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Abstract— This paper approaches from an optimal control
perspective the problem of fixed-time detection of mobile
radioactive sources in transit by means of a collection of mobile
sensors. Under simplifying assumptions on the geometry of
the source, sensors, and surrounding environment, and with
knowledge of the source’s trajectory, it is shown that the
optimal control problem admits an intuitive, analytic closed-
form solution. This is facilitated by the availability of analytic
expressions for bounds on the probabilities of detection and
false alarm during a Neyman-Pearson detection test. The
intuition derived from this analytic solution leads to a motion
control law that steers suboptimally the sensors to an arbitrarily
small neighborhood of the suspected source, while navigating
among stationary obstacles in their environment, making a step
closer to a practical physical implementation.

I. INTRODUCTION

This paper derives analytic optimal motion strategies for
mobile sensors aiming at detecting weak radioactive sources
in transit, and then investigates provably convergent relax-
ations which afford implementation in constrained environ-
ments under constraints on actuation. Detecting radioactive
material is relevant and timely due to the increasing risk
of accidental or malicious nuclear proliferation [1], [2] and
the potential demand in inspecting moving subjects with-
out hindering traffic flow. To timely and remotely detect
radioactive sources in transit, one solution proposed [3] is
the deployment of a large network of spatially distributed
detectors. Fast and remote radiation detection requires so-
phisticated equipment which does not come cheap [3]; yet
one inexpensive, possibly miniaturized, radiation detector
appropriate for such deployment is the Geiger counter.

Geiger counters merely record radiation rays hitting their
internal crystal, regardless they come from the source to be
detected, or from naturally occurring background radiation.
The question thus is whether the aggregate count is due
to background alone or the superposition of background
and source. This problem can be formulated as a binary
hypothesis test—for this case, a fixed-time interval test—that
has received considerable attention in the literature [4]. When
detecting radioactive material, however, the perceived rate
of count reception at each sensor changes with the distance
between the sensor and the source, giving rise to a dynamic,
time-inhomogeneous stochastic process. As a result, analytic
characterization for the error probabilities in this decision
problem is not possible. Yet, such analytic expressions are
central to constructing optimal, with respect to detection
probability, motion control strategies for the mobile sensors.
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For the most part, approaches in available literature may
be setting too ambitious goals, attempting at identifying not
only the nature of the target but also its location solely
based on radiation counters [5] [6] [7]. Such approaches
essentially face a combination of problems—detection and
localization—which is inherently very challenging, both at
an analytical and computational level. For static sensors
and source, a location estimator can be constructed, and
a sequential probability ratio test can be formed [6]. In
addition to target state, intensity estimators have also been
developed, within a Bayesian framework [5], [7]. Results
support the hypothesis that sensor networks can be effective
in remotely detecting static radiation sources. When the
source is in motion, however, the associated analytic com-
plexity translates to significantly increased computational
complexity, and updating posterior probabilities using Bayes
rule, becomes problematic even for networks of modest size
[7], and under assumptions on the motion of the source
being linear and with constant acceleration. Even then, the
sensors’ integration window closes once the source escapes
their effective range.

In contrast, this paper focuses on one of the constituent
problems—namely, detection, as it is shown in [8] that
mobile sensors focusing on detection has better performance
over the static ones used in [5] [6] [7]. Our objective is to
reveal what is the best that can be done, under the assumption
that the emission characteristics and trajectory of the source
are known. The rationale behind this divide-and-conquer
strategy is that on one hand, given the security application
in mind, one probably has an idea of the type of material
that is expected to be found. On the other hand, a multitude
of other sensing modalities (e.g. cameras [9]) can be used
to detect and track a mobile target; one does not need to
track motion based solely on Geiger counters. Now we can
go after optimal sensor management strategies solely from a
detection performance perspective.

We follow a two-stage approach. At the high level, the
sensor coordination strategy is decided aiming at maximizing
the probability of classifying correctly the target. At the
low layer, the strategy is implemented within the limitations
imposed by environmental conditions. In the upper layer, the
optimal motion strategy is found analytically in the context
of Maximum Principle. The intuitive interpretation of the
obtained solution is that sensors are managed optimally if
they are brought as close to the source, as quickly as possible.
Solving the optimal control problem analytically is made
possible in part by treating sensor as single integrators. These
lessons are transferred to scenarios where the space in which
the sensors move while observing the target is cluttered with



obstacles, by incorporating a potential-field based motion
planning strategy rooted on navigation functions. In this
context, the resulting motion planning problem is interesting
on its own accord because the potential function is now time-
varying, and the goal is to steer the sensors to a set, rather
than a single point, since approaching too close to a moving
and possibly evading target may not be desirable from an
operational point of view.

