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1. INTRODUCTION

Until recently, robotic manipulators were mecha-
nisms rigidly attached to the ground. The need to
perform difficult orrand dangerous operations in
space generated the study and the consequent con-

* To whom all correspondence should be addressed.

struction of mobile manipulators, i.e., robotic ma-
nipulators whose bases could move.1,2

Now, mobile manipulators are not meant to
operate solely in space. Mobile manipulation operat-
ing in aquatic environments is a recent and active
area of research.3,4 Of course, mobile manipulators
can also operate on ground, given they are attached

Ž .to a vehicle normally wheeled , and some signifi-
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cant research has already been conducted in the
field.5 ] 11

Mobile manipulators extend the manipulator
workspace and its ability to work efficiently. Due to
the mobile base, the manipulator is capable of con-
figuring itself to practically any operational point. In
addition, it can grasp and manipulate an object in

Ž .many different ways positions and orientations .
This actually means that it is a redundant mecha-
nism, with all the inherent capabilities and prob-
lems of such systems.

However, as is always the case, there is a price
to pay for advantages: more difficulty in control.
This difficulty is due mainly to a class of motion
constraints called nonholonomic.12 ] 16 These con-
straints are equations involving the generalized co-
ordinates and their derivatives in a way that makes
them nonintegrable. Thus, the dimension of the con-
figuration space cannot be reduced. Under the effect
of such constraints the system maintains its control-
lability,17 but is generally harder to steer.

Many of the models proposed for mobile ma-
nipulator systems do not include nonholonomic
constraints.3,7 These models focus on the interaction
of the system with its environment. Tarn et al.3

model an underwater vehicle with multiple robotic
manipulators. Dynamic modeling is achieved by the
use of Kane’s dynamic equations.18 The motion of

Ž .the autonomous underwater vehicle AUV and mo-
mentum preservation laws impose nonholonomic
constraints which are not included in the model.
Khatib et al.7 model cooperating mobile manipula-
tors, the mobile platforms of which can move on a
planar surface. The dynamic equations of motion
are obtained using the classic Euler]Lagrange for-
mulation in operational space,19 assuming that the
mobile platforms can move in a holonomic way.

Other models include nonholonomic constraints
using classic Euler]Lagrange5 and Newton]Euler
formulations.9 These models are more accurate and
consistent, even though they still do not consider all
constraints imposed in mobile manipulator systems.
In ref. 9, the no-slipping nonholonomic condition is
not taken into account nor is the angular momen-
tum preservation condition associated with tipping
over, which is also missing in the otherwise com-
plete analysis in ref. 5. Chen and Zalzala9 include in
their model the nonholonomic constraint associated
with the no-slipping condition. Inclusion of the con-
straint in the model is achieved by algebraic manip-
ulation. Yamamoto et al.5,6 go further, including the
nonholonomic constraint resulting from the no-skid-

ding condition. Merging the constraints with the
system’s equations of motion is done using the well
known Lagrange multipliers methodology. Dubow-
sky and Vance8 discuss the possibility of the mobile
platform tipping over due to dynamic interaction
with the attached manipulator.

Recently, Thanjavur and Rajagopala20 modeled
Ž .an autonomously guided vehicle AGV using

Kane’s equations. They pointed out the merits of
using Kane’s approach to model vehicles and uti-
lized some of the tools to incorporate nonholonomy.
They focused on the dynamics of the vehicle indi-

Žvidual components drive and castor wheels, drive
.wheel assemblies, etc. and included only the classi-

cal no-slipping and no-skidding constraints, and did
not provide any necessary conditions for these con-
straints to be satisfied.

In this article, a model within the framework of
Kane’s approach is proposed. As opposed to Euler]
Lagrange and Newton]Euler formulations, Kane’s
methodology involves less arithmetic operations and
is thus simpler, faster in simulation, and requires
less effort in construction.3,21 Kane’s equations can
be easily brought to a closed form,3 which is best
suited for control purposes.

The multiple mobile manipulators involved in-
Žteract through the common deformable object Fig.

.1 . The object is arbitrarily shaped and deformable.
In such cases, the methods developed for object
handling and manipulation by multiple manipula-
tors cannot be applied, since the object has infinite
degrees of freedom that do not restrict one rigid
grasp relative to another. Moreover, the dynamics
of the body cannot be described in a straightfor-
ward manner, since its mass center and every other
point can move relative to the fixed grasp points.

The deformable object is modeled by its elasto-
dynamic equations. Then the notion of operational
space is expanded to include more dimensions than
a common task space, yielding a generalized oper-
ational space. Within this new framework, the
simplest approximating grid structure for the de-
formable object becomes evident. This simplifica-
tion, along with the generalized operational point
concept, enables the application of Khatib’s22 aug-
mented object approach to merge the models devel-
oped for each mobile manipulator with the object
model and produce a compact set of dynamic equa-
tions for the system.

The combined system of the mobile manipula-
tors linked by the manipulated object does not oper-
ate in space. The mobile platforms on which the
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Figure 1. A multiple mobile manipulation system.

manipulators are based move on the ground and
thus interact with each other in the same way as the
legs of a walking robot do, forming a closed chain.
This closed chain can be visualized if one models
the platforms as an unactuated joint virtual manipu-
lator connecting each wheel to the ground.23

A systematic approach to the analysis of
closed-chain systems has been presented by Tarn
et al.24 They constructed a model for two cooperat-
ing manipulators calculating the Lagrange equa-
tions analytically. The process for obtaining the La-
grange function is driven by the peculiarity of the
mechanism25 and the complexity of the involved
calculations. Another difficulty is finding recursive
computational schemes. Moreover, the computing
time is relatively long for real-time controllers.26

Lin27 also reported difficulties arising from obscure
dynamic phenomena. A different, popular approach
to the analysis of closed-link mechanisms, originally
introduced by Smith,28 is to cut the closed-chain
mechanism at several joints, transforming it to an
open chain. This approach was extended by other
researchers.29 A milestone in the study of closed-
chain mechanism is the work of Luh and Zheng,26

who replaced the problem of computing the dynam-
ics of closed-chain spatial systems to that of open-
link tree-structure mechanisms subjected to un-
known joint torques at the cut points. In their work,
they made use of d’Alembert’s principle and em-
ployed Lagrange multipliers to compute the un-
known torques.

However, computation of Lagrange multipliers
is known to be a cumbersome and computationally
inefficient task. Nakamura and Ghodoussi25 pro-

posed a general computational scheme of the in-
verse dynamics of the closed-link mechanisms which
is also based on d’Alembert’s principle but without
computing the Lagrange multipliers. The scheme is
computationally efficient compared to conventional
methods, however the choice for the cut joints of the
closed kinematic loops depends on the redundancy
of the actuators.30

Our approach to the closed chain formed fol-
lows the same philosophy. The closed chain is cut at
the points of contact between the wheels of each
vehicle and the ground. However, we do not pro-
ceed to calculate the forces exerted there, since it is
well known that they cannot be resolved.8 Instead,
we define the space of admissible values for them
through a set of constraint equations. Among the
duties of the control scheme that could be applied is
ensuring that these forces stay within specified lim-
its. This is accomplished by controlling the kine-
matic quantities of each mechanism in a way indi-
cated by the constraint equations.

The most significant constraints imposed on the
system are formally stated in equation form. It is
pointed out that conventional velocity constraint
equations associated with no slipping and no skid-
ding are only necessary conditions for nonholo-
nomic motion. By themselves, they cannot guaran-
tee nonholonomic motion; they only describe the
result. The cause of nonholonomic motion is the
ground reaction forces at the wheels. We state addi-
tional dynamic constraints involving the ground
reaction forces which eventually provide a sufficient
set of conditions for nonholonomy. The requirement
for avoiding tipping over is also taken into account.
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Conditions for avoiding tipping over and maintain-
ing static friction are also stated in ref. 8, where the
objective is to maintain the vehicle stationary and
constraints emerge from the contact conditions of
the vehicle’s outriggers with the ground. This could
not be applied in our case, however, because now
tipping over can also be caused by the combined
effect of the vehicle motion. We need to formulate a
condition for which the static conditions of ref. 8
will be a special case.

Modeling mobile manipulation systems has not
received much attention yet, with few exceptions.7,31

We hope to contribute in this direction with the
main results of this article, which can be summa-
rized as follows:

v The model is constructed with the use of
Kane’s dynamical equation, which possesses a
number of merits compared to Euler]La-
grange and Newton]Euler formulatinos in
terms of both simplicity and computational
effort.

v Object manipulation is not restricted to rigid
materials.

v Deformable object modeling does not neglect
any of the object dynamics, using three-
dimensional elastodynamic equations.

v Introducing the concept of generalized opera-
tional space, it is possible to apply proposed
task space methodologies in the case of infi-
nite degrees of freedom deformable objects.

v The whole system is regarded as a closed-
chain mechanism.

v Nonholonomic constraints imposed on the
mobile bases are taken into account.

v Conventional nonholonomic constraint equa-
tions, which are only necessary conditions for
nonholonomy, are accompanied by constraint
equations at the dynamic level which com-
plete the set and make it sufficient.

v Additional sufficient conditions regarding the
system’s mechanical stability are included.

Analytical expressions for the equations of motion
are not given, since there is no specification on the
number of manipulator links, thereby to account for
both nonredundant and redundant manipulators.
For the vehicle and the first manipulator link, calcu-
lations are carried out analytically to present our
approach to nonholonomic issues with clarity and to
reveal the nature of the interaction between the
manipulator and the vehicle. The remainder of the

procedure for the manipulator is described and spe-
cific references are given.

