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The main reason for this erratum is that some spe-

cific proof techniques used can have unintended causal-

ity implications, related to the interpretation of differ-

ential equations of the form ẋ(t) = g(x,
∫ tf
t0
f(x(t))dt).

Both intermediate (Lemma 3) and end results (Propo-

sition 1) are correct as originally stated; yet, we want to

present an alternative proof pathway that circumvents

the causality issue. For completeness and self-sufficiency

of this document, we chose to include the whole revised

proofs as opposed to introducing isolated, point mod-

ifications. Some derivations are listed in slightly more

detail.

Typos:

a symbol missing in the proof of Lemma 1, which is

also stated here in its revised entity;

In the proof of the Lemma 4: symbol ε should be ξ;

In the proof of the Theorem 2:

ϕ̈ = −c ξ+
1
2‖∇xiϕi‖

(‖∇xiϕi‖+ξ)2
d‖∇xiϕi‖

2

dt .

Lemma 1 Fix u. FFA is strictly increasing with p.

Proof Write ∂FFA
∂p =

∑ks
i=1

∫ T
0
p µpi (logµi)

2bi dt, and

note it is strictly positive since µi > 1, p ∈ (0, 1). ut

Lemma 3 Let µ be perturbed by εδ(t − t1) on µi for

some t1 ∈ (0, T ], yielding µ̃. Consider p(t, µ̃) =φ(µ)+∑ks
i=1

∂p
∂µi

∣∣∣
t
(µ̃i − µi). For all t1 ∈ (0, T ], if ∂p

∂µi

∣∣∣
t1

=
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− biφ(µ) µ
φ(µ)−1
i log µi∑ks

j=1 µ
φ(µ)
j log2 µjbj

∣∣∣∣∣
t1

< 0 , then FFA(µ̃, p̃ = p(t, µ̃)) =

− logα.

Proof Consider first a needle perturbation of the form

εδ(t − t1) on coordinate i of µ, yielding a perturbed

µ̃ with component µi(t) + εδ(t − t1); here, δ(t − t1) is

the Dirac function offset at t1 and ε > 0 is a small

parameter. Using Taylor expansion on the integrand of

FFA(µ, p = φ(µ)) we find

FFA(µ̃, p) ≈ FFA(µ, p) + biεp
2µi(t1)

p−1
logµi(t1) ,

from which the first order variation in FFA(µ, p) due

to εδ(t− t1) in µi is obtained

FFA(µ̃, p̃)− FFA(µ, p)

=
[
biεp

2µi
p−1logµi +

[ ks∑
j=1

p µpj log2 µjbj

] ∂p
∂µi

ε
]∣∣∣∣∣
t1

+ o(ε) ,

which is zero because FFA is constrained to − logα.

∂p

∂µi

∣∣∣∣∣
t1

= − lim
ε→0

biεφ(µ) µ
φ(µ)−1
i logµi + o(ε)∑ks

j=1 µ
φ(µ)
j log2 µjbjε

∣∣∣∣∣
t1

= − biφ(µ) µ
φ(µ)−1
i logµi∑ks

j=1 µ
φ(µ)
j log2 µjbj

∣∣∣∣∣
t1

< 0.

and the proof is completed. ut

Proposition 1 The solution for sensor i ∈ {1, . . . , ks}
to the optimal control problem (5)−(7) within the feasible

set U = {u ∈ R3ks : ‖ui‖ ≤ umax} is

ui =

 xt−xi
‖xt−xi‖umax xi 6= xt

ẋt xi = xt
.
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Proof Given (8), the cost functional is written

JPM =

ks∑
i=1

∫ T

0

(µpi logµi − µi + 1)bi dt .

Since JPM is always finite, by Fubini’s theorem,

JPM =

∫ T

0

ks∑
i=1

(µpi logµi − µi + 1)bi dt .

Along the optimal trajectory (µ∗,u∗,λ∗), we define:

p = p∗ +

ks∑
i=1

∂p

∂µi
(µi − µ∗i )

where p∗ can be any constant value in (0, 1), which may

include φ(µ∗). Thus the Hamiltonian can be written as:

H(µ∗,u∗,λ∗)

=

ks∑
i=1

λ∗i µ̇i(u
∗
i )−

ks∑
i=1

(µ∗i
p logµ∗i − µ∗i + 1)bi (9)

and dynamics of costate λi is written as

λ̇∗i = −∂H
∂µi

(µ∗,u∗,λ∗)

=

ks∑
j=1,j 6=i

(µ∗j
p∗ log2 µ∗j

∂p

∂µi
)bj +

[
µ∗i

p∗ log2 µ∗i
∂p

∂µi

+ p∗µ∗i
p∗−1 logµ∗i + µ∗i

p∗−1 − 1
]
bi

=

ks∑
j=1

(µ∗j
p∗ log2 µ∗j bj)

− bip
∗ µ∗i

p∗−1 logµ∗i∑ks
j=1 µ

∗
j
p∗ log2 µ∗j bj

+

[
p∗µ∗i

p∗−1 logµ∗i + µ∗i
p∗−1 − 1

]
bi

= [µ∗i
p∗−1 − 1)]bi

Since µ∗i > 1 and p∗ ∈ (0, 1), we have 0 < µ∗i
p∗−1 < 1,

and therefore

λ̇∗i < 0 (10)

for all t ∈ (0, T ].

Now since µ∗i (T ) can take any value in (1, 1 + a
2bi

],

there are two mutually exclusive and exhaustive cases:

either µ∗i (T ) ∈ (1, 1 + a
2bi

), or µ∗i (T ) = µimax = 1 + a
2bi

.

If µ∗i (T ) ∈ (1, 1 + a
2bi

), the transversality condition re-

quires λ∗i (T ) = 0. Thus, given (10), it is λ∗i (t) > 0

∀t ∈ (0, T ]. In light of this, and given (7) the Hamilto-

nian maximization condition H(µ∗,u∗,λ∗) =

maxu∈U H(µ∗,u∗,λ∗) applied on (9) requires that

u∗i =
xt − xi
‖xt − xi‖

umax , (11)

that is, it suggests the maximal control effort to close

the distance between sensor and source as close as possi-

ble. Using such a controller, eventually (given big enough

T ) it will be µ∗i (T ) = µimax . At this point, the second
case is in effect. Denote Ts the switching time. Now

t ∈ [Ts, T ] with boundary condition µ∗i (Ts) = µ∗i (T ) =

µ∗imax and ∂JPM
∂µi

∣∣∣
t

= λ̇∗i (t) < 0. To minimize JPM when

t ∈ [Ts, T ], µi should once again be kept at its maxi-

mum value.

Lastly, set p∗ = φ(µ∗(u∗)) to enforce the constraint

(6) following Lemma 3. In case p∗ >= 1, the con-

straint (6) is infeasible for any µ(u) with u ∈ U and

p ∈ (0, 1). Because all feasible perturbations, which

only reduce µ∗, can not reduce the value of p even lo-

cally (by Lemma 3). In case p∗ <= 0, this leads to

contradiction: FFA(µ∗, p∗) <= FFA(µ∗, 0) = 0, which

contradicts FFA(µ∗, p∗) = − logα > 0. ut

Revision in Appendix Proposition 6 last 4 equations

starting from Eqn (24):

4(‖xc − xt‖2 − r2
t )+

+ 8
∣∣∣v̂ᵀ ε(‖xc − xt‖2 − r2

t )

4Ck

(
2
xc − oi
βi

+
αi
β̄i

)∣∣∣2
= 4
√
J +

ε2J |v̂ᵀαi|2

2C2
k β̄

2
i

. (24)

v̂ᵀ ∇2J v̂

16‖xc − xt‖2
∇βᵀ

i ∇J − 2J

(24)
=

2
√
J + ε2J

4C2
kβ̄

2
i
|v̂Tαi|2

8‖xc − xt‖2
2(xc − oi) 4(xc − xt)

√
J − 2J

=
2J(xt − oi)ᵀ(xc − xt)

‖xc − xt‖2
+
ε2J1.5|v̂ᵀαi|2 (xc − oi)ᵀ(xc − xt)

4C2
k β̄

2
i ‖xc − xt‖2

v̂ᵀ ∇2J v̂

16‖xc − xt‖2
∇βᵀ

i ∇J − 2J

≤
2J‖xt − oi‖ (

√
ε+ ρ2

i − ‖xt − oi‖)
‖xc − xt‖2

+ ε2 sup
F0(ε)

J1.5|v̂Tαi|2 (xc − oi)ᵀ(xc − xt)
4C2

k β̄
2
i ‖xc − xt‖2

. (25)

β2

Jk−1
v̂ᵀ ∇2 Jk

β

∣∣
xc
v̂

≤
2Jβ̄i ‖xt − oi‖ (

√
ε+ ρ2

i − ‖xt − oi‖)
‖xc − xt‖2

+ ε

(
εβ̄i sup

F0(ε)

J1.5|v̂Tαi|2 (xc − oi)ᵀ(xc − xt)
4C2

k β̄
2
i ‖xc − xt‖2

+
v̂ᵀ ∇2J v̂

16‖xc − xt‖2
∇β̄ᵀ

i ∇J

+ J v̂ᵀ
[

1− 1
k

β̄i
∇β̄i∇β̄ᵀ

i −∇2β̄i

]
v̂

)
.

Revision in Appendix Proposition 8 last line:

ε <
(

1−
√

1 + ζ2

2

) infi(ρi infBi(ε) β̄i)

supF0(ε) ‖αi‖

=⇒ ε <
(

1−
√

1 + ζ2

2

) β̄i‖xc − oi‖
‖αi‖