II. BACKGROUND: NETWORKED RADIATION DETECTION

Imagine that there is a mobile target which could be carry-
ing a radioactive (point) source of activity a. The trajectory of
this target is denoted xt(t) ∈ R3. We assume that ‖ẋt‖ ≤ V
for t ∈ [0, T ]. In the specific setting considered in this paper,
the target is to be classified as benign or radioactive within a
time period of T seconds using a collection of k mobile
sensors (radiation counters). The motion of the radiation
sensors is controllable, and the trajectory of sensor i for
i ∈ {1, . . . , k} is denoted xi(t) ∈ R3. The source activity
a is measured in gamma rays emitted per second (cps). In
this way, the source activity has the same units as sensor’s i
cumulative observations up to time t ∈ [0, T ], denoted Nt(i).
For a fixed t and i, Nt(i) is a random variable following a
Poisson distribution. Each ray incident on sensor i is an event
and the instant that the n th such event occurs at sensor i is
denoted τn(i).

Such cumulative observations Nt are due not only to the
alleged radioactive source, but also due ubiquitous, naturally
occurring, background radiation. In this paper, we assume
that the source intensity is comparable to background. The
background radiation intensity at the location of sensor i
is denoted bi > 0 and in this paper will be considered
constant. Sensors cannot differentiate between counts due to
source and counts due to background. Although background
intensity can often be assumed constant, the perceived source
intensity by sensor i changes with the distance between the
source and sensor i. Specifically, the closer the sensor is
to the source, the more gamma rays from the source it is
likely to detect. If, for the sake of simplicity, sensors are
assumed identical having a cross section coefficient χ, then
it is generally accepted [7] that the mean count rate νi
measured by sensor i would follow an inverse square law
with respect to the distance between sensor and source. We
take this inverse square relationship to be of the form

νi ,
χa

2χ+ ‖xi − xt‖2
. (1)

Thus, when ‖xi−xt‖ = 0, the source is touching the surface
of the sensor, and the latter measures exactly half of source’s
emitted rays.

If a single sensor were to make a decision at time T as
to whether the target it is observing is radioactive, it would
have to choose between two hypotheses:
H0: the target is not radioactive and the mean of the Poisson

process which NT (i) follows is bi, or
H1: the target is radioactive, and the mean of the Poisson

process which NT (i) follows is bi + νi.

In the context of this paper, the decision is made by a single
processor—possibly one of the sensors—which collects the
information and performs a likelihood ratio test [10]. This
processor is called the fusion center.

To analyze this decision problem we need the appropriate
mathematical setting. For a given i, Nt(i) is a Poisson
process, and we could collect all of them in a k-dimensional
Poisson process Nt =

(
Nt(i), . . . , Nt(k)

)
—the bold nota-

tion marks vectors formed by stacking vectors or scalars as-
sociated to all k sensors. If we consider the set of all possible
outcomes—occurrences of such events on all sensors—we
form a set Ω. Then we consider a measurable space (Ω,F ),
where F is a σ-algebra on Ω.

Now let (FN
t : 0 ≤ t ≤ T ) be the filtration generated

by Nt. Thus, FN
T represents the collective information

obtained from all sensors up to time T . Then, the decision
between hypothesis H0 and H1 on the basis of FN

T is
equivalent to choosing the correct measure on (Ω,FN

T ).
For example the choice of the probability measure P0 yields
a probability space (Ω,FN

T ,P0) consistent with hypothesis
H0; similarly, P1 with H1. A particular valuation of NT is
assumed to be an outcome ω ∈ Ω, and a test for deciding H1

takes the form of choosing a set A1 ∈ FN
T and checking

whether ω ∈ A1. A “false alarm” occurs when we find
ω ∈ A1 while H0 is in force. The probability for making
such an error is therefore P0(A1). Similarly, missing the
radioactive target happens when ω ∈ (Ω \ A1) when H1 is
in force, and the probability for such an error is P1(Ω\A1).