The rest of the article is organized as follows. In
section 2, Kane’s methodology is applied to the
problem of modeling a single mobile manipulator.
Section 3 is devoted to modeling the deformable
object. The combined model for the system of multi-
ple mobile manipulators handling a common de-
formable object is constructed in section 4. In sec-
tion 5, the dynamic constraints imposed on the
system are presented and analyzed. Section 6 sum-
marizes conclusions drawn from the present work.

2. MODELING OF A MOBILE MANIPULATOR

2.1. Preliminaries

This section is devoted to modeling one mobile
manipulator. Modeling the rest of the set of mo-
bile manipulators follows the same lines. Let this
mobile manipulator be denoted by k. Consider a

� 4fixed inertial frame, I as in Figure 2. Its x and y
axes lie on the horizontal plane. On the mobile

� 4platform of mobile manipulator k, a frame v isk

attached at its mass center. The xv axis is alignedk

with the vehicle linear velocity and zv is parallel tok

z I. At the mass center, the center principal inertial
� 4frame, v , is assigned, which can generally differcpi k

� 4from v . The mounting point of the attached ma-k

nipulator is named mm and coincides with thek
Žplatform point mm the distinction between the twok

.points will be justified in the sequel . On the serial
link manipulator, the frames are assigned according
to the Denavit]Hartenberg convention. Finally, a
coordinate frame is assigned to a fixed point of the
manipulator end effector which is in continuous
contact with the deformable object under manipula-
tion. In the sequel, the superscript on the right side
of the symbol will denote the rigid body to which
the quantity refers. The superscript on the left will
denote the reference frame with respect to which

� 4the quantity is expressed. When omitted, frame I
is assumed. Since this whole section refers to mobile
manipulator k, the subscript k will be dropped for
simplicity.

� 4Frame w is attached at the center of eachj

wheel j, js1, . . . , w, of the vehicle. Its zw j axis
remains parallel to the vehicle zv axis, but the frame
can rotate around this axis. Each frame is related to
the fixed frame through a rotation matrix R. This
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Figure 2. Frame assignment on mobile manipulator k.

rotation matrix will be written as, e.g., I R, to indi-w j

cate transformation of free vectors, expressed in
� 4frame w , to the inertial frame. It should also bej

noted that bound vectors can be freely transformed
from frame to frame via the rotation matrix. Thus,

� 4 � 4for frames A and B with coincident origins,
� 4 � 4where B is rotating relative to A , the position

� 4 Bvector of a fixed point P in B , p, is the same with
Ap, although the local coordinate representations
differ. These local representations are related
through the rotation matrix. This is not the case
with velocities; while Bv P s0, A v P does not.

In the sequel it is assumed that the motion of all
vehicles is restricted on the horizontal plane. More-
over, the mass of the vehicle wheels is neglected. As
a result, no inertial forces or torques are exerted on
the wheels. This assumption is valid, since the
wheels’ mass is generally negligible compared to
the vehicle mass. The coefficient of static friction
between each wheel and the ground is assumed to
be the same for all wheels and equal to m.

The attached manipulator is supposed to have
ny3 rotational joints. The issue of redundancy will

not be addressed in this paper. The assumption that
the joints are rotational can be easily relieved; how-
ever, since the mixed use of both prismatic and
rotational joints will complicate some analytical
derivations, the authors feel they should preserve
the clarity of presentation by using one type only.

If there are n degrees of freedom in the system,
then let the generalized coordinates of the system be

w v v 1 ny3 xqs x y u q ??? q

where x and y are the vehicle planar coordinates in
� 4the fixed coordinate system I , u is the angular

velocity about axis z I, and the qs correspond to the
manipulator joints. The number of generalized coor-
dinates remains n, since the constraints imposed on
the platform are completely nonholonomic and do
not restrict the motion of the system to a con-
strained configuration submanifold, as can be veri-
fied by the controllability rank condition.17

The generalized speeds are defined as

v v 1 ny3˙us x y u q ??? q ???˙ ˙ ˙ ˙
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Normally, when analyzing a specific mechanism,
generalized speeds are defined at a later stage.
Choosing generalized speeds has many advantages,
one of them being the simplification of the dynamic
equations. This is done by appropriately defining
the generalized speeds after inspection of the result-
ing equations, so that expressions can take the sim-
plest form possible. This advantage provided by
Kane’s approach will be spared here for the sake of
generality of analysis. A second advantage of using
generalized speeds is the ability to bring forces that
do not contribute to the dynamic equations into
evidence.18 This is the reason for not specifying the
exact number of generalized speeds at this stage.

2.2. Analysis of the Vehicle

2.2.1. The Vehicle Wheels

A wheel can have two degrees of freedom. One
permits it to rotate about the y w j axis. This degree of
freedom is controlled by an input torque t w j. We
believe that when controlling a vehicle that can be
modeled as a unicycle,16 one does not need to know
the rolling angle of the wheel. The rate of change of
this angle can be extracted by the nonholonomic
constraints associated with rolling without slipping.
The respective angular acceleration is not needed
since we have neglected the wheel mass. For the
above reasons, we have not included this degree of
freedom in the set of generalized coordinates.

The second degree of freedom corresponds to
the steering angle of the wheel and is uniquely
determined by the vehicle orientation angle through
the cart steering system equations. Therefore, it can-
not be an additional degree of freedom. Equiva-
lently, it can be considered as an additional degree
of freedom, but then it must be eliminated through
the holonomic equations relating it with the vehicle

w jŽ .orientation angle. Let f u be the wheel steering
angle relative to the vehicle frame, caused by the
steering mechanism. The dependence of f w j on u
will be dropped in the sequel.

Ž .The following contact forces and torques are
identified on the wheel.

1. The reaction from the ground F w j, applied
at the point of contact between the wheel
and the ground.

2. The reaction from the vehicle body F v j.
3. The control input torques Tw j, both applied

� 4at the frame’s w origin.j

As stated in ref. 18, the ground reactions to the
wheels, as well as the vehicle]wheel interaction
forces, do not contribute to the dynamic equations.
In the first case, the point of contact between the
wheel and the ground has zero instantaneous veloc-
ity which results in a null contribution, since in
Kane’s equation each force is dot-multiplied by a
partial derivative of the point’s velocity. In the latter
case, the velocity of each rigid body is the same,
whereas the forces are opposite by law of action and
reaction. When added, these products are elimi-
nated. This leaves the input torque as the only con-
tributing external influence.

The wheels are subject to nonholonomic con-
straints which can be merged into the wheel equa-
tions of motion. This inclusion results in a smaller
number of dynamic equations. Thus, the system
representation is simplified with the nonholonomic
constraint equations taking the place of the missing
dynamic equations. The velocities of the wheels are
directly related to the nonholonomic constraints,
and this fact will be used to derive expressions for
them.

� 4 � 4The velocity in I of the frame’s w origin canj
be expressed as a function of the generalized speeds

w j I I Ž v w j .v su x qu y qu z =ell1 2 3

where ellw j is the position vector from the origin of
� 4frame v to the contact point between the wheel

Ž .and the ground Fig. 2 . The expression of this
� 4velocity in frame w is calculated asj

w j w j w j w j Žv v w j .v su Rx qu Ry qu R z = ell1 I I 2 I I 3 v v

The rotation matrices w j R and w j R can be expressedI v
as

w wj jŽ . Ž .cos f qu sin f qu 0
w j w wj jRs Ž . Ž .ysin f qu cos f qu 0I

0 0 1
w wj jcos f sin f 0

w j w wj jRs ysin f cos f 0v

0 0 1

Utilizing the above expressions, vw j can be rewritten

w w wj j jŽ . Ž .v s u cos f qu qu sin f qu1 2

v vw w w w wj j j j jqu l sin f y l cos f xŽ .3 x y

w wj jŽ . Ž .q u cos f qu yu sin f qu2 1

v vw w w w wj j j j jqu l sin f q l cos f yŽ .3 y x



vTanner, Kyriakopoulos, and Krikelis: Modeling of Mobile Manipulators 605

The no-skidding condition implies that the second
term vanishes:

Ž w j . Ž w j .0su cos f qu yu sin f qu2 1

qu vl w j sin f w j qvl w j cos f w jŽ .3 y x

Ž w j . Ž w j .u cos f qu yu sin f qu2 1 Ž .« u s 2.1v v3 w w w wj j j jl sin f q l cos fy x

Therefore, vw j can be written

w w wj j jŽ . Ž .v s u cos f qu qu sin f qu1 2

v vw w w w wj j j j j Ž .qu l sin f y l cos f x 2.2Ž .3 x y

The no-slipping constraint can be expressed as

w j w j w j w j Ž .v sv =r z 2.3

where r w j is the radius of the wheel.
To express this nonholonomic constraint in

terms of generalized speeds, we have to introduce
an additional generalized speed, u , which will bew j

eliminated presently. This generalized speed repre-
sents the angular velocity measure of the wheel
around its y w j axis:

­f w j
Dvw v w v w wj j j j Ž .v sv q v s v qu y qu z 2.4w 3j ­u

Ž . Ž . Ž .Substituting 2.2 and 2.4 into Eq. 2.3 , and after
some algebraic manipulation, yields

1
w wj jŽ . Ž .u s u cos f qu qu sin f quw 1 2wj jr

v vw w w wj j j j Ž .qu l sin f y l cos f 2.5Ž .3 x y

Then vw j can be expressed as

Ž w j . Ž w j .u cos f qu qu sin f qu1 2
v vw w w wj j j jqu l sin f y l cos fŽ .3 x yw wj jv s yw jr

