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ABSTRACT

An open question in cloud physics is how rain forms in warm cumulus as rapidly as it is sometimes
observed. In particular, the growth of cloud droplets across the size gap from 10 to 50 �m in radius has not
been fully explained. In this paper, the authors investigate the growth of cloud droplets by collision–
coalescence, taking into account both the gravitational mechanism and several enhancements of the colli-
sion–coalescence rate due to air turbulence. The kinetic collection equation (KCE) is solved with an
accurate bin integral method and a newly developed parameterization of turbulent collection kernel derived
from direct numerical simulation of droplet-laden turbulent flows. Three other formulations of the turbu-
lent collection kernel are also considered so as to assess the dependence of the rain initiation time on the
nature of the collection kernel. The results are compared to the base case using the Hall hydrodynamical–
gravitational collection kernel. Under liquid water content and eddy dissipation rate values typical of small
cumulus clouds, it is found that air turbulence has a significant impact on the collection kernel and thus on
the time required to form drizzle drops. With the most realistic turbulent kernel, the air turbulence can
shorten the time for the formation of drizzle drops by about 40% relative to the base case, applying
measures based on either the radar reflectivity or the mass-weighted drop size. A methodology is also
developed to unambiguously identify the three phases of droplet growth, namely, the autoconversion phase,
the accretion phase, and the larger hydrometeor self-collection phase. The important observation is that
even a moderate enhancement of collection kernel by turbulence can have a significant impact on the
autoconversion phase of the growth.

1. Introduction

Cloud droplets of radii less than 10–15 �m grow ef-
ficiently through diffusion of water vapor, and droplets
larger than 30–50 �m in radii grow efficiently through
gravitational collisions (Langmuir 1948; Kogan 1993;
Beard and Ochs 1993; Pruppacher and Klett 1997). An
open question is why rain forms in warm (i.e., ice free)
cumulus clouds as rapidly as it has sometimes been ob-
served. Observations of radar reflectivity in tropical re-

gions suggest that rain could form in cumulus clouds by
the warm rain process in approximately 15–20 min
(Szumowski et al. 1997; Knight et al. 2002). While there
are still uncertainties in linking radar reflectivity and
the rain initiation time as the radar reflectivity depends
on both the average droplet size and the liquid water
content (Knight et al. 2002), the above rain initiation
time is usually quoted as the average time for the ini-
tiation of warm rainfall in unpolluted, maritime clouds
(i.e., from the initial development of a cumulus cloud to
the first appearance of rain). Theoretical predictions
based on the gravitational–coalescence mechanism
alone would require a time interval on the order of an
hour for droplets to grow from 20 to 100 �m in radius
(the actual time depends on the cloud water content,
initial droplet size spectrum, updraft speed, etc.; see
Pruppacher and Klett 1997). Therefore, there appears
to be a factor of 2 or more difference between the
predicted growth time and the observed growth time.
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In general, it is difficult to explain the rapid growth of
cloud droplets in the size range from 10 to 50 �m in
radius (i.e., the so-called size gap) for which neither the
condensation nor the gravitational collision–coales-
cence mechanism is effective. The onset of drizzle-size
(�100 �m in radius) raindrops is still poorly under-
stood in many precipitating cloud systems.

Several mechanisms have been considered in the past
to explain the rapid development of rain in shallow
convective clouds (Beard and Ochs 1993; Pruppacher
and Klett 1997; Khain et al. 2000). The first mechanism
involves entrainment of dry environmental air into the
cloud. Although entrainment lowers the cloud water
content (and thus has a negative impact on rain devel-
opment), it can result in a dramatic impact on cloud
droplet spectra. In particular, broad spectra are typi-
cally produced as a result of entrainment and mixing
(Brenguier and Grabowski 1993; Su et al. 1998; Lasher-
Trapp et al. 2005), but the resulting effects on large
droplet formation and coalescence initiation remain un-
known. The second mechanism involves effects of giant
aerosol particles that allow quicker formation of large
cloud droplets, thereby initiating coalescence sooner
(Johnson 1982; Blyth et al. 2003). Srivastava (1989) sug-
gested that the droplet spectral width can be broadened
by considering local values of the water vapor super-
saturation rather than the mean supersaturation that a
large population of cloud droplets experience. How-
ever, numerical results by Vaillancourt et al. (2001,
2002) suggest that this effect contributes insignificantly
to the width of the cloud droplet spectrum. The fourth
mechanism concerns effects of air turbulence on the
relative motion of droplets, concentration fluctuations,
and collision efficiencies (Khain et al. 2000; Franklin et
al. 2005; Wang et al. 2005a). Compounding the problem
is that the commonly used kinetic collection equation
for modeling the time evolution of droplet size distri-
bution is not fully consistent with the stochastic nature
of the collision–coalescence process (Telford 1955;
Scott 1967; Gillespie 1972, 1975; Kostinski and Shaw
2005; Wang et al. 2006b).