If τn(i) denotes the time instance at which sensor i
recorded its n count and NT (i) is the total number of counts
registered by sensor i up to final time T , a Neyman-Pearson
likelihood ratio test for the presence of a source can be of
the form [10]

k∏
i=1

exp

(
−
∫ T

0

νi(s) ds

)
NT (i)∏
n=1

(
1 +

νi(τn(i))

bi(τn(i))

)
≥ γ ,

(2)
and methods are known [8] for the analytical selection of
threshold γ based on target and sensor trajectories. An
optimal motion coordination strategy for the sensors could be
one that maximizes the probability detection P1(A1) under
an upper bound constraint on the probability of false alarm
P0(A1). The challenge for such an optimization is that these
probabilities are impossible to express analytically for any
nontrivial case of interest. Fortunately, tight upper bounds
are known and can be used for the selection of the threshold
γ in (2) [8]. The approach in this paper, exploits those bounds
to formulate an optimal control problem for the motion of
the sensors, and solve this problem analytically.

III. PROBLEM STATEMENT

Assume that the position trajectory of sensor i is controlled
through input ui(t) as in

ẋi = ui . (3)

We assume that there are constraints on control actuation
in the form ‖ui‖ ≤ umax for some constant umax > 0,



and we collect all sensor motion control inputs in a stack
vector u = (u1, . . . , uk). Recall (1), and note that since xi
is implicitly determined by ui, and νi is a function of xi, νi
is a functional operating on ui; we thus write it νi(ui), or
more generally νi(u). Define now the scalar quantity

µi(u) , 1 +
νi(u)

bi
. (4)

For p being a scalar (control) parameter, it can be shown [8]
that an upper bound on the probability of miss P1(Ω\A1) =
1 − P1(A1) for the fusion center of the network of sensors
is analytically expressed as

JPM(u, p) ,
k∑
i=1

∫ T

0

[µi(u)
p

logµi(u)− µi(u) + 1]bi ds ,

(5)
while another upper bound on the probability of false alarm
can be set at some value α ∈ (0, 1) by requiring

F (u, p) ,
k∑
i=1

∫ T

0

[
pµi(u)

p
logµi(u)−µi(u)

p
+ 1
]
bi ds

= − logα . (6)

It is therefore natural to formulate an optimal control prob-
lem, where JPM is a cost to be optimized with respect to
u and p under constraint (6). In this problem, the state
of the dynamical system is µ , (µ1, . . . , µk), implicitly
determined by u in (4) via (1) and (3); specifically,

µ̇i =
2χa(xt − xi)

bi(2χ+ ‖xt − xi‖2)2
(ui − ẋt) . (7)

IV. OPTIMAL SENSOR MANAGEMENT: ANALYTIC
SOLUTIONS

The path to an analytic solution starts with transforming
the constrained optimal control problem (5)–(6) into an
unconstrained one. The first partial result establishes the
monotonicity of functional F in (6) with respect to the
positive parameter p.

Lemma 1: For fixed u, F is strictly increasing with p.
Proof: Write ∂F

∂p =
∑k
i=1

∫ T
0
p µpi (logµi)

2 dt, and
note that it is strictly positive since µi > 1.
The next step is to establish the existence of a function from
µ to p.

Lemma 2: The (functional) mapping µ 7→ p, denoted φ,
associates to each µ a unique p.

Proof: It follows from Lemma 1 and the Implicit
Function Theorem.

We henceforth write

p = φ(µ) . (8)

Lemma 3: For all t1 ∈ (0, T ], it is δφ(µ)
δµi

∣∣∣
t1
≤ 0.

Proof: Consider first a needle perturbation of the form
εδ(t− t1) on coordinate i of µ, yielding a perturbed µ̃ with
component µi(t) + εδ(t − t1); here, δ(t − t1) is the Dirac
function offset at t1 and ε > 0 a small parameter. Using
Taylor expansion on the integrand of F (µ, p) we find

F (µ̃, p) ≈ F (µ, p) + biεp
2µi(t1)

p−1
logµi(t1) ,

from which the first order variation in F (µ, p) due to εδ(t−
t1) in µi is obtained

F (µ̃, p+δp)−F (µ, p) = biεp
2µi(t1)

p−1
logµi(t1)+

∂F

∂p
δp,

which is zero because F is constrained to − logα:

δp = −
ε bip

2 µp−1i logµi

∣∣∣
t1∑k

i=1

∫ T
0
p µpi log2 µi dt

. (Given Lemma 1)

Rewriting p = φ(µ), it follows

δφ(µ)

δµi

∣∣∣∣∣
t1

= lim
ε→0

δp

ε
< 0

and the proof is completed.
We are now ready to apply the Maximum Principle and

extract the optimal motion coordination strategy for each
sensor.