­f w j

w jqu 1q z3 ž /­u

The last term is a result of the wheel rotation due to
the vehicle angular motion and to the relative mo-
tion between the wheel and the vehicle caused by
the steering mechanism. The generalized speed uw j

has already been eliminated. After eliminating u3

Ž .from Eq. 2.1 we obtain

w wj jŽ . Ž .u cos f qu qu sin f qu1 2w jv s w jr

v vw w w wj j j jl sin f y l cos fŽ .x y
w wj jŽ Ž . Ž ..= u cos f qu yu sin f qu2 1 w jq yv vw w w w wj j j j jr l sin f q l cos fŽ .y x

Ž Ž w j ..1q ­f r­u
w wj jŽ Ž . Ž ..= u cos f qu yu sin f qu2 1 w jq zv vw w w wj j j jl sin f q l cos fy x

Ž .Using Eq. 2.1 in all expressions that follow, all
velocities are described using a subset of the origi-
nal generalized speeds, namely, ny1. This will
reduce the number of resulting dynamic equations,
which will again be n in number when the nonholo-

Ž .nomic constraint 2.1 is included.
The contribution of wheel input torques to the

˜Ž .nonholonomic generalized active forces, F , willr w j
� 4be calculated in the local wheel frame w , wherej

expressions acquire their simpler form. Then the
partial angular velocities of a wheel in its own
frame will be

Ž w j . Ž w j .cos f qu sin f qu
w wj jv s y y˜ v v1 w w w w wj j j j jr l sin f q l cos fy x

v vw w w wj j j jl sin f y l cos fx y w j= yw jr

w j­f
w j Ž .q 1q z 2.6až /­u

Ž w j . Ž w j .sin f qu cos f qu
w wj jv s y q˜ v v2 w w w w wj j j j jr l sin f q l cos fy x

v vw w w wj j j jl sin f y l sin fx y w j= yw jr

w j­f
w j Ž .q 1q z 2.6bž /­u

where the tilde is used to denote the nonholonomic
Ž .partial angular velocities see the Appendix . The

nonholonomic partial angular velocities are less in
number than normal holonomic partial velocities,
because nonholonomic constraint equations have
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been utilized to eliminate some generalized speeds.
The difference in number is equal to the number of
nonholonomic constraints. In our case, one general-
ized speed, u , which was eliminated shortly afterw j

its introduction, was not included in the original
set, so the number was reduced at the beginning by

Ž .1. Using Eq. 2.1 , the number of generalized speeds
was reduced to ny1. Nonholonomic partial angu-
lar velocities of wheel w for rs3, . . . , ny1 arej
zero.

Steering torques have only a component in the
zw j direction, whereas driving torques appear in
the y w j:

w j w j w j Ž .T st z 2.7as s

w j w j w j Ž .T st y 2.7bd d

The contribution of these input torques to the non-
holonomic generalized active forces is

˜ w j w j w j w jF sv ?T qv ?T rs1, . . . , ny1˜ ˜Ž .wr r s r dj

and after some simple algebraic manipulation,

Ž w j .Ž Ž w j ..sin f qu 1q ­f r­u
w jF̃ sy tŽ . v vw1 sw w w wj j j j jl sin f q l cos fy x

Ž w j .cos f qu
w jq tdw jr

Ž w j . v w j w j v w j w jsin f qu l sin f y l cos fŽ .x yq v vw w w w wj j j j jr l sin f q l cos fŽ .y x

w j Ž . Ž . Ž .=t by 2.6 and 2.7 2.8d

Ž w j .Ž Ž w j ..cos f qu 1q ­f ru
w jF̃ s tŽ . v vw2 sw w w wj j j j jl sin f q l cos fy x

Ž w j .sin f qu
w jq tdw jr

Ž w j . v w j w j v w j w jcos f qu l sin f y l cos fŽ .x yq v vw w w w wj j j j jr l sin f q l cos fŽ .y x

w j Ž . Ž . Ž .=t by 2.6 and 2.7 2.9d

Generalized active forces for rs3, . . . , ny1 are zero,
since the corresponding partial angular velocities
are zero. Since the wheel mass is neglected, no
inertial forces or torques will be taken into account.

2.3. The Vehicle Body

The vehicle body has three degrees of freedom: two
of them correspond to its position on the horizontal
plane and the third to its orientation. These degrees
of freedom are kinematically coupled with the
wheels’ rotation and steering angles. In fact, the
wheels’ kinematic quantities determine the vehicle
body and degrees of freedom. The vehicle body
motion is completely dependent on the motion of its
wheels.

On the vehicle body, the following contact and
field forces and torques can be identified:

1. The reaction forces by the wheels.
2. A force and torque by the attached manipu-

lator.
3. The vehicle weight.
4. The reactions to the driving and steering

torques.

Among these, the reaction forces by the wheels, the
force and torque applied by the manipulator, and
the weight of the vehicle are not contributing to the
system generalized active forces.

The forces applied by the wheels are eliminated
with their opposite due to the law of action and
reaction. Since the interacting bodies do not develop
linear velocity relative to each other, the products of
partial velocities by the interaction forces are oppo-
site.

Reaction forces and torques by the attached manipu-
lator are noncontributing for the same reasons, but
are necessary in the derivation of stability constraint
conditions for the vehicle. Since they are noncon-
tributing, they disappear from the equations and no
information about them can be extracted. Therefore,
we will apply a feature of Kane’s approach that
brings noncontributing forces into evidence by aug-
menting the vector of generalized speeds, without
affecting the generalized coordinates. Specifically,
we will theoretically allow the base of the attached
manipulator to move freely. This will yield addi-
tional equations which will give expressions for the
interaction forces.

The vehicle weight does not contribute either
because the mass center of the vehicle translates
with horizontal velocity. The resulting partial veloc-
ity is also horizontal and the dot product with the
weight vanishes. This leaves the reaction torques by
the wheels as the only contributing forces and torques.

We proceed with the calculation of the contribu-
tions of the reaction torques by the wheels and the
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interaction force and torque between the vehicle
and the manipulator.

� 4The vehicle mass center c , where frame v isv
located, moves with velocity

c v I I Ž .v su x qu y 2.101 2

The corresponding nonholonomic partial velocities
are

c v I Ž .v sx 2.11˜1

c v I Ž .v sy 2.12˜2

The mass center angular velocity is

Ž w j . Ž w j .u cos f qu yu sin f qu2 1v I Iv su z s zv v3 w w w wj j j jl sin f q l cos fy x

Ž . Ž .by 2.1 2.13

Let w be the point of the vehicle body which coin-j
� 4cides with the origin of frame w . Then this pointj

will also have angular velocity

w j w jŽ . Ž .u cos f qu yu sin f qu2 1w Ijv s zv vw w w wj j j jl sin f q l cos fy x

Its nonholonomic partial angular velocities will be

w jŽ .sin f qu
w I vj Ž .v sy z sv 2.14˜ ˜v v 1w w w wj j j jl sin f q l cos fy x

w jŽ .cos f qu
w I vjv s z sv˜ ˜v v2 2w w w w wj j j j jl sin f sin f q l cos fy y x

Ž .2.15

and the contribution of the reaction torques by the
wheels to the nonholonomic generalized active forces
will be calculated as

w w w wj j j j˜ Ž . Ž .F sv yT qv yT˜ ˜Ž .wr r s r dj

which after substitution becomes

Ž w j .sin f qu
w jF̃ s tŽ . v vw1 sw w w wj j j j jl sin f q l cos fy x

Ž . Ž . Ž .by 2.7 and 2.14 2.16

Ž w j .cos f qu
w jF̃ sy tŽ . v vw2 sw w w wj j j j jl sin f q l cos fy x

Ž . Ž . Ž .by 2.7 and 2.15 2.17

The velocity of point mm, at the point at which the
manipulator is attached as on the vehicle, is calcu-
lated

vm m v v m mv sv qv = r

su x l qu y I
1 2

w j w jŽ . Ž .u cos f qu yu sin f qu2 1 vI m mq z = rv vw w w wj j j jl sin f q l cos fy x

Ž . Ž . Ž .by 2.10 and 2.13 2.18

and its nonholonomic partial velocities are
w jŽ .sin f qu vm m I I m mv sx y z = r˜ v v1 w w w wj j j jl sin f q l cos fy x

Ž .2.19

w jŽ .cos f qu vm m I I m mv sy q z = r˜ v v2 w w w wj j j jl sin f q l cos fy x

Ž .2.20

The points’ angular velocity coincides with the vehi-
Ž .cle angular velocity, expressed in Eq. 2.13 . The

partial angular velocities can be obtained from Eqs.
Ž . Ž .2.14 and 2.15 .

m m m mIf we denote by F and T the force and
torque exerted by the attached manipulator on the vehi-
cle, respectively, then their contribution to the gen-
eralized active forces is

w jŽ .sin f qu vI I m mF̃ s x y z = rŽ . v v1 m m w w w wj j j jž /l sin f q l cos fy x

m m?F
w jŽ .sin f qu

I m my z ?Tv vw w w wj j j jl sin f q l cos fy x

Ž . Ž . Ž .by 2.14 and 2.19 2.21
w jŽ .cos f qu vI I m mF̃ s y q z = rŽ . v v2 m m w w w wj j j jž /l sin f q l cos fy x

m m?F
w jŽ .cos f qu

I m mq z ?Tv vw w w wj j j jl sin f q l cos fy x

Ž . Ž . Ž .by 2.15 and 2.20 2.22
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Inertial forces and moments are exerted on the vehi-
cle body. If the acceleration of the mass center of the
vehicle, c , isv

c v v I v I Ž .a sx x qy y 2.23¨ ¨

the the inertial force is

U v v Ž v I v I . Ž .R sym x x qy y 2.24¨ ¨

The inertia moment exerted on the vehicle is

U c v v v v v v Ž .T sya ?I yv =I ?v 2.25

where a v is the angular acceleration of the vehicle,

Ž w j . Ž w j .d u cos f qu yu sin f qu2 1v I I¨a su z s zv vw w w wj j j j½ 5dt l sin f q l cos fy x