This paper concerns the effects of air turbulence on
the growth of cloud droplets by collision–coalescence, a
key step in the formation of warm rain (Pruppacher and
Klett 1997). In general, the rate of collisions is con-
trolled by the gravitational mechanism for rain drops of
radius larger than 50 �m, but air turbulence could sig-
nificantly enhance the collision rate for cloud droplets
(from 10 to 30 �m in radius) and the intermediate size
range between small cloud droplets to rain drops (from
30 to 100 �m in radius).

Historically, there were several attempts to analyze

the effects of air turbulence on the collision rates of
cloud droplets. Arenberg (1939) is perhaps the first to
recognize qualitatively that air turbulence can increase
the relative motion of cloud droplets, followed by semi-
analytical studies of Gabilly (1949) and East and Mar-
shall (1954). Saffman and Turner (1956) developed a
rigorous theoretical formulation for the enhanced rela-
tive motion by turbulence on collision rates, applicable
to weak-inertia droplets. Reuter et al. (1988) intro-
duced a stochastic model and showed that turbulent
fluctuations could enhance the relative motion and the
geometric collision kernel. Another aspect that had
been studied in the context of cloud droplets concerns
the effect of turbulent motion on the collision efficiency
of cloud droplets (de Almeida 1976, 1979; Grover and
Pruppacher 1985; Koziol and Leighton 1996). These
earlier studies are somewhat limited in terms of their
quantitative capabilities either because of the assump-
tions made to simplify the equation of motion of drop-
lets or the inaccurate methods employed to describe the
turbulent fluctuations. For example, de Almeida (1979)
suggested that turbulence could increase the collision
efficiency of cloud droplets less than 40 �m in radius by
a factor as much as 26 relative to the still-air case, but
he inappropriately used the inertial-range rather than
dissipation-range scaling to quantify the relative motion
caused by air turbulence (Grover and Pruppacher
1985).

Over the last 10 years, an increasing number of stud-
ies have been reported in both engineering and atmo-
spheric literature concerning the collision rate of par-
ticles in a turbulent flow. These studies suggest that the
collection kernel of cloud droplets can be enhanced by
several effects of turbulence, including 1) enhanced
relative motion due to differential acceleration and
shear effects (Kruis and Kusters 1997; Pinsky and
Khain 1997; Sundaram and Collins 1997; Wang et al.
2000; Zhou et al. 2001, hereafter ZWW01; Dodin and
Elperin 2002), 2) enhanced average pair density due to
local preferential concentration of droplets (Sundaram
and Collins 1997; Wang et al. 2000; ZWW01; Zaichik
and Alipchenkov 2003; Zaichik et al. 2003), 3) enhance-
ment due to selective alterations of the settling rate by
turbulence (Wang and Maxey 1993; Dávila and Hunt
2001; Ghosh and Jonas 2001), and 4) enhanced collision
efficiency (Pinsky et al. 1999, 2000; Wang et al. 2005a).
The levels of enhancement depend, in a complex man-
ner, on the size of droplets (which in turn determines
the response time and settling velocity) and the
strength of air turbulence (i.e., the dissipation rate,
Reynolds number, etc.).