Proposition 1: The solution for sensor i ∈ {1, . . . , k} to
the optimal control problem (5)–(7) within the feasible set
U = {u ∈ R3k : ‖ui‖ ≤ umax}, is

ui =

{
xt−xi
‖xt−xi‖umax if xi 6= xt

ẋt if xi = xt
Proof: Given (8), the cost functional is written

JPM =

k∑
i=1

∫ T

0

(µ
φ(µ)
i logµi − µi + 1)bi dt

Since JPM is always finite, by Fubini’s theorem,

JPM =

∫ T

0

k∑
i=1

(µ
φ(µ)
i logµi − µi + 1)bi dt .

The Hamiltonian is

H =

k∑
i=1

λiµ̇i(ui)−
k∑
i=1

(µ
φ(µ)
i logµi − µi + 1)bi , (9)

and dynamics of costates λi is written

λ̇i = −∂H
∂µi

=
(
φ(µ)µ

φ(µ)−1
i

δφ(µ)

δµi
logµi+µ

φ(µ)−1
i −1

)
bi

Since µi > 1 and φ(µ) ∈ (0, 1), we have 0 < µ
φ(µ)−1
i <

1, and therefore

λ̇i < biµ
φ(µ)−1
i φ(µ)

δφ(µ)

δµi
logµi

Lemma 3
≤ 0 (10)

for all t ∈ (0, T ].
Now, since µ∗i (T ) is free in (1, 1 + a

2b ], we have two
scenarios: µ∗i (T ) ∈ (1, 1 + a

2b ) or µ∗i (T ) = µimax = 1 + a
2b .

If µ∗i (T ) ∈ (1, 1 + a
2b ), the transversality condition requires

λi(T ) = 0. Thus, given (10), it is λi(t) > 0 ∀t ∈ (0, T ]. In
light of this, and given (7), the Hamiltonian maximization
condition H(µ∗,u∗,λ∗) = maxu∈U H(µ∗,u∗,λ∗) applied
on (9) requires that

u∗i =
xt − xi
‖xt − xi‖

umax , (11)



that is, to employ the maximal control effort to close the
distance between sensor and source. Using such controller,
µ∗i (T ) = µimax eventually given enough time T, which takes
us to the second type end condition, let such switching time
be Ts. Now we consider the system in [Ts, T ] with boundary
condition µi(Ts) = µi(T ) = µimax , notice the fact that
δJPM
δµi

= λ̇i < 0. To minimize JPM when t ∈ [Ts, T ], we
want to keep µi at its maximum value and ui = ẋt.

Essentially what Proposition 1 dictates is for the sensor
platforms to close the gap between themselves and the
suspected target as fast as possible and remain close.

V. EXTENSION TO CONSTRAINED ENVIRONMENTS

Limiting the feasible positions that sensors can attain aug-
ments the set of constraints in the optimal control problem
formulation (5)–(6). In the general case, the resulting optimal
control problem may not admit analytic solutions any more.
Even if such solutions can be found, it is conceivable that
the optimal controls steer the sensors right at the boundary
of the feasible state set, at an effort to increase the lower
bound on the detection probability to the maximum degree
possible. Practically, this control action would lead the
mobile sensor platforms to graze obstacle boundaries. These
considerations motivate an alternative, suboptimal approach
to sensor management, which—while adhering to the same
principle of closing the distance as quickly as possible—is
likely to trade-off some performance for safety and the ability
to still analytically establish convergence properties for the
closed loop system.

Using the insight obtained from the unconstrained case,
we develop a sensor management strategy for navigation
amongst obstacles in the context of navigation functions.
Instead of running at full speed toward the target, sensors
are now supposed to perform steepest descent over a smooth
artificial landscape in which obstacles are regions of high
elevation and the target sits around an area of depression.
The latter attribute of this landscape is motivated from the
fact that we cannot allow the sensor platforms to physically
touch and collide with their target, but rather keep them at
a minimum safe distance rt away from it. The destination
for the sensors thus becomes a set, the surface of a sphere
centered at the moving target. Another technical challenge
is that this destination set is time-varying. Inevitably, the
convergence problem becomes one where the underlying
system is time-varying—fully knowing the target’s trajectory
is not sufficient to reduce the system into a time-invariant
one, because the obstacles can be fixed.

