular, the cables used to realize

2009b). In practice, the benets are achieved by anye gifferentials in the robot's drivertrain exhibited con
controller that realizes the constrairit¢cs) = Hggs siderable stretch in the experiments, none of which was
ha ( s) with “suf cient accuracy”. This can be formal- ¢onsidered in the design model. Due to the observations
|ze_d using high-gain feedback via singular perturbations-qe as part of these experiments, a more accurate
(Viola, 2008). On RABBIT the actuators were connecteg,oqe| incorporating cable stretch has been presented in
(Park et al., 2010).

F. Zeroing the Virtual Constraints

6The dimensionless velocity serves as a speed metric andriecte
as the square root of the Froude number, with the Froude nuipelrey
the ratio of the centrifugal force due to motion about thet fand the 8MABEL has a gear ratio 023:53 : 1 and31:42 : 1 for leg angle
weight of the robot (Vaughan and O'Malley, 2005). and leg-shape coordinates respectively. For compari§é&®BIT has
"Encoders are present to directly measure lipgh and gmia - a gear ratio o650 : 1 at both the knees and hips.
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TABLE IlI
TOP WALKING SPEEDS OF BIPEDAL ROBOTSTHIS TABLE IS MOTIVATED BY (MANOONPONG ET AL, 2007, RGURE1).

RunBot RABBIT Spring Flamingo MABEL PETMAN Olympic Record
Mass (Kg) 0:53 32.00 14:20 65.00 - 70:00
Leg Length (m) 0:23 0:80 0:90 1:00 - 0:9 115
Peak Speed (m/s) 0:80 1:20 1:25 1:50 1.97 4:60
Dimensionless Velocity 0:53 0:43 0:42 0:48 - 1:14 15

A walking gait was designed to optimize for thefor his assistance in setting up the initial embedded
energetic cost of mechanical transpagl; and then computing environment, in addition to his contributions
experimentally evaluated on MABEL. Even though MA+o the theoretical underpinnings of our work, as cited in
BEL has no feet, the experimentally realizegl; is the text. Last but not least, we are deeply indebted to J.
better than that of ASIMO, approximately thrice as gooHiurst for designing MABEL. We hope that this paper
as RABBIT, and twice as good as a hand-designéds con rmed many of his expectations for the robot.
virtual-constraint-based controller that we had previpus
implemented on MABEL. This puts MABEL's energy
ef ciency within a factor of two of T.U. Delft's Denise,
and a factor of three of the Cornell Biped, which arélexander, R. (1990). Three uses for springs in legged
speci cally designed mechanically for ef cient walking. locomotion. The International Journal of Robotics

This demonstrates the interplay of mechanical design andResearch9(2):53-61. _ _
control design in achieving higher ef ciency. Alexandrescu, A. (2001 Modern C++ Design: Generic

For the rst time, a real-time implementation of a Programming and Design Patterns Appliediddison-

complete hybrid zero dynamics based controller has been/Vesley.

demonstrated in experiments. The tracking accuracy &©OWn, B. and Zeglin, G. (1998). The bow leg hopping
tained is far better than that of simple PD controllers obot. INIEEE International Conference on Robotics
used in prior experiments on RABBIT and MABEL. and Automation .
This removed the restriction of hybrid zero dynamic§runeau, O. and Ouezdou, F. B. (1997). Compliant
to theory or simulation, and establishes hybrid zero contact of walking robot feet. IRroc. of third ECPD
dynamics based controllers in the experimental domain./ntérmational Conference on Advanced Robotics, In-
A controller was implemented on MABEL that real- telligent Automation and Active Systentsremen,
ized a sustained walking speed b6 m/s @3:4 mph). Germany. _
This made MABEL “the fastest robotic bipedal walkePruneau, O. and Ouezdou, F. B. (1999).  Dis-
of any siz& as of October 31, 2009, and the record was tributed ground/walking robot interactiorRobotica
held until April 22, 2010. 17(3):313-323. o
This work has experimentally demonstrated a nov&janudas de Wit, C., Olsson, H., Astrom, K., and Lischin-
control design that preserves natural dynamics and hasky, P. (1995). A new model for control of systems
established MABEL as a successful stable, ef cient with friction. IEEE Transactions on Automatic Con-
and fast walker. This sets a very important preliminar% trol, 40(3):419-425. )
stage for running on at ground and for walking on hevallereau, C., Abba, G Aoustin, Y., _Plestan, F.,
uneven ground. Future research will be directed towards\Westervelt, E. R., de Wit, C. C., and Grizzle, J. W.

obtaining analytical and experimental results in these (2003). Rabbit: a testbed for advanced control theory.
areas. IEEE Control Systems Magazin23(5):57-79.