While all the studies consistently point to collision
enhancements by air turbulence, the parameter space
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considered typically does not match the conditions of
cloud droplets [see discussions in Grabowski and Vail-
lancourt (1999) and Vaillancourt and Yau (2000)], and
many of these studies do not consider the gravity force
acting on the droplets. Combined with different ap-
proximations employed, these issues lead to uncertain
estimates of the exact level of collision-rate enhance-
ment by air turbulence. This is related to the complexity
of collisional interactions in a turbulent flow and the
lack (or inaccuracy) of direct measurements of turbu-
lence and droplet distribution in clouds. Recent obser-
vations and analyses of observational data from the
Fast Forward Scattering Spectrometer probe (FSSP;
Brenguier et al. 1998) suggest some evidence that cloud
droplets inside adiabatic cores may not be distributed
randomly in space, but the conclusions have not been
consistent and the issue remains largely unresolved
(Chaumat and Brenguier 1998; Grabowski and Vaillan-
court 1999; Jameson and Kostinski 2000; Kostinski and
Shaw 2001; Pinsky and Khain 2002a).

Recently, systematic studies of the collision kernel
for cloud droplets have been undertaken either through
direct numerical simulations (Franklin et al. 2005;
Wang et al. 2005a, 2006c; Ayala 2005, hereafter A05) or
a kinematic representation of turbulence (Pinsky et al.
1999; Pinsky and Khain 2004; Pinsky et al. 2006). These
studies provide not only quantitative data on turbulent
collision kernels but also a better understanding of the
interaction of cloud droplets with air turbulence. They
could eventually lead to a general and accurate param-
eterization of turbulent collision kernels including the
effects of air turbulence on both geometric collision
rate and collision efficiency. In a recent study, A05 de-
veloped an analytical model for the geometric collision
rate of cloud droplets based on direct numerical simu-
lations of collisions of sedimenting droplets in the con-
text of cloud turbulence. This is a step forward when
compared to the previous models of ZWW01 and Wang
et al. (2000) who considered only nonsettling particles.

Several groups have also attempted to address the
impact of selected aspects of air turbulence on the time
evolution of the droplet size spectrum. Pinsky and
Khain (1997) and Pinsky and Khain (2002b) showed
that collision kernels taking into account the effect of
air turbulence on the relative motion of droplets could
lead to the acceleration of large droplets and raindrop
formation. Falkovich et al. (2002) argued that prefer-
ential concentration of droplets and local fluid accel-
eration of cloud turbulence could substantially acceler-
ate the appearance of large droplets that trigger rain.
Ghosh et al. (2005) demonstrated that the enhanced
sedimentation velocity due to air turbulence could grow
droplets rapidly from 20 to 80 �m and that this mecha-

nism does not depend on the level of cloud turbulence.
The above studies, however, do not include all known
aspects of air turbulence on the geometric collision rate
in their investigation of droplet size spectrum. More-
over, the turbulent collision kernel used in these studies
is derived from either qualitative or empirical formula-
tions of air turbulence.

The objective of this paper is to advance current un-
derstanding of how the effects of air turbulence on the
geometric collision kernel alter the size evolution of
cloud droplets, using turbulent collision kernels derived
from direct numerical simulations of droplet-laden tur-
bulent flows. This in part is motivated by the recent
study of Riemer and Wexler (2005, hereafter RW05),
who solved the kinetic collection equation (KCE) using
the turbulent collision kernel of ZWW01 (hereafter will
be referred to as the ZWW-RW kernel). Wang et al.
(2006a) pointed out several drawbacks and limitations
of the ZWW-RW kernel, and questioned the relevance
of the conclusions of RW05 to the growth of cloud
droplets. Here we shall consider several improved ver-
sions of turbulent collision kernels appropriate for
cloud droplets. We will compare different kernels and
investigate their impact on the evolution of size distri-
butions starting from an identical initial distribution.

2. Turbulent collision kernels

In this section, we introduce several formulations of
turbulent collision kernels and discuss how the relevant
physical mechanisms are included in these kernels. The
Ayala kernel discussed in section 2c is the most realistic
kernel in the context of cloud droplets. The ZWW-RW
kernel contains several problems, which have been dis-
cussed in Wang et al. (2006a), and we consider it here to
illustrate the quantitative differences on the resulting
rate of droplet growth. Two alternative versions to the
ZWW-RW kernel are also introduced in section 2b: the
mZWWnogr kernel is used to expose only the turbulent
mechanism (without differential sedimentation effect);
the mZWWgr kernel is designed to eliminate some of
the problems in the ZWW-RW kernel. By using these
different kernels, we shall gain a better understanding
of the connection between the enhanced collision ker-
nel by turbulence and its actual impact on the rate of
droplet growth including 1) the sensitivity of the drop-
let growth to the nature and accuracy of the kernel, 2)
the range of droplet sizes where turbulence enhance-
ment can have the most impact on the droplet growth,
and 3) the role of the turbulence enhancement relative
to the gravitational mechanism. It will also enable us to
develop a methodology which can identify different
phases in the time evolution of the droplet growth.