For sensor i at position xi, the goal function that the
potential field attempts to minimize takes the form

Ji(xi, t) = (‖xi − xt(t)‖2 − r2t )2 .

It can be shown that J has two distinct sets of critical points,
one isolated point at xr which is a local maximum, and a
manifold of local minima on the boundary of the sphere
Brt(xt) defined by ‖xi − xt(t)‖2 − r2t = 0.

Since so far we have treated the sensors as point masses
(negligible volume) we will ignore the possibility of them

colliding with each other and focus on steering them away
from environment obstacles. In the spirit of the preliminary
sphere-world analysis of [11], these obstacles are assumed
to be spherical, which can be extended to star shape [12].
The boundary of obstacle j ∈ {0, . . . ,m}, having radius
ρj and center oj is described by means of the function
βi j = ‖xi − oj‖2 − ρ2j ,which vanishes on the obstacle’s
boundary and is positive in the space surrounding it. Index
0 marks the outer workspace boundary, of radius ρ0, this
one expressed in the form βi 0 = ρ20 − ‖xi‖2.With obstacles
being isolated, static, and at least rt away from the target
∀ t ∈ [0, T ]—these three requirements correspond to the
collision-free workspace remaining valid [11], at least during
the sensors’ integration window—the following construction
gives rise to a single scalar function that serves as a metric
of proximity to (any) obstacle boundary, βi =

∏M
j=0 βi j .

The following statement can be proved, but the proof itself
is nontrivial and too lengthy for the space constraints of this
paper. Deferring its presentation to a subsequent paper, we
refrain from stating the claim as a theorem and instead call
it a conjecture:

Conjecture 1: Given that the space is valid, there exists a
positive integer N such that for every k ≥ N , the function

ϕi(xi, xt) =
Ji(xi, xt)(

Ji(xi, xt)k + βi(xi)
)1/k (12)

is such that all critical points other than those in ∂Brt(xt) are
either nondegenerate with attraction regions of measure zero
or in B̊rt(xt), and the gradient field generated by ∇xiϕi
has ∂Brt(xt) as the only limit set with non-zero measure
attraction region outside B̊rt(xt).

And we require that xi(0) /∈ B̊rt(xt(0)). Thus Proposition
2 guarantees that xi(t) /∈ B̊rt(xt(t)) due to ϕ̇ ≤ 0.

There are some practical considerations related with the
application of a bang-bang controller like (11) within a
constrained environment, especially when it is undesirable
for sensor platforms to collide with their target at maximum
speed. Even when the system’s manifold of attractors is set
at a safe distance rt away from the target, flowing along
the direction of the negated gradient of (12) at full speed is
certain to result to overshoot and oscillatory behavior in the
neighborhood of the attracting set. The sensors’ approach to
this goal set needs to be fast but gradual. For these reasons,
and assuming the truth of Conjecture 1, a relaxation on (11)
for implementation in constrained environments can take the
form

u◦i = −c ∇xiϕi
‖∇xiϕi‖+ ξ

− (∇xtϕ
ᵀ
i ẋt)

∇xiϕi
‖∇xiϕi‖2

, (13)

for some constants c < umax, and ξ > 0.
Control law (13) is essentially a modulated (negated)

gradient following tracking controller with a feedforward to
compensate for target motion. It can be shown that assuming
that supt≥0 ‖ẋt(t)‖ is sufficiently smaller compared to umax,
then (c, ξ, ε) can be always be chosen so that both (a) ‖u◦i ‖ ≤
umax for all ∩mj=0{xi|βij(xi) ≥ ε}, and (b) (gradual)
convergence to the surface of the ball of radius rt around



the target is analytically established.The former claim, on
the boundedness of (13), relates to lower bounding ‖∇xiϕi‖
which appears in the denominator of the second term. This
term vanishes as xi approaches one of the critical points of
ϕi. For a properly tuned navigation function, those critical
points can be expected to be in a set ∪mj=0{xi|βij(xi) < ε}∪
∂Brt(xt)∪ B̊rt(xt); we shall prove that provided that along
the sensor trajectory it always satisfies ∩mj=0{xi|βij(xi) ≥
ε}, the magnitude of the control input is upper bounded.
We need to note, however, that βij(xi) ≥ ε cannot be
guaranteed a priori for all initial conditions; there will be
a set of initial conditions around the attraction regions of the
unstable critical points of ϕi that generate trajectories which
cross into ∪mj=0{xi|βij(xi) < ε}. Thus in principle, one can
compute ϕi , infxi:∪mj=0{xi|βij(xi)<ε} ϕi, and consider only
initial conditions that satisfy ϕi

(
xi(0)

)
< ϕi.