Ž .2.26

and I v is the central inertia dyadic of the vehicle
Ž .see the Appendix . If, however, the principal mo-
ments of inertia I v, I v, and I v in the central princi-1 2 3

� 4pal inertial frame v are known and if one definescpi

D Dv v v v v vcpi cpia s a ?x v s v ?xx x

D Dv v v v v vcpi cpia s a ?y v s v ?yy y

D Dv v v v v vcpi cpia s a ?z v s v ?zz z

then the inertia moment can be expressed as18

U v v v v v v v vcpiŽ .T sy a I yv v I y I xx x y z y z

v v v v v v vcpiŽ .y a I yv v I y I yy y z x z x

v v v v v v vcpiŽ . Ž .y a I yv v I y I z 2.27z z x y x y

The contribution of the vehicle inertial forces and
moments to the nonholonomic generalized inertial
forces is calculated as

Ũ v U v c v U vF sv ?T qv ?R˜ ˜Ž .r r rb

and after substitution,

Ž w j .sin f qu
ŨF sŽ . v v1 w w w wb j j j jl sin f q l cos fy x

v v v v v v v IcpiŽ .= a I yv v I y I x ?z� x x y z y z

v v v v v v v IcpiŽ .y a I yv v I y I y ?zy y z x z x

v v v v v v v I v vcpiŽ .y a I yv v I y I z ?z ym ẍ4z z x y x y

Ž . Ž . Ž . Ž . Ž .by 2.11 , 2.14 , 2.24 , and 2.27 2.28

Ž w j .cos f qu
ŨF syŽ . v v2 w w w wb j j j jl sin f q l cos fy x

v v v v v v v IcpiŽ .= a I yv v I y I x ?z� x x y z y z

v v v v v v v IcpiŽ .y a I yv v I y I y ?zy y z x z x

v v v v v v v I v vcpiŽ .y a I yv v I y I z ?z ym ÿ4z z x y x y

Ž . Ž . Ž . Ž . Ž .by 2.12 , 2.15 , 2.24 , and 2.27 2.29

Ž .The vehicle total including the wheels contribution
to the nonholonomic generalized active forces is

Ž . Ž .found by simple addition of Eqs. 2.8 , 2.16 , and
Ž . Ž . Ž . Ž .2.21 and Eqs. 2.9 , 2.17 , and 2.22 , respectively:

Ž w j .Ž w j .sin f qu ­f r­u
w jF̃ sy tŽ . v v1 sw w w wv j j j jl sin f q l cos fy x

Ž w j . v w j w j v w j w jsin f qu l sin f y l cos fŽ .x y w jq tdv vw w w w wj j j j jr l sin f q l cos fŽ .y x

Ž w j .cos f qu
w jq tdw jr

w jŽ .sin f qu vI I m mq x y z = rv vw w w wj j j jž /l sin f q l cos fy x

m m?F
w jŽ .sin f qu

I m m Ž .y z ?T 2.30v vw w w wj j j jl sin f q l cos fx

Ž w j .Ž w j .cos f qu ­f r­u
w jF̃ s tŽ . v v2 sw w w wv j j j jl sin f q l cos fy x

Ž w j . v w j w j v w j w jcos f qu l sin f y l cos fŽ .x y w jq tdvw w w wj j j jr l sin f cos fŽ .y x

Ž w j .sin f qu
w jq tdw jr

w jŽ .cos f qu vI I m mq y q z = rv vw w w wj j j jž /l sin f q l cos fy x

m m?F
w jŽ .cos f qu

I m m Ž .q z ?T 2.31v vw w w wj j j jl sin f q l cos fy x
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2.4. The Manipulator

2.4.1. Link 0

Link 0 is the basis of the manipulator. It is rigidly
attached on the mobile platform and moves along
with it. Let mm be the point on the link at which it
is connected to the vehicle.

As will be seen later on, the iteration forces and
torques exerted on the vehicle by the manipulator
are of great importance. These forces and torques do
not contribute to the dynamic equations and do not
appear in them. However, it is necessary to have an
expression for them to be able to formulate stability
conditions for the vehicle that carries the manipula-
tor. For this reason, we make use of a feature of
Kane’s approach, namely, the introduction of addi-
tional generalized speeds to bring certain noncon-
tributing forces into evidence.

In this framework, we let points have velocities
and let rigid bodies have angular velocities which in
fact they cannot. In this way, noncontributing forces
and torques will appear in the augmented dynam-
ics. Therefore, we let point mm translate and rotate
in all directions w.r.t. the vehicle, so that its velocity
will be

vm m m m m mv sv q v

su x I qu y I
1 2

Ž w j . Ž w j .u cos f qu yu sin f qu2 1 Iq zv vw w w wj j j jl sin f q l cos fy x

v m m v v v= r qu x qu y qu zn nq1 nq2

Ž . Ž .by 2.18 2.32

and the angular velocity will be

Ž w j . Ž w j .u cos f qu yu sin f qu2 1v0 v 0 Iv sv q v s zv vw w w wj j j jl sin f q l cos fy x

qu xv qu y v qu zv
nq3 nq4 nq5

Ž . Ž .by 2.13 2.33

The nonholonomic partial velocities and partial an-
gular velocities are therefore

w jŽ .sin f qu vm m I I m mv sx y z ===== r˜ v v1 w w w wj j j jl sin f q l cos fy x

Ž w j .sin f qu
0 I Ž .v sy z 2.34˜ v v1 w w w wj j j jl sin f q l cos fy x

w jŽ .cos f qu vm m I I m mv sy q z ===== r˜ v v2 w w w wj j j jl sin f q l cos fy x

Ž w j .cos f qu
0 I Ž .v s z 2.35˜ v v2 w w w wj j j jl sin f q l cos fy x

for rs1, 2 and for the rest,

m m v 0 v Ž .v sx v sx 2.36a˜ ˜n nq3

m m v 0 v Ž .v sy v sy 2.36b˜ ˜nq1 nq4

m m v 0 v Ž .v sz v sz 2.36c˜ ˜nq2 nq5

Thus, the contribution of the reaction forces from
the platform to the nonholonomic generalized active
forces is

m m
m m m m 0 m m˜Ž . Ž . Ž .F sv ? yF qv ? yTr ˜ ˜r r

Ž .rs1, 2, ny1, . . . , nq5 2.37

Given that link 0 can translate and rotate freely, its
weight will contribute. The velocity of its mass
center will be

c0 m m 0 Ž0 c0 0 m m .v sv qv ===== r y r

where 0r c0 is the position vector of mass center of
� 4 0 m mlink 0 w.r.t frame 0 and r is the position vector

of point mm w.r.t. the same frame. The above ex-
pression can be analyzed as

v c0 su x I qu y I
1 2

Ž w j . Ž w j .U cos f qu yu sin f qu2 1 Iq zv vw w w wj j j jl sin f q l cos fy x

v m m v v v===== r qu x qu y qu zn nq1 nq2

Ž w j . Ž w j .u cos f qu yu sin f qu2 1 Iq zv vw w w wj j j jž l sin f q l cos fy x

qu xv qu y v qu zv
nq3 nq4 nq5 /
Ž0 c0 0 m m .= r y r

Ž . Ž .by 2.32 and 2.33
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Then the nonholonomic partial velocities can be
derived:

Ž w j .sin f qu
c I I0v sx y z˜ v v1 w w w wj j j jl sin f q l cos fy x

v 0 0m m c m m0Ž . Ž .===== r q r y r 2.38

Ž w j .cos f qu
c I I0v sy q z˜ v v2 w w w wj j j jl sin f q l cos fy x

v 0 0m m c m m0Ž . Ž .===== r q r y r 2.39
c0 v c0 v Ž0 c0 0 m m .v sx v sx ===== r y r˜ ˜n nq3

c0 v c0 v Ž0 c0 0 m m .v sy v sy ===== r y r˜ ˜nq1 nq4 Ž .2.40

c0 v c0 v Ž0 c0 0 m m .v sz v sz ===== r y r˜ ˜nq3 nq5

Hence, the contribution of the link weight G0 s
m0 gz I to the nonholonomic generalized active forces
will be

0 Ž w j .m g sin f qu
F̃ syŽ . v v1 w w w wG0 j j j jl sin f q l cos fy x

v 0 0I m m c m m I0w Ž .x Ž .= z ===== r q r y r ?z by 2.38
Ž .2.41

0 Ž w j .m g cos f qu
F̃ sŽ . v v2 w w w wG0 j j j jl sin f q l cos fy x

v 0 0I m m c m m I0w Ž .x Ž .= z ===== r q r y r ?z by 2.39
Ž .2.42

˜ Ž .F s0 by 2.40Ž .ny3 G0

˜ 0 v 0 c0 0 m m Iw Ž .x Ž .F sm g x ===== r y r ?z by 2.40Ž .n G0

˜ Ž .F s0 by 2.40Ž .ny2 G0

0 00 v c m m I0˜ Ž . Ž .F sm g y ===== r y r ?z by 2.40Ž .nq1 G0

˜ 0 Ž .F sm g by 2.40Ž .ny1 G0

˜ 0 v 0 c0 0 m m Iw Ž .x Ž .F sm g z ===== r y r ?z by 2.40Ž .nq2 G0

Instead of calculating the contribution of the reac-
tion torque by the following link, we make the
following general remark which can be applied to
all the links of the serial manipulator. As can be

Ž . Ž .seen from Eqs. 2.30 and 2.31 , when the contribu-
tion of forces or torques and their reactions are
added, the result is a contribution of the same force

or torque multiplied by the partial relative velocity
of the two interacting bodies. If there is no relative
motion, the contribution is zero. Taking that as an
example, we can calculate all the contributions of
the manipulator joint torques in the same way,

Ž i iy1 .­ v yv
iy1˜ Ž .F s ?t z 2.43Ž .r ijoint i ­ ur

where z iy1 is the axis of rotation link i w.r.t. link
iy1, according to the Denavit-Hartenberg conven-
tion.