FEBRUARY 2008 X U E E T A L . 333



The Hall kernel (Hall 1980), a hydrodynamical–
gravitational kernel without effects of air turbulence,
will be used as a base case to compare the relative
impact of turbulence. The Hall kernel is often used by
the cloud physics community to study the growth of
cloud droplets by collision–coalescence.

a. The ZWW-RW kernel

The first turbulent collision kernel is a kernel devel-
oped by ZWW01 and was used by RW05 to study the
growth of cloud droplets by turbulent collision–
coalescence. In ZWW01, the Stokes drag law was as-
sumed and the gravitational settling was not consid-
ered. In RW05, the gravitational effect was treated
separately by adding the Hall kernel to the parameter-
ization of ZWW01.

In ZWW01, the turbulent geometric collision kernel
in a bidisperse system was considered. It included the
effect of turbulence on the relative velocity between
two colliding droplets (the transport effect) and the
nonuniform droplet distribution due to the interaction
between particles and their surrounding airflow vortical
structures (preferential concentration). Their model
was based on the general kinematic formulation (e.g.,
Sundaram and Collins 1997; Wang et al. 2005b) of the
geometric collision kernel in the form of

Kij
g � 2�R2�|wr|�r � R��gij�r � R�, �1�

where the geometric collision radius R is defined as R �
ri � rj, with ri and rj being the radii of the two colliding
droplets; the superscript g denotes geometric collision
without consideration of local aerodynamic interactions
of droplets; wr is the radial relative velocity between a
particle pair of radii ri and rj; and gij is the radial dis-
tribution function. A list of symbols is compiled in ap-
pendix A. The average radial relative velocity �|wr|� de-
scribes the turbulent transport effect, which is repre-
sented in ZWW01 as

�|wr|� � �2
�
��wr,accel

2 � � �wr,shear
2 ���1�2

, �2�

where �w2
r,accel � represents the contribution due to dif-

ferential fluid acceleration and �w2
r,shear� is the contri-

bution due to local fluid shear. The shear term �w2
r,shear�

can be easily obtained using the theory of Saffman and
Turner (1956), see also Wang et al. (1998a,b, 2005b) for
further clarifications. The fluid acceleration term was
parameterized by modifying the theory of Kruis and
Kusters (1997) to match the direct simulation data of
Wang et al. (2000) and ZWW01 for nonsettling par-
ticles.

Finally, the radial distribution function (RDF) at
contact gij(r � R) takes into account the preferential
concentration effect and is modeled in terms of the
RDFs for monodisperse particles (gii and gjj) and a
cross-correlation coefficient 	ij, as

gij�R� � 1.0 � �ij{
gii�R� � 1�
gjj�R� � 1�}1�2, �3�

with the monodisperse RDFs and the coefficient 	ij pa-
rameterized by empirically matching the direct numeri-
cal simulation (DNS) data of Wang et al. (2000) and
ZWW01. The remaining details of the ZWW01 kernel
are provided in appendix B.

RW05 adopted the above kernel for turbulent colli-
sion of nonsettling droplets. They then added the Hall
kernel to it to account for the gravitational contribution
as follows:

Kij � 2�R2�|wr|�r � R��gij�r � R�Eij
t � �R2|�si � �sj|Eij

s .

�4�

RW05 set the collision efficiency Et
ij for the turbulent

mechanism to one, but the collision efficiency Es
ij for

the gravitational mechanism is assumed to be the same
as that used in the Hall kernel (Hall 1980).