Assuming from now on that β(xi) ≥ ε, we set on to see
why u◦i can be bounded. First need to state a few lemmas,
the proofs of which are abbreviated due to space limitations.

Lemma 4: If ∀j, βij(xi) ≥ ε > 0 , then ‖∇xiβiβi
‖ admits

an upper bound.
Proof: (sketch) One shows that over ∩mj=0{xi|βij(xi) ≥

ε}, sup ‖∇xiβiβi
‖ ≤ 2

ε

∑M
j=0 sup ‖xi − oj‖.

Lemma 5: If ∀j, βij(xi) ≥ ε > 0, then ‖∇xiJiJi
‖ admits a

a positive lower bound.
Proof: (sketch) We know that ‖xi−xt‖ ≥ rt according

to Proposition 2. One shows that over {xi|‖xi − xt‖ ≥ rt},
inf
‖∇xiJi‖

Ji
> 4rt

sup{‖xi−xt‖2−r2t }
> 0.

Lemma 6: If ∀j, βij(xi) ≥ ε > 0, then k‖∇xiJiJi
‖ −

‖∇xiβiβi
‖ ≥ δ.

Proof: (sketch) It is straightforward to show that it

suffices to pick k ≥ δ inf
{‖∇xiJi‖

Ji

}−1
+

sup
{
‖

∇xiβi
βi
‖
}

inf
{ ‖∇xiJi‖

Ji

} .

Lemmas 4 through 5 ensure that the right hand side is upper
bounded, and therefore an appropriately large parameter k
can be selected to establish δ as a lower bound.

Now we are in position to show that u◦i is bounded.
Lemma 7: If ∀j, βij(xi) ≥ ε > 0, then u◦i is bounded.

Proof: (sketch) First show that ‖u◦i ‖ < c+ k‖∇xiJiJi
‖ ·(

‖k∇xiJiJi
− ∇xiβiβi

‖
)−1‖ẋt‖, and then confirm that for a big

enough k, the inequality can be strengthened into

‖u◦i ‖ < c+ ‖ẋt‖+
‖∇xiβiβi

‖

k‖∇xiJiJi
‖ − ‖∇xiβiβi

‖
‖ẋt‖ .

Boundedness now follows from Lemmas 4 through 6.
Proposition 2: The closed loop system (3)–(13) converges

to the set {xi ∈ R3 : Ji(xi, xt) = 0}, from almost
everywhere in {xi ∈ R3 : βi(xi) > 0, xi /∈ B̊rt(xt)}.

Proof: The closed loop system is time-varying due to
xt(t). The proof is thus based on Barbalat’s lemma using
function ϕi. The aim is to show that limt→∞ ϕ̇i = 0.

First note that ϕi ≥ 0. Then expand ϕ̇i and plug (13) to
verify that

ϕ̇i = −c ‖∇xiϕi‖
2

‖∇xiϕi‖+ ξ
≤ 0 . (14)

So limt→∞ ϕi exists and bounded. Thus according to Bar-
balat’s lemma, proving that limt→∞ ϕ̇i = 0 reduces to
showing that ϕ̇i is uniformly continuous in t, which can
be ensured if ϕ̈i is bounded. Toward this end note that

ϕ̈ = −c
1− 1

2‖∇xiϕi‖
(‖∇xiϕi‖2 + ξ)2

d‖∇xiϕi‖2

dt
,

and is bounded if d‖∇xiϕi‖
2

dt is. Indeed,

d‖∇xiϕi‖
2

dt = −2
∇xiϕ

ᵀ
i [∇2

xiϕi] ∇xiϕi
‖∇xiϕi‖+ ξ

− 2
∇xtϕ

ᵀ
i ẋt

‖∇xiϕi‖2
∇xiϕ

ᵀ
i [∇2

xiϕi]∇xiϕi

+ 2∇xiϕᵀ[∇xi (∇xtϕi)]ẋt .