It should be noted that if one wishes to obtain
the actual velocities of a point, all that has to be
done is to set the additional generalized speeds in
the expressions of velocities to zero. These addi-
tional generalized speeds are used only for the
derivation of partial velocities and partial angular
velocities. Inertial forces, the calculation of which is
based on accelerations, are obtained by use of the
actual accelerations. Thus, for the calculation of link
0 inertial forces and moments contribution, one pro-
ceeds as follows:

c0 v v Ž v v c0 . v v c0a sa qv ===== v ===== r qa ===== r

sxv x I qyv y I¨ ¨
2w wj jŽ . Ž .u cos f qu yu sin f qu2 1 Iq zv vw w w wj j j j½ 5l sin f q l cos fy x

I v m m m m c0 ¨ I v m m m m c0w Ž .x Ž .= z ===== r q r qu z ===== r q r

Ž . Ž . Ž .by 2.23 , 2.13 , and 2.26

Ž w j . Ž w j .d u cos f qu yu sin f qu2 1c v I0a sa s zv vw w w wj j j j½ 5dt l sin f q l cos fy x

Then the inertial forces can be found as

FU 0 sym0ac0

and the inertial moment TU 0 is found in the same
Ž .way as in Eq. 2.27 :

U 0 0 0 0 0 0 0 0Žcpi.T sy a I yv v I y I xŽ .x x y z y z

0 0 0 0 0 0 0Žcpi.Ž .y a I yv v I y I yy y z x z x

0 0 0 0 0 0 0Žcpi.y a I yv v I y I zŽ .z z x y x y

This way the contribution of the inertia of link 0 can
be found using the partial velocities and partial

Ž . Ž . Ž . Ž .angular velocities in Eqs. 2.38 , 2.39 , 2.40 , 2.34 ,
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Ž . Ž .2.35 , and 2.36 :

Ũ c0 U 0 U 0Ž . Ž .F sv ? F qv ? T 2.440 ˜ ˜r 0 r

2.4.2. Links 1 to n

The rest of the mechanisms can be studied as usual.
Each link i can rotate with simple angular velocity18

w.r.t. the previous link iy1, that is, it rotates about
axis z iy1. The points of interest for each link are the
joint and its mass center. The angular velocity of the
joint point v i,

v i sv iy1 qiy1v i sv iy1 qq iz iy1˙

is needed for the calculation of the joint torque
Ž .contribution, using Eq. 2.43 . The velocity and the

center of mass, v ci,

v ci sv i qv i =====ir ci

v i sv iy1 qv i =====iy1r i

are needed for the calculation of the contribution of
the link weight. On the other hand, to obtain the
inertial forces and moments exerted on the link, one
must also calculate the acceleration, aci, and angular
acceleration, a i, of the mass center:

i iq1 i iy1 i i Ž i iy1 i .a sa qa ===== r qv ===== v ===== r
ci i i i ci i Ž i i ci .a sa qa ===== r qv ===== v ===== r

a i sa iy1 qq iz iy1 qq iv i =====z iy1¨ ˙

All these calculations can be performed with any
recursive forward kinematics algorithm.32 Since
there is no specification on the number of links,
analytical expressions will not be developed.

The links of the manipulator will make a contri-
bution to the generalized active forces due to the
action of the following:

1. The input torque at the joint.
2. The weight of each link.

The input torque contribution is calculated by Eq.
Ž .2.43 as

Ž i iy1 .­ v yv
iy1F̃ s ?t zŽ .r ijoint i ­ ur

The contribution of the weight of link i will be
calculated as

­ v ci

i˜ Ž .F s ?m g 2.45Ž .r G i ­ ur

Inertial force on link i of the manipulator is ex-
pressed as

FU i symiaci

and the inertial moment is expressed as

TU i sya i ? I i yv i =====I i ? v i

where I i is the central inertial dyadic of link i. Then
the contribution of inertial forces and moments of
link i to generalized inertia forces is

­ v ci ­v i
U U i U iF̃ s ?F q ?T , rs1, . . . , nq5Ž .r i ­ u ­ ur r

Ž .2.46

The interested reader, who wishes to see how Kane’s
equations can be developed for a serial manipula-
tor, can refer to ref. 21, where the approach is
applied to a Stanford manipulator.

2.4.3. The Effect of a Load

If a load is assumed at the end effector of the
attached manipulator, then its effect can be replaced
by a torque T ee and a force F ee, applied at the origin

� 4of the end effector frame ee , which could be coin-
� 4cident with frame n . This torque and force make a

contribution to the nonholonomic generalized active
forces:

­ v ee ­vee
ee ee˜ Ž .F s ?F q ?T 2.47Ž .r ee ­ u ­ ur r

2.5. Mobile Manipulator k Dynamic Equations

Kane’s dynamic equations for mobile manipulator k
can be formed as

˜ Ũ Ž .F q F s0 rs1, . . . , nq5 2.48Ž . Ž .r rk k

˜ ŨŽ . Ž .where F and F are calculated as a sum of allr k r k
nonholonomic generalized active forces and inertial
forces, respectively, acting on the system. Specifi-

˜Ž .cally, F is formed by summing the r termsr k
Ž . Ž . Ž .rs1, . . . , nq5 appearing in Eqs. 2.30 , 2.31 ,
Ž . Ž . Ž . Ž . Ž . Ž .2.37 , 2.41 , 2.42 , 2.43 , 2.45 , and 2.47 . On the
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ŨŽ .other hand, F is calculated as a sum of the rr k
Ž . Ž . Ž . Ž .terms in Eqs. 2.28 , 2.29 , 2.44 , and 2.46 .

By the number of generalized coordinates, one
should initially expect n equations. In fact, if one
would like to analyze the system in more detail,
hershe should include the generalized coordinates
which correspond to each wheel rotation. Since this
information is of no importance, we felt that it was
preferable to spare these coordinates for the sake of
reducing the dimension of the system. Therefore,
we eliminated them immediately after their intro-
duction through u , with the use of the availablew j

nonholonomic equations. By that time we were
looking at n equations.

Using the no-skidding nonholonomic constraint,
were were able to reduce the number of equations

Ž .by 1. After the substitution of u given by Eq. 2.1 ,3
ny1 equations remained. The final number of nq5
equations resulted from the need to bring the inter-
acting forces between the vehicle and the attached
manipulator into evidence. These forces could have
been ignored, since they do not contribute to the
actual equations. However, if one wishes to estab-
lish stability criteria for the mobile platform under
the effect of load and accelerations, these forces are
necessary.

Ž .Equation 2.48 is a reduced dynamics model for
mobile manipulator k and should be accompanied

Ž .by the nonholonomic constraint equation 2.1 :

˜ Ũ0s F q F rs1, . . . , nq5Ž . Ž .r rk k

Ž w j . Ž w j .u cos f qu yu sin f qu2 1
u s v v3 w w w wj j j jl sin f q l cos fy x

Kane’s equations can be rearranged to the form

Ž . Ž . Ž . Ž .M q qqC q, q qG q qF st 2.49¨ ˙ e

by noting that3

­Ý FU i
i r

M sr , j ­ q̈ j

­Ý FU i
i rU iŽ .C q, q sy F q q˙ ¨Ýr r j­ q̈ ji

G sy v ci ?G i˜Ýr
i

­ v ee ­vee
ee eeŽ .F sy ?F q ?Te r ž ­ u ­ ur r

m m m m 0 m mŽ . Ž .qv yF qv yTr̃ r /
Ž i iy1 .­ v yv

w w w iy1j j jŽ .t sv ? T qT q ?t z˜k r s d i­ ur

where q is the vector of generalized coordinates for
mobile manipulator k, and r and j range from 1 to
nq5. It should also be made clear that C does not
depend on q: the term which contains the accelera-¨
tions in the above defining equation eliminates all
acceleration terms from Ý FU i so that only velocityi r
dependent terms are left.