As pointed out recently by Wang et al. (2006a), there
are a number of drawbacks in the above ZWW-RW
kernel including 1) the rms fluctuation velocity of the
air turbulence was overestimated by a factor of 
3, 2)
the radial distribution function was overestimated ow-
ing to the assumption of no sedimentation in ZWW01,
and 3) several inconsistent treatments of the turbulent
contribution as compared to the gravitational contribu-
tion, namely, the use of the Stokes drag and unity col-
lision efficiency for the turbulent contribution.

b. Modified ZWW kernels

We shall next introduce a modified turbulent kernel
based on ZWW01. The parameterization is the same as
that presented in the previous section for the turbulent
contribution, but two modifications are introduced. The
first is to replace the Stokes response time �s by a much
more realistic inertial response time �n based on a non-
linear drag (Wang et al. 2006a) that would result in a
realistic terminal velocity. The terminal velocity �n is
now computed based on the following nonlinear drag
law (Clift et al. 1978):

mp|g| � 6��r�n�1 � 0.15�2r�a�n

� �0.687�, �5�

where mp is the mass of the droplet, g is the gravita-
tional acceleration. Wang et al. (2006a) demonstrated
that the above equation yields a terminal velocity al-
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most identical to that used in the Hall kernel. The
modified inertial response time �n is calculated as �n �
�n/|g|. The second change is to use the correct rms fluc-
tuation velocity of air turbulence, u� � 2.02 m s�1 (see
Wang et al. 2006a). The typical range of rms airflow
fluctuation velocity in a given direction should be from
0.5 to 2.5 m s�1 according to observations (Weil and
Lawson 1993; Smith and Jonas 1995; Furumoto et al.
2003). RW05 incorrectly used u� � 3.5 m s�1, a factor of

3 too larger than what should have been assumed
[e.g., see reply by Riemer and Wexler (2006)].

Two versions of the modified ZWW kernel will be
considered here. The first version only considers the
turbulent contribution with the above two modifica-
tions and neglects the gravitational effect. This kernel
will be referred to as the modified ZWW kernel without
gravity, or mZWWnogr for short. The same collision
efficiency as in the Hall kernel is applied to the
mZWWnogr kernel.

The second version includes the gravitational contri-
bution by adding to the above mZWWnogr kernel the
Hall kernel as follows:

Kij � 2�R2Eij
s � �2

� ���wr,accel
2 � � �wr,shear

2 ��gij
2�r � R� �

�

8
��ni � �nj�

2��1�2

. �6�

This second version will be called the modified ZWW
kernel with gravity, or mZWWgr for short. Note that
the above formulation in combining the turbulent
mechanism and the gravitational mechanism follows
closely the studies of Wang et al. (1998b) and Dodin
and Elperin (2002).

c. The Ayala kernel

Even with the above modifications, the radial distri-
bution function in the above kernels is overestimated,
as the differential sedimentation will reduce the cross-
correlation 	ij as well as the interaction time of droplets
with turbulent vortical structure (A05; Wang et al.
2006a). Very recently, A05 developed a kernel based
on direct simulations of turbulent collisions of sedi-
menting droplets. His study of the geometric collision
kernel considered simultaneously the effects of air tur-
bulence and gravity. A05 also considered the hydrody-
namic interactions in a turbulent air, using a hybrid
DNS approach (Ayala et al. 2007). Since the data on
collision efficiency have not been analyzed to the point
when a parameterization can be developed, in our pre-
liminary study here we shall only consider the effects of
turbulence on the geometric collision kernel. The same
collision efficiency as in the Hall kernel and the termi-
nal velocity �n based on the nonlinear drag are em-
ployed. The additional impact on droplet growth due to
enhanced collision efficiency by turbulence (Wang et
al. 2005a) will be studied in the future when an accurate
parameterization of the enhanced collision efficiency
becomes available.

Following Dodin and Elperin (2002), A05 decom-
poses the radial relative velocity between two droplets
into a random part � caused by turbulent fluctuations
and a deterministic part h due to gravity. For a given
angle of contact � defined as the angle between the line

connecting the droplet centers and the vertical axis, the
deterministic part can be expressed as h � |�ni � �nj |
cos�. The random part has a mean zero and a standard
deviation denoted by �. After averaging over all con-
tact angles, the radial relative velocity �|wr|� is expressed
as (Dodin and Elperin 2002; A05)

�|wr|� ��2
�

��1
2

��b �

0.5
b �erf�b� �

1
2

exp��b2��,

�7�

where the parameter b is defined as

b �
|�ni � �nj|

�
2
. �8�

The key is then to determine the turbulent contribution
to the relative motion in the radial direction. The vari-
ance of this relative fluctuation is expressed as