Collins, S., Ruina, A., Tedrake, R., and Wisse, M.
(2005). Efcient bipedal robots based on passive-
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mc+ _ _
APPENDIX A and s, = , mis, = ™ . The bound-
4 —_ S+ . MCH —_ +
BEZIER POLYNOMIALS FOR SUBPHASES ary conditions Ons. = Onis. 9nis, = 9ns, »and

mc — . yMC —_ H 5
This section develops a framework for virtual con. miss = Gts, i Gnis, =0 specify the starting and
the ending two coef C|ents and the middle coef cients
straints with subphases and provides details on haw

Ae free to be chosen as part of the control design ,and
the Bézier polynomials for the stance subphases are
obtained. are chosen to smoothly transition betweg)s_ and

q?r?LSS '
In the stance-compression phase, the motor leg-shape
A. Framework for Virtual Constraints with Subphases position is given by a Bézier polynomial parametrized

SC SC
Let P be an index set representing the subphasestl}fsmLS v_\/|ths+coestC|ent_s mis, all equal toqgs

the virtual constraints, and Igt2 P denote a particular & and mLSe © mLS &
subphase. Similarly, le¥ be an index set representlng In the stance-injection phase the motor leg-
the virtual constraints, and let2 V denote a particular S"@P€ Position is given by a Bézier polynomial
virtual constraint. In each subphase, the virtual Comralparametrlzed by, Sf‘nLS with coef cients 55

will be anM ™ order Bézier polynomial parametrized by2"d  mis, = . ;Lss[ = % . The

s, Where, P*, P are the starting and ending valuesboundary conditions Oﬁms OrSI;:LSS[;(ﬁIJI:Sm =0,

of s respectively within phasp of virtual constraintv. 0111,_35t qﬁf,_sst q?ﬂ_s =0 specify the starting and

It is convenient to normalize each to [0; 1] by de ning ending two parameters Omes with the rest being
free parameters to be chosen as part of control design.

p+ .
= > V. (51) In the stance-decompression phase, the motor leg-
§ § shape position is given by a Bézier polynomial

; «d

where s goes from B* to P during phasep 2 P. parametrized bysy s . with ;:doef cs|dents LS all
- + -

Then, if P isthe vector of Bézier coef cients, then theequal todns - and mLsst = T

desired evolutlon of the virtual constraintfor phasep Thus, parameters of onlyg, o are avallr_;lble to be
can be expressed as chosen as part of control deS|gn For notation purposes,

we dene mis, = s, -
M!
pk p\M k.
k! (M k)!s" (1 s) " C. Torso Virtual Constraint

(52) The motor-compression, stance-compression, and
To ensureC* continuity between successive subphasesance- injection phases, are combined into a single phase

hd
hd® (o) = A
k=0

p1;p2 2 P, a standard property of Bézier curves spedy setting fo* = $r = $r = st M = X =
ies how the lastk + 1 parameters of p* and the $ = S ,and ™ = £ = $. = .

rst k+1 parameters of P2 must be related (WesterveltThus the torso evolution in this combined phase is
et al.,, 2007, p. 139). Next, it can be convenient tgiven by a Bézier polynomial parametrized &y, , with
treat successive subphagasp,, de ned over domains coef cients ., .



The desired torso evolution in the stance—r.g

decompression phase is given by a Bézier polynomial
«d

. o . .
parz;lmetrlzedsﬁtzysmr ,dewthwcoefmsents for all equal
to qTor ' and Tor — v Tor '

D. Swing Leg Virtual Constraints

For the swing virtual constraints, all subphases are
sc+ s+

combined into one by settindy* = X' = P’ =
sd+ _— s+ mc _ < — s - - s
LAsw — TLAsw T LAgy LAsw = LAsw — !
and ™ - < - s - =
LA sw LA sw LA sw LA sw ) LA sw *

Thus the evolution of the swing leg angle is given
by a Bézier polynomial parametrized kgy,  , with
coefcients |, . In a completely similar manner, the
swing motor leg shape is parameterized ky s _, -

The Bézier coef cients that are not specied above g
are free parameters in the virtual constraints, and are
speci ed by control design. These parameters can be put

in a vector as,
2 3
mLS &

!

mLS sy
Tor

(53)

APPENDIXB
OPTIMIZATION DETAILS

Equality and inequality constraints are used during
the optimization process to ensure that the closed
loop system yields a desired behavior. These constraints7)
could be limits on peak actuator torques, joint space
constraints, unilateral ground contact forces, speed 0f8)
walking, ground clearance, etc. Further, the general

) Select ,, i,
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TABLE IV
LIST OF INDEPENDENT PARAMETERS TO BE DETERMINED BY
OPTIMIZATION. THE CHOICE OF THESE PARAMETERS IS
NON-UNIQUE, AND DEPENDS ON THE ALGORITHM AND
CONSTRAINTS EMPLOYED IN OPTIMIZATION

Optimization Parameters

s 1Ussp A o OmLs g 7 Gror R
= % %Ay, Ynis g R
S ... S R4

21 0 M2

Ois, T SAn Gys, max 20 ;jg; s, j - This
facilitates the use of the rs5% of the gait to drive
non-zero post-impact motor leg shape velocity to
zero, and the las20% of the gait to hold the torso
constant in preparation for impact.
sm 2 Calculate ¢4, ¢ tO
satisfy the post-impact conditions, and calculate
sM 1 sw (o satisfy the pre-impact conditions.
Set Ms.2 % misgm 2 O get a smooth
transition betweenf, s andqs_ -
Integrate the stance dynamics for the motor-
correction phase, e, and the stance-compression
phase, <, until the spring undergoes maximum
compression and reaches a decompressed value of
ve degrees. Set this value of as & . Integrate
the stance dynamics through the stance-injection,
s, and stance-decompressiong, phases to
obtainx .
Evaluate the cost functiod equality constraints
EQ, inequality constraintsNEQ.
Iterate the above steps unlils minimized and the
equality and inequality constraints are satis ed.

form of the virtual constraints chosen in Section Ill-A  Equality constraints, EQ

is assumed to be satis ed on the periodic orbit. This
enables integrating the stance zero dynamics over the
reduced-order closed-loop system dynamics (established
in Section IlI-C) thereby reducing the computation time
signi cantly. The details of the optimization algorithm
are described below.

Algorithm

1) Select s , Oggp_ + %A, Onis., » Oror - Determine
Oa , Using (25). Determing,, s by a Newton-
Rhapson search to satisfyl,.,, = 0 as this

ensures that the impact conditioq, 2 Sy s,
is met.

2) Select <, Oggp_+ Qa,,r %ns, - Choose
Gnisy 0, g, = O to satisfy the virtual

constraints described in section IlI-A. Determine

Qa , Using (25).

Using the stance-to-stance transition function,
s s, Obtainxy = (g ;& ), the state corre-

sponding to the beginning of the subsequent stance

3)

phase.

4) Calculate ! , £ using (25). Set . =
; +0:05(s ;), and si = ; +
0:7( &) corresponding t&% and 70% of

the stance phase respectively, and gfits _

Error associated with nding a xed poinfjx,

Xs i =0.
Toe position of the swing leg at the end of the step
Ploe, = 0.

Inequality constraints, INEQ

Magnitude of the minimum normal force at the
stance leg to be positivepin  FY > 0.

Maximum of magnitude of coef cient of friction
less than ongimax FJ=F) j< 0.

Walking speed greater thah7 m/s.

Swing leg toe prole to be above the ground
throughout the stance phase.

Swing leg angle not to exceex0 .

Stance leg angle not less thaaO .

Range of travel of torso less th&n.