Let the operational point p of the mobile manip-
ulator be a fixed point on the manipulator end
effector ee. The mobile manipulator is a redundant
system, so the coordinates of the operational point
are insufficient to describe the full dynamics of the
mobile manipulator. The dynamics of the opera-
tional point can be described though. Before we
proceed, it is necessary to specify the parameters
used in the representation of the orientation of frame
� 4ee , since different parameters can be chosen and
the expressions may differ. In the special case where
‘‘X-Y-Z fixed angles’’33 are used, the Jacobian ma-
trix associating the joint velocities to the operational
point velocities is known as geometrical32 or basic19

Jacobian:

v Ž .sJ q q̇0ž /v

It has been shown by Khatib19 that any Jacobian
resulting from the use of different orientation pa-
rameters is related to the geometrical Jacobian:

Ž . Ž .J q sE J qp 0

Another Jacobian can be derived by direct dif-
ferentiation of the forward kinematics function and
is called analytical. No matter which orientation
representation is used, the differential kinematics
relation can be generally expressed as

Ž .psJ q q˙ ˙
which after differentiation becomes

Ž . Ž . Ž .psJ q qqh q, q 2.50¨ ¨ ˙
Ž . Ž .Then, Eqs. 2.49 and 2.50 can be used to obtain the

operational point dynamics

Ž . Ž . Ž .L q pqm q, q yn q sF¨ ˙



vTanner, Kyriakopoulos, and Krikelis: Modeling of Mobile Manipulators 613

where

y1y1 T TŽ . w x Ž .L q s JM J m q, q sJ CyL h˙
T TŽ .n q sJ g FsJ t

Ž .and J is the generalized inverse of J q , corre-k
sponding to the solution that minimizes joint veloci-
ties norms and is equal to19

y1 TŽ . Ž . Ž . Ž .J q sM q J q L q

The analysis so far has focused on a single mobile
manipulator and no distinction was made from any
other mobile manipulator for reasons of clarity.
Having completed our analysis of this subsystem, it
is convenient to distinguish the dynamic equations
of each mobile manipulator using a subscript k that
refers to a specific mobile manipulator k:

Ž . Ž . Ž . Ž .L q p qm q , q qn q sF 2.51¨ ˙k k k k k k k k k

3. MODELING THE DEFORMABLE OBJECT

A deformable object can have infinite degrees of
freedom, each associated with a mass particle in the
body. In a microscopic scale, the motion of a particle
in a deformable object under external load is gov-
erned by the elastodynamic equations. Consider a
mass particle in a deformable body of arbitrary
shape, which is under the influence of external
forces. The position of the particle w.r.t. the inertial
coordinate frame is determined by its coordinates
Ž .x y z . The displacement of the particle is repre-
sented by the vector

Ž .D x x , y , z , t
Ž .D y x , y , z , t«s
Ž .D z x , y , z , t

Ž .where D x x, y, z, t is the displacement in the di-
Ž . Žrection of the x axis, and D y x, y, z, t and D z x,

.y, z, t are the displacements in the directions of the
y and z axes, respectively.

The body deformations are represented by
the vector «, which is related to displacements as

follows:

­
0 0

­ x
­

0 0
« ­ yx

« ­y
0 0 u« ­ zz

«s s ? sD ?«v­ ­gx y w0 ^̀ _­ y ­ xgy z «
­ ­gz x 0

­ z ­ y
­ ­

0
­ z ­ x^ ` _

D Ž .3.1

The deformations produce internal stresses in the
body. Let E be the elasticity modulus and n the
Poisson ratio of the deformable material. The Lamé
constants are

E n
ms ls2mŽ .2 1qn 1y2n

The relation between stresses and deformations is
expressed by the well known Hook law, which can
be expressed as

sx

sy

sz
ss

tx y

ty z

tz x

2mql l l

l 2mql l 03

l l 2mql
s ?«

m 0 0
0 0 m 03

0 0 m^ ` _
E Ž .3.2

where 0 is the 3=3 null matrix. This is the case3
where there are no remaining stresses or deforma-
tions in the body.
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The equations of equilibrium for the material
particle can be expressed as

T Ž .D sqfs0 3.3

Ž . Ž . Ž .Substituting 3.1 and 3.2 into 3.3 yields the elas-
todynamic equations for the deformable body for
the case of no remaining stresses and deformations,

T Ž .D ED«qfs0 3.4

where f are the ‘‘external’’ forces acting on the
body,

Ž .fsf qf qf qf 3.5I d t g

where f , f , and f correspond to inertial, damping,I d t
and external forces, respectively. If viscous damping
within the material is assumed, they will be

­ 2 «
f syr ,I 2­ t

Ž .­« ­ D ?«
Ž .f syc syc by 3.1d d d­ t ­ t

f syrgqft c

where g is the gravity acceleration, r is the object
density, which is assumed constant, and f are thec
contact forces which other bodies exert on the ob-
ject.

Ž .Equation 3.4 has to be integrated on the object
volume, which can be done using finite elements.
Integration of the equations yields the displace-
ments of every point of the body and thus deter-
mines the final shape of the object and its strain
distribution.

4. MULTIPLE MOBILE MANIPULATOR SYSTEM

4.1. Introduction

So far we have derived a model for one mobile
manipulator and a deformable object. Suppose that
there are m mobile manipulators grasping the ob-
ject. In this section, the dynamic equations of the
mobile manipulators will be combined with the use
of the deformable body dynamic equations.

Due to the deformable nature of the common
manipulated object, the operational point coordi-
nates of one manipulator are not determined by the
operational coordinates of other manipulators. The

deformable object reacts to the relative motion of
the grasp points, but does not restrict it. Thus the
combined system degrees of freedom are not con-
fined. On the contrary, if one also considers the
deformable body’s degrees of freedom, the com-
bined degrees are increased to a theoretically infi-
nite number. This is obviously not desirable from
the control point of view.

Although the deformable object cannot be for-
mally controlled, a limited number of its degrees of
freedom, namely, the coordinates of the mobile ma-
nipulators’ operational points, can be driven. A rea-
sonable approach is to consider a global operational
point that includes all controllable degrees of free-
dom. Bearing in mind that the motion of the de-
formable object can be calculated to a certain degree
of accuracy given the deformations applied or the

Žforces exerted on its outer surface boundary condi-
.tions , we can regard the controllable degrees of

freedom as independent and the rest as ‘‘semide-
pendent.’’ This motivates us to describe the dynam-
ics of the deformable object in terms of the coor-
dinates of the operational points. This approach
renders the deformable object as a deformable lat-
tice, the nodes of which are the operational points of

Ž .the mobile manipulators Fig. 3 . The geometric
parameters of the lattice can be chosen in such a
way that the deformable rods in it have a total mass
equal to that of the original object and that the mass
distribution is such that the position of the mass
centers of each construction does not differ signifi-
cantly. A similar approach to rigid bodies under
manipulation was followed in ref. 34.

Our approach calls for the definition of a global
operational point, to which every mobile manipula-
tor will make a contribution. These contributions
are not completely decoupled, since each mobile
manipulator interacts with the rest, exerting forces
through the deformable object. The definition of a
global operational point will follow. Then, having
described all subsystems in terms of a single, global
operational point, it is possible to utilize the aug-
mented object approach.22

The whole system is considered as a closed-
chain robotic system and is examined within the
framework of such systems.

4.2. The Global Operational Space Concept

The state of the deformable object can only be
determined when either the external forces or the
displacement vector and its derivatives have been
specified for all points of grasp. These serve as
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Figure 3. Approximating the deformable object.

Ž .boundary conditions for Eqs. 3.4 . Let us define the
global operational point:

Definition 1: The global operational point is a vec-
tor formed by the cartesian product of the opera-
tional points of all manipulator systems grasping
the deformable object,

D T1 2 k mw xP s p p ??? p ??? p

gDD 1 =DD 2 = ??? =DD k = ??? DD mp p p p

where pi is the operational point defined for each
mobile manipulator k, the dynamics of which the

Ž . imodel 2.51 describes. DD is the operational spacep
of mobile manipulator i and m is the total number
of mobile manipulators in the system.

From Definition 1, it follows that the global
operational space is the direct sum of the task space
of the mobile manipulators grasping the object. Ob-
viously, its dimension is also the sum of the degree
of manipulability of each mobile manipulator. This
is so because the motion of a particular grasp point
is not restricted by the motion of the others; there is
force interaction between them.

4.3. Generalization of the Augmented
Object Approach

In the framework of the augmented object approach,
only rigid objects have been considered. The defini-
tion of a global operational point permits the gener-
alization of this methodology to the case of de-
formable objects as well. All subsystems can be
combined into a single, centralized dynamic model,
defined in the global operational space.

Vector P, along with its derivatives, provides
Ž .the necessary boundary conditions for 3.4 , by

which the displacements of all points of the de-
formable body can be calculated, as well as the
forces at the end effectors with which the object
reacts to the manipulators.

A deformable object can have infinite degrees of
freedom. Consequently, it is impossible to formally
control all its degrees of freedom. In any case, the
general behavior of a deformable object will defy
accurate mathematical modeling and the question
lies on the degree of desired accuracy and on the
conditions of operation that one is interested in. We
believe that placing too much emphasis on accu-
rately describing the behavior of the deformable
object will unnecessarily complicate the model and
will make control difficult. We propose the use of

Ž .an approximating deformable lattice Fig. 3 , the
nodes of which are the grasp points of the mobile
manipulators involved. On such a deformable grid,
one can apply simplified finite elements to obtain
information about the state of the grasp points.
Given this as a starting point, one can proceed to
higher degrees of accuracy by refining the grid.