�2 � �����i ��2� � ����� j ��2� � 2�����i ���� j ���, �9�

where ��(i) and ��( j) are the velocity fluctuation of the
two colliding droplets in the radial direction. Assuming
that the terminal velocities dominate the relative mo-
tion of droplets right before collision, A05 developed a
leading-order approximation to the velocity variances,
�(��(i))2� and �(��( j))2�, and cross variance �(��(i)��( j))� in
terms of droplet response time, terminal velocity, and
space–time velocity correlations of the turbulent flow,
using the integral form of the equation of motion for
droplets. The resulting expressions for the velocity vari-
ances, taken from A05, are provided in appendix C.
A05 showed that his analytical expression for radial
relative velocity agrees with direct simulation data for
most cases relevant to cloud droplets.

A05 also considered the modeling of RDF for
sedimenting droplets by fitting the recent theory of
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Chun et al. (2005) to his DNS data. The RDF at contact
gij(r � R) is written as

gij�r � R� � ��2 � rc
2

R2 � rc
2�C1�2

, �10�

where rc is a distance below which the fluid accelera-
tion-driven diffusion predominates the ordered relative
drifting due to preferential concentration (Chun et al.
2005). By curve fitting DNS data of RDF, empirical
expressions for the exponent C1 and the transition dis-
tance rc are obtained. These are also presented in ap-
pendix C.

In summary, the A05 parameterization of the turbu-
lent collision kernel is the most realistic and compre-
hensive kernel available when applied to cloud drop-
lets, although the effect of turbulence on collision effi-
ciency is not yet included.

d. Comparison of different kernels

In this section, we compare the magnitudes of the
five collection kernels we have introduced, namely,
1) the Hall kernel, 2) the ZWW-RW kernel, 3) the
mZWWnogr kernel, 4) the mZWWgr kernel, and 5) the
Ayala kernel. The unit for the kernels in all plots to be
discussed is cm3 s�1.

Figure 1 is a contour plot of the Hall kernel for dif-
ferent droplet–droplet size combinations. The contour
plot is symmetric with respect to the 45° line on which
the Hall kernel becomes zero as only gravitational set-
tling is considered here. The magnitude of the Hall
kernel can vary by over 10 orders of magnitude when
the droplet size varies from 1 �m to 1 mm due to the
large changes in both collision efficiency and the ter-
minal velocity. The Hall kernel is less than 0.03 cm3 s�1

for droplets less than 100 �m. For droplets larger than
100 �m in radius, the kernel is proportional to the dif-
ferential sedimentation velocity, as the collision effi-
ciency is close to one. If the larger droplet in the col-
liding pair is 1 mm in radius, the kernel is around 20
cm3 s�1.

The contour plot for the ZWW-RW kernel is shown
in Fig. 2. As noted by RW05, the turbulent contribution
dominates the ZWW-RW kernel for droplet pairs
whose sizes fall between 50 and about 500 �m. For
example, the ZWW-RW kernel can be around 5.0
cm3 s�1 when the larger droplet in the pair is 100 �m,
which is larger than the Hall kernel by two orders of
magnitude. For droplets smaller than 50 �m, the tur-
bulent contribution is also much larger than the gravi-
tational contribution due to the assumed unity collision
efficiency for the former, but the hydrodynamic–
gravitational collision efficiency for the latter.

Berry and Reinhardt (1974) proposed three phases of
growth of cloud droplets by collision–coalescence. Af-
ter dividing the size spectrum into small cloud droplets
(S1, roughly less than 50 �m) and larger drops (S2,
roughly larger than 50 �m), Berry and Reinhardt
(1974) showed that the initial growth is governed by
S1–S1 autoconversion to add water to S2, followed by
accretion via S2–S1 interactions, and eventually by S2–
S2 large hydrometeor self-collection. The contour plot
(Fig. 2) implies that both the autoconversion and ac-

FIG. 1. Contour plots of the Hall kernel for (a) linear size axes
up to 200 �m and (b) logarithmic size axes up to 2 mm.
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cretion rates are dramatically increased by the turbu-
lent contribution in the ZWW-RW kernel, as will be
shown in section 3.