With ϕi being a smooth function, its first and second partial
derivatives are bounded on the compact subset of R3 where
βi ≥ 0. The denominator of the second term does not raise
a problem because

∣∣∇xiϕᵀ
i [∇2

xi
ϕi] ∇xiϕi

‖∇xiϕi‖2
∣∣ admits an upper

bound equal to the maximum eigenvalue of the Hessian of
ϕi—which is finite. Therefore, since ‖ẋt‖ < V , d‖∇xiϕi‖

2

dt
is bounded, ϕ̇i is uniformly continuous, and by Barbalat
it follows that limt→∞ ϕ̇i = 0. Then (14) implies that
limt→∞ ‖∇xiϕi‖ = 0, which in turns suggests—based on
Conjecture 1—that with time xi → {x ∈ R3 : Ji(x, xt) = 0}
from almost all initial conditions in {xi ∈ R3 : βi(xi) >
0, xi /∈ B̊rt(xt)}.

VI. SIMULATIONS

A 2 1
2 dimensional space simulation scenario (the envi-

ronment geometry is invariant along the third spatial coor-
dinate) is used to test the control law. Its two-dimensional
projection is depicted in Fig. 1. Sensor and source physical
volumes are neglected. The target is performing a sinusoid
trajectory starting initially at point (x, y) = (15, 0)(m). Its x
velocity is constantly 0.3π(m/s) and y velocity is described
by 0.3π cos( π50 t)(m/s). It is assumed that the targets position
and velocity is known to all sensors.

Applying control law (13) to each sensor dynamics (3),
results in the motion behavior shown in Fig. 1. By closing the
distance between themselves and the target while navigating
their cluttered workspace, they increase their signal-to-noise
ratio of their radiation measurements. We consider a sensor
(time) integration window T = 130 s, after which sensors
are called to make a decision based on their measurements
as to whether the target they were tracking was radioactive.

The target is indeed radioactive, with an activity of a =
2.4 × 106 (Poisson mean) counts per minute, while the
background radiation is taken to be at a level of b = 10
counts per minute. Despite this large difference, the sensor
geometric characteristics as expressed by the cross-section
coefficient χ = 10−4m2 combined with the inverse square
distance effect render the average perceived source activity νi
(see (1)) at the sensor’s location comparable to background.

Along these paths, we record 2 sample sets of 73 778 i.i.d.
two-minute histories of simulated radiation measurements.
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Fig. 1: A 2D simulation scenario. A source carrying target
is circling the origin and its path is shown as a thick (red)
curve. Four mobile sensors start moving from initial positions
behind disk-shaped obstacles, and navigate along the dashed-
line paths toward the source’s neighborhood following the
gradient field of a time-varying navigation function. Sensors
collect measurements for a time window of two minutes
before they make a decision as to whether the target is
radioactive.

The target is set to be radioactive in one set and benign in
the other. For each sample, we perform a binary hypothesis
test (2) with a threshold of γ = 3.4, designed to guarantee a
false alarm rate of less than 1 % [8]. Monte Carlo methods
empirically estimate the probability of false alarms and
correct detection at an accuracy level of ε = 0.005 and
confidence of 95 % [13]. These estimates are 0.12 % for the
false alarm, and 99.42 % for the detection rate.

VII. CONCLUSION

Under certain simplifying assumptions, sensor mobility
can be optimally utilized in the context of networks of
radiation counters to boost detection performance in low-rate
radiation activity detection scenarios. In the problem at hand,
the suspected source is mobile, and sensors have knowl-
edge of its position and velocity. Analytic optimal control
solutions point to motion coordination strategies that tend to
minimize the distance between sensor and suspected source
as quickly as possible, resembling bang-bang minimum-time
solutions to optimal control problems. Taking this lesson
from the analytical, closed-form solutions obtained for sensor
motion in unconstrained environments, we develop motion
planning strategies for sensor coordination and navigation in
obstacle environments with bounds on actuation effort. The
motion planning methodology is based on gradient descent
along potential fields generated by a special type of time-
varying navigation functions. The resulting control laws are
feedback-based and reactive to the source’s motion, ensuring
asymptotic tracking of the mobile source in addition to ob-
stacle avoidance. The control strategy is tested in simulation
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Fig. 2: Distance between sensors and target. Our simula-
tion testbed refers to mobile sensors as quads, envisioning
quadrotors equipped with Geiger counters.

on a two-dimensional detection scenario, and the detection
efficiency is confirmed through Monte Carlo analysis.
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