Ž .The Galerkin equations for 3.4 can be con-
structed as

T w T xd « D ED«qf dVs0H
V

With algebraic manipulation on the first term in the
above integral, the equation becomes

d «T s dSy d« Ts dVq d «T f dVs0E H H
S V V

where s is the resultant of all stresses on the bound-
ary surface S of the object and is equal to f .c
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Ž .Substituting 3.5 and rearranging the terms yields

2 Ž .­ « ­ D ?«
T Td « r dVq d « c dVH H d2 ­ t­ tV V

q d« T s dVqd «T rg dVH
V

T T Ž .s d « f dSq d « rg dV 4.1E Hc
S V

Observing the above equation, we can see the
equivalence to the general expression of the equa-
tions of motion for mechanical systems:

Ž . Ž . Ž .MM x xqCC x , x qKK x qPPsFF¨ ˙ e

Indeed, if the vector of degrees of freedom is de-
fined as asP, and the displacements of an object
particle are approximated by a series «sNa, where
N is a vector of known and linearly independent
functions, as commonly done in finite element anal-

Ž .ysis, then the terms in Eq. 4.1 can take the form

­ 2 «
T T Td « r dVsd a rN N dV äH H2­ tV V^ ` _

MMŽ .­ D ?«
T T Td « c dVsd a N DN dV ȧH Hd ­ tV V^ ` _

CC

d« T s dVsd aT NT DT EDN dV aH H
V V^ ` _

KK

d «T rg dVsd aT NTrg dVH H
V V^ ` _

PP

d «T f dSsd aT NT f dSE Ec c
S S^ ` _

FFe

This way the dynamic equations of the deformable
object are expressed as a function of the global
operational point coordinates. Considering the m
mobile manipulators in a single system with dy-
namic equations,

¨Ž . Ž . Ž . Ž .diag L Pqdiag m qdiag n sdiag Fi i i i

¨m L PqmqnsF is1, . . . , m

Now the augmented object 22 approach can be gener-
alized to yield the system’s dynamic equations

¨ Ž .L Pqm qn sF 4.2[ [ [ [

where

L sMMqL m sCCqm[ [

n sKKqn F sFF qF[ [ e

and P is the global operational point which includes
the modeled degrees of freedom of the deformable
object.

5. DYNAMIC CONSTRAINTS

5.1. The Closed Chain Problem

All cooperating mobile manipulators form a closed
chain through the ground. It is known that a wheeled
type mobile robot can be transformed into a virtual
manipulator35 with unactuated joints,23 based on
the fact that manipulators with unactuated joints
are often nonholonomic. Each of these virtual ma-
nipulators connects the platform with the ground,
constraining each platform to a nonholonomic mo-
tion.

A common approach to treating closed chains is
to cut the chain at an actuated or unactuated joint
transforming the closed chain to an open one, and
replace the joint with holonomic constraint equa-
tions.25,26,30 The forces at the cut joints are calculated
either with26 or without Lagrange multipliers.25 Fol-
lowing the same approach, we could cut the closed
chain at the mobile platforms location and replace
these ‘‘virtual’’ joints with the dynamic equations of
the mobile platform. However, within Kane’s
framework, this is not necessary for two reasons:

1. The forces exerted from the ground to each
mobile platform do not contribute to the dy-
namic equations and are not necessary to
determine the motion of the system.

2. Constraint equations have already been in-
w Ž . Ž .xcluded in the model Eqs. 2.1 and 2.5 .

The latter establishes the equivalence of our treat-
ment to existing approaches. The former indicates
that this is an efficient way to handle the closed
chain, since these reaction forces are generally diffi-

Žcult to resolve practically, they can only be calcu-
lated when the mobile platform is modeled as a

.unicycle .
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5.2. Constraints

Nonholonomic constraints have so far integrated
within the model equations without the need for
Lagrange multipliers. These can ensure that the
vehicle theoretical trajectories are nonholonomic and
that each platform velocity can be derived from the
angular velocity of its wheels through the no-slip-
ping condition. This is an approach that is followed
by many researchers.5,9 However, are these enough
to guarantee that the vehicles do not slip or skid?

In practice, velocity conditions are only neces-
sary and not sufficient, because they describe the
result and not the cause: The constraint equations
Ž . Ž .2.1 and 2.5 , describe the motion of a system
under the effect of constraint forces, but do not
ensure that these forces can really be applied. In this
section, we treat this problem by the following
actions:

v Completing the set of nonholonomic con-
Ž . Ž .straints 2.1 and 2.5 by additional expres-

sions involving constraint reaction forces at
Ž . Ž .the wheels: Eqs. 5.3 and 5.5 .

v Specifying the domain of admissible values
Ž . Ž .for the constraint forces: Eqs. 5.1 , 5.2 , and

Ž .5.4 .
v Indicating how one can ensure that friction

forces will not saturate and how tipping over
Ž . Ž . Ž .can be avoided: Eqs. 5.3 , 5.5 , and 5.6 .

It must be noted that these reaction forces from the
ground cannot be calculated explicitly, since it turns
out that the number of unknowns is larger than the
given equations.8 The ambiguity increases with the
number of wheels.

In the analysis that follows, we will distinguish
the quantities that refer to a specific mobile manipu-
lator by a subscript k. First of all, the sum of all
vertical ground reactions acting on the mobile plat-
form of mobile manipulator k should counterbal-
ance the vertical component of the resultant of all
other contact and distant forces exerted on the plat-
form. If we express this resultant as

v v m mŽ .R sm gya qFk k k k

and denote the reaction forces exerted on the wheels
of the platform k by F w j, then we can write for eachk
mobile manipulator

w
I w Ij Ž .R z s F z ks1, . . . , m 5.1Ýk k

js1

Moreover, the vertical components of reaction forces
should have positive direction

w j w j Ž .0FF z ks1, . . . , m 5.2k k

It is also true that the horizontal components of F w j
k

should satisfy

w j w j w j w j Ž .r F ===== st ks1, . . . , m 5.3k k k dk

For slipping not to occur, the condition of static
friction must be satisfied,36

1
w w wj j j5 5 Ž .0G F yz F ks1, . . . , m 5.4k k k'1qh

where h is the coefficient of static friction between
the wheel and the ground, assumed equal for all
vehicles. Since the vehicles perform an instanta-
neous circular motion, it follows that

w
2w v c v c vj v v5 5R q F ?v =v s v =v mÝk k k k k k kž /

js1

Ž .ks1, . . . , m 5.5

which means that the components of all external
forces in a direction perpendicular to the vehicle
trajectory should play the role of a centripetal force.
The reader perhaps wonders why the nonholonomic

Ž .constraint equation 2.1 is not sufficient on its own.
The truth is that unless friction conditions are exam-
ined, the system may assume that everything is
going as scheduled; however, there may not be
adequate centripetal force to maintain the circular
motion. This would result in performance deteriora-
tion and even stability problems in the case that no
real-time localization and feedback compensation

Ž .scheme is implemented. On the other hand, Eq. 5.5
is not sufficient for nonholonomy, since it is always
satisfied, even when skidding occurs. Both of them
however, make a set of sufficient conditions for the
constraints being imposed. The same discussion ap-
plies to the pair of nonholonomic constraint equa-

Ž . Ž .tions 2.5 and 5.3 .
Finally, the moments of all external forces ex-

erted on mobile platform k are related by
w

v vU v m m m m w wj j0sT qF ===== r q F ===== lÝk k k k k
js1

vv v v v v m m m m« 0sya ? I yv =====I ? v qF ===== rk k k k k k k

w
vw wj j Ž .q F ===== l ks1, . . . , m 5.6Ý k k

js1
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where I v is the central inertia dyadic of the platformk
of mobile manipulator k. The above condition can
ensure that no tipping over will occur, given that
vv and a v have strictly vertical direction. That is, ifk k

the angular velocity vv and angular acceleration ofk

the vehicle a v take values on the zv axis, then thek k

reaction forces must satisfy the above matrix con-
straint equation.

Finally, one should not forget the constraints
used already in the derivation of the dynamic equa-
tions. These are the no-skidding condition expressed

Ž .in Eq. 2.1 ,

Ž . Ž w j . Ž . Ž w j .u cos f qu y u sin f qu2 k k 1 k kk kŽ .u s3 k v vw w w wj j j jŽ .l sin f q l cos fŽ .y k x kkk

Ž .and the no-slipping condition in Eq. 2.5 ,

1
w jŽ . Ž . Ž .u s u cos f quw 1 k kkwj jk rk

Ž . Ž w j .q u sin f qu2 k kk

v vw w w wj j j jŽ . Ž .q u l sin f y l cos fŽ .ž /3 x k y kk k k

After its substitution to the generalized speeds ex-
Ž .pressions, Eq. 2.5 can serve to calculate the wheel

angular velocity.

5.3. The Set of Possible Reaction Forces

With the exception of trivial cases, the reaction
forces that the ground exerts on the wheels of each
mobile platform cannot be calculated analytically,
since there is a kind of redundancy for these forces.
The reaction forces cannot be resolved and they are
distributed to the wheels of each platform in an
unknown way.

The constraints stated in the previous section
define a set of solutions for the reaction forces.
Gathering all constraints together in a set of alge-
braic expressions,

w
I w IjR z s F zÝk k

js1

0FF w jzw j
k k

1
w w wj j j5 50G F yz Fk k k'1qh

t w j sr w j F w j xw j
d k k kk

w
2w v c v c vj v v5 5R q F ? v =====v s v =====v mÝk k k k k k kž /

js1

w
v vv v v v m m m m w wj j0sya ? I yv =====I qF ===== r q F ===== lÝk k k k k k k k

js1

Ž . Ž w j . Ž . Ž w j .u cos f qu y u sin f qu2 k k 1 k kk kŽ .u s3 k v vw w w wj j j jŽ .l sin f q l cos fŽ .y k x kkk

1
w jŽ . Ž . Ž .u s u cos f quw 1 k kkwj jk rk

Ž . Ž w j .q u sin f qu2 k kk

v vw w w wj j j jŽ . Ž .q u l sin f y l cos fŽ .ž /3 x k y kk k k

we can investigate the structure of the set of admis-
sible solutions for the reaction forces, which is de-
fined by the above equations.

Control systems that are constrained are usually
treated within the framework of optimal control. In
view of the techniques used within this framework,
it is important for the set of possible solutions
defined by the constraint equations to be convex.
This is necessary for the use of Kuhn]Tucker condi-
tions on which many methodologies are based.