The contour plots for the mZWWnogr kernel and the
mZWWgr kernel are displayed in Figs. 3 and 4, respec-
tively. The mZWWnogr kernel is in general smaller
than the ZWW-RW kernel for droplets less than 100
�m owing to the use of the nonlinear drag and the
correct fluid rms fluctuation velocity. For example, the
mZWWnogr kernel is about half the value of the

ZWW-RW kernel for droplets pairs whose larger drop-
let is 100 �m in radius. However, the mZWWnogr ker-
nel is larger than the ZWW-RW kernel for drops of the
order of 1 mm, as a result of the much slower decay of
RDF with increasing droplet size due to the nonlinear
drag (see Fig. 5). In fact, RDF may remain much larger
than one when the terminal velocity reaches a constant
value for droplets larger than 2 mm in radius (which
also implies a constant effective inertial response time).
This slow decay is physically incorrect since the model

FIG. 2. Contour plots of the ZWW-RW kernel for (a) linear size
axes up to 200 �m and (b) logarithmic size axes up to 2 mm: � �
300 cm2 s�3 and u� � 350 cm s�1 as in RW05.

FIG. 3. Contour plots of the mZWWnogr kernel for (a) linear
size axes up to 200 �m and (b) logarithmic size axes up to 2 mm:
� � 300 cm2 s�3 and u� � 202 cm s�1.
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for RDF here was derived from ZWW01 without the
influence of sedimentation (e.g., Wang et al. 2006a).

The mZWWgr kernel is very similar to the
mZWWnogr kernel for most size combinations except
that, by definition, the mZWWgr kernel is always larger
than the Hall kernel. While the gravitational mecha-
nism dominates the kernel, the air turbulence is effec-
tive for small cloud droplets (less than 50 �m) due to
the relatively small magnitude of the gravitational ker-
nel. Therefore, both the autoconversion and the accre-

tion phase for the mZWWgr kernel are slightly more
effective than for the Hall kernel.

The contour plot for the Ayala kernel is shown in
Fig. 6. Compared to the other turbulent collection ker-
nels considered above, the Ayala kernel shows a much
less dramatic enhancement by air turbulence, but at the
same time the enhancement appears for all droplets less

FIG. 4. Contour plots of the mZWWgr kernel for (a) linear size
axes up to 200 �m and (b) logarithmic size axes up to 2 mm: � �
300 cm2 s�3 and u� � 202 cm s�1.

FIG. 5. Comparison of radial distribution function gij(R) in the
mZWWnogr kernel and in the ZWW-RW kernel for two different
ri: gij(R) in the mZWWnogr kernel is calculated based on the
nonlinear drag force with � � 300 cm2 s�3 and u� � 202 cm s�1,
while gij(R) in the ZWW-RW kernel is calculated based on the
Stokes drag with � � 300 cm2 s�3 and u� � 350 cm s�1.
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than 100 �m. The effect of air turbulence is negligible
for droplets larger than 100 �m in the Ayala kernel, as
a result of the assumed vanishing preferential concen-
tration in the Ayala kernel for droplets larger than 100
�m due to the effect of strong sedimentation. The dis-
tribution of RDF over droplet size in the Ayala kernel
is much more localized than that in the other turbulent
kernels; see for example, Fig. 7 for the mZWWnogr
kernel as compared to Fig. 8 for the Ayala kernel.

We would like to point out that the turbulent contri-

bution in the ZWW-RW, mZWWnogr, and mZWWgr
kernels contains the effect of preferential concentration
as quantified by RDF, which tend to create an internal
region with a maximum local collection kernel. For ex-
ample, in Fig. 2 for the ZWW-RW kernel, this maxi-
mum happens when 100 � ri � 400 �m and rj � 50 �m.
In the case of the mZWWnogr kernel shown in Fig. 3a,

FIG. 6. Contour plots of the Ayala kernel for (a) linear size axes
up to 200 �m and (b) logarithmic size axes up to 2 mm: � � 300
cm2 s�3 and u� � 202 cm s�1.

FIG. 7. The radial relative velocity and the radial distribution
function as a function of rj with (a) ri � 25 and (b) ri � 100 �m in
the mZWWnogr kernel: � � 300 cm2 s�3 and u� � 202 cm s�1.
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the maximum occurs along two tilted lines with angles
at about 10° and 30°. Similar internal regions are found
in the mZWWgr kernel shown in Fig. 4a, but with
smaller angles due to the addition of the gravitational
mechanism. The Ayala kernel also shows the maxima
along the line of about 10° to 15° angle. This type of
internal local maxima is a result of the combined effect
of RDF and the radial relative velocity. The maximum

in RDF tends to occur for droplet pairs of similar sizes
or along the 45° line in the contour plots, while the
radial relative velocity obtains its maximum along the
0° line in the contour plots. The internal maximum re-
gions would not occur if the preferential concentration
is not present, such as in the Hall kernel. As a further
demonstration of this, we plot in Figs. 7 and 8 the RDF,
radial relative velocity, and their product as a function
of rj with two fixed values of ri, for the mZWWnogr
kernel and the Ayala kernel, respectively. The plots
show that the peak in RDF could cause local maxima in
the product at locations shifted from the peak location
of the RDF.

An important difference between the Hall kernel and
the turbulent kernels is a nonzero value on the diagonal
in the latter case; namely, droplets of equal size can
collide due to the turbulent mechanism.

As a summary, Fig. 9 displays contour plots for the
ratio of each turbulent collision kernel over the Hall
kernel. This ratio measures the level of enhancement
by the air turbulence, relative to the gravitational col-
lision mechanism. The relative ratio for the mZWWgr
kernel and that of the mZWWnogr kernel are rather
similar (see Figs. 9b,c) except that the former is always
greater than one. The mZWWnogr kernel is larger than
the Hall kernel if both colliding droplets are larger than
30 �m; see Fig. 9b. If one of droplets in the pair is less
than 30 �m, however, the mZWWnogr is less than the
Hall kernel. This implies that both the autoconversion
from droplets less than 30 �m and the capturing of
small cloud droplets by large drops through accretion
(Berry and Reinhardt 1974) for the mZWWnogr kernel
is slower than in the Hall kernel.

The ZWW-RW kernel has a much greater relative
ratio than that of the mZWWgr kernel. One reason for
this is the assumed unit collision efficiency for the tur-
bulent mechanism in the ZWW-RW kernel, while the
mZWWgr kernel uses the collision efficiency in the
Hall kernel. Another reason is the different u� values
used in these two different cases. Overall, the ZWW-RW
kernel overestimates the turbulent contribution, rela-
tive to the gravitational contribution, by one to two
orders of magnitude in most regions when compared to
the Ayala kernel. Compared with the other three tur-
bulent collision kernels, the Ayala kernel has a moder-
ate enhancement with a relative ratio less than 2.0 for
most regions. Furthermore, when one of the droplets in
the pair is larger than 100 �m, the Ayala kernel is very
close to the Hall kernel. However, the Ayala kernel
could be larger than the mZWWgr kernel when one of
the droplets in the pair is less than 30 �m, owing to a
coupling mechanism between the relative motion due

FIG. 8. The radial relative velocity and the radial distribution
function in the Ayala kernel as a function of rj with (a) ri � 25 and
(b) ri � 100 �m: � � 300 cm2 s�3 and u� � 202 cm s�1.
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to differential sedimentation and the relative motion
due to air turbulence (A05).

To further illustrate the different levels of enhance-
ment, we divide the droplet size into three groups:
droplets less than 50 �m in radius (A group), from 50 to
100 �m (B group), and larger than 100 �m (C group).
Then there are six pair size combinations (or zones):
AA, AB, AC, BB, BC, and CC. For example, AB rep-
resents the case when aj 	 50 �m and 50 	 ai 	 100 �m.
Table 1 lists the maximum and minimum values of each
turbulent kernel when normalized by the Hall kernel
for each zone, and the actual size combinations where
the maximum and minimum values occur. For example,

for the case of Ayala kernel in the AB zone, a maxi-
mum ratio of 6.61 occurs at ai � 50 and aj � 47.2 �m,
and a minimum ratio of 1.31 occurs at ai � 100 and aj �
2.34 �m. The radius grid used to define the collection
kernel is based on a geometric grid with ai � a1 � 2i/12.
The line ai � aj is excluded since the Hall kernel is zero
when the two colliding