All of the above constraints that are linear in F w j
k

are convex with respect to this vector variable. The
only nonlinear constraint function is

1
w w wj j j5 50G F yz Fk k k'1qh

If we let

Tw w wj j jŽ . Ž . Ž .F F F kx yk k

w j � 4be the coordinates of F in frame w , then thek j k
constraint function can take the form

D 2 2w w wj j jŽ . Ž . Ž . Ž .' '0Gg s F q F y 1qh F 5.7k x zk k k

Ž .The region defined by 5.7 is the interior of the cone
shown in Figure 4. It is obviously a convex region as
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Figure 4. The friction cone and the admissible reaction forces.

Žcan be seen by the Hessian matrix of g subscript k
and superscript w are dropped for reasons of sim-j

.plicity in presentation ,

2 2 2­ g ­ g ­ g
2 2 2­ F ­ F­ F ­ F ­ Fx yx x z

2 2 2­ g ­ g ­ g
Ž .H s 5.8g 2­ F ­ F ­ F ­ F­ Fx y y zy

2 2 2­ g ­ g ­ g
2­ F ­ F ­ F ­ F ­ Fx z y z z

where

­ 2 g ­ 2 g F Fx ys0 sy2 3r22 2­ F ­ F­ F x yz F qFŽ .x y

­ 2 g ­ 2 g F 2
xs0 s2 3r22 2­ F ­ F ­ Fx z y F qFŽ .x y

­ 2 g ­ 2 g F 2
ys0 s2 3r22 2­ F ­ F ­ Fy z x F qFŽ .x y

It is easily shown that all primary determinants of
Ž .5.8 are either positive or zero:

­ 2 g
G02­ Fx

22 2­ g ­ g F Fx yy s02 2 3r22 2­ F ­ Fx y F qFŽ .x y

Ž .det H s0g

Therefore H is positive semidefinite which meansg
that function g and the region it defines are convex.
This result is coordinate independent since transfor-
mations are linear mappings. The intersection of
this region with the convex region of linear con-
straints also yields a convex region.

Thus, the set of constraint expressions defines a
convex set of solutions, which can be seen by simple

Žinspection also to be closed and bounded recall that
the vertical components of the reaction forces on
each vehicle are restricted by the forces exerted on

.the vehicle by the manipulator and its weight . The
fact that the region inside the cone is only simply
convex is not a problem because solutions are sought
along a cord of a circle formed by the intersection of
the friction cone with a horizontal plane. To illus-
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trate this, consider the simple case of a mobile
platform k with only three wheels.

Ž w j.Recall that F are restricted in terms of thez k
interaction forces and the weight acting on the plat-

Ž .form as in Eq. 5.1 . If all kinematic quantities and
load conditions are prescribed for the mechanism,

Ž .then by using the two equations in the set 5.6 that
illustrate the angular momentum preservation along

Ž .axes x and y and Eq. 5.1 , one can calculate analyt-
Ž w j.ically the three vertical components F , jsz k

Ž w j.1, . . . , 3. For each value of F , a horizontal planez k
that intersects the corresponding friction cone along
a closed curve is defined for each wheel. This closed
curve is a circle because the axis of the cone is

Žalways vertical to the contact surface in this case,
.the ground . Admissible solutions for the reaction

forces from the ground should lie inside the cone
and reach the horizontal plane defined by the solu-

Ž w j. Ž .tion for F Fig. 4 .z k
Ž w j.If we suppose that F can be prescribed byx k

the applied torque at each wheel, then another plane,
vertical this time, is defined for each wheel. The
intersection of this plane with the circular disk in-

Ž .side the friction cone is a chord Fig. 4 . The end-
points of this chord correspond to the maximum
centripetal forces that the wheel can exert. These
limits can always be calculated through a condition

5Ž w j. 5for maximizing F , since they are defined asx k
Ž .the intersection of a strictly convex curve and a

straight line.
Ž w j.The third component, F , cannot be uniquelyy k

Ž .determined: there is one equation left out of 5.6 ,
Ž . Ž w j.together with 5.5 . Hence, the solutions for Fy k

belong to a one-dimensional space. Given the kine-
matic quantities of the mechanism, one can verify
that whether the magnitude necessary for the pre-

5 5scribed motion centripetal force, F , can be pro-y
vided by each wheel, i.e., if

w
w jŽ . 5 5F G FÝ y yk

j

6. CONCLUSION

In this work, a multiple mobile manipulator system
handling a common deformable object is modeled.
The approach introduces novelties in terms of sys-
tematic analysis and generality. It integrates many
significant results on the fields of mobile robots,
manipulators, and mechanical engineering. The
model is based on Kane’s methodology, which pro-

vides ease of construction of the equations, simplic-
ity, physical insight, speed in simulation, and, fi-
nally, a control orientation. The approach allows for
the manipulation of any deformable object of arbi-
trary shape using elastodynamic equations, and
gives a lower limit for the complexity of the object’s
finite elements model so that control is imple-
mentable. Specifically, the simplest approximating
grid structure for the object model is indicated.
Within this context, the notion of operational space
is generalized to include the case of a deformable
object with arbitrary degrees of freedom. A global
operational point is defined that enables the aplica-
tion of the augmented object approach for merging
the mobile manipulators dynamic equations with
the object model into a single set of dynamic equa-
tions. Then the closed chains formed are investi-
gated. Why their treatment of Kane’s framework is
equivalent to conventional approaches is explained.

Nonholonomic constraints that are imposed on
the system are included. It is pointed out that con-
ventional velocity constraint equations are not suffi-
cient to guarantee nonholonomic motion for a real
system. A set of additional conditions is formed that
can ensure mechanical stability and nonholonomic
motion by regulation of interaction forces between
the vehicles and the attached manipulators. The set
of admissible solutions for the ground reaction forces
is identified and a procedure is described for veryi-
fying that contact stability is guaranteed and con-
straints are being respected. Emphasis is placed on
these interaction forces and care is taken for them to
become evident within the dynamic equations.

It is the authors’ belief that, in this work, the
problem of modeling multiple mobile manipulator
systems that handle a deformable object is treated
systematically with adequate generality, maintain-
ing a clear insight on the physics of the problem.
Hopefully, this framework will provide a safe and
suitable groundwork for the development of control
strategies for multiple mobile manipulator systems.

APPENDIX

For the sake of the text being self-contained, the
main ideas underlying Kane’s dynamic equation18

are briefly introduced in this section. The equations
are expressed in terms of generalized coordinates,
generalized speeds, and generalized forces. Partial
velocities and partial angular velocities are intro-
duced and utilized in the derivation of each force
contribution to the equations.
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Consider a system with n degrees of freedom.
One can define n generalized coordinates

Tw xqs q , . . . , q .1 n

Generalized speeds are defined as

n

u s Y q qZ rs1, . . . , n˙Ýr r s s r
ss1

Y and Z are functions of the generalized coordi-r s r
nates and time. These functions must be chosen so
that the equations can be solved uniquely for
q , . . . , q . Use of the above definition for a specific˙ ˙1 n
mechanical system can yield simplified expressions
of the systems equations.18

Suppose the system consists of m rigid bodies.
The partial velocity and partial angular velocity of a
point Q of a rigid body are defined as

­ v Q ­vQ
D DQ Qv s , v sr r­ u ­ ur r

where v Q and vQ are the velocity and angular
velocity of point Q. The partial velocities can usu-
ally be derived by inspection, since the velocities
are simply related to generalized speeds. Appropri-
ate choice of generalized speeds can render this
procedure trivial.

Suppose that nyp nonholonomic constraints
are imposed on the system. Using the nonholonomic
constraints to express some generalized speeds in
terms of the rest and then substituting for them, one
obtains velocity expression with a reduced number
of generalized speeds. The partial velocities calcu-
lated from these expressions are called nonholo-
nomic and are given by

­ v Q ­vQ
Q Qv s v s rs1, . . . , p˜ ˜ r­ u ­ ur r

The generalized forces calculated using the non-
holonomic partial velocities are also called nonholo-
nomic.

In Kane’s framework, generalized forces are
classified as either active or inertial. Active forces
are generally caused by the action of forces and
torques external w.r.t. the system, such as contact,
body, or field forces. On the other hand, as can be
assumed by the name, inertial forces are the result
of the inertia of the components of the system.

Suppose now that the set of contact andror
body forces and torques acting on a rigid body B is
equivalent to a force F B and a torque T B acting on
point Q of body B. The contribution of these forces
to the set of nonholonomic generalized active forces
F̃ isr

˜ Q B B BF sv ?F qv ?T rs1, . . . , p˜ ˜Ž .r B

It is known the inertial forces on B can be expressed
as18

FU B symBac B

where mB is the mass of the rigid body on which
the inertial force is acting and ac B is the acceleration
of the mass center, cB, of the body B. Inertial torques
are expressed as18

TU B sya B ? I B yvB =====I B ? vB

where a B and vB are the angular acceleration and
the angular velocity of body B, respectively. I B is
the central inertia dyadic of B.18 The use of the
dyadic enables the inertia matrix to be expressed in
a coordinate independent way. A dyadic is a juxta-
position of vectors in a way that any two vectors
expressed as

vsw ? abqw ? cdq ???

usab ? wqcd ? wq ???

can be written in the form

vsw ? Q
usQ ? w

where Q is the dyadic:

Qsabqcdq ???

The contribution of the inertial forces acting on B to
the generalized inertial forces for the system is

Ũ Q U B Q U BF sv ?F qv ?T˜ ˜Ž .r r rB

Kane’s dynamic equations can be summarized in
the following relation, which sums all contributions
from the rigid bodies of the system:

˜ ŨF qF s0r r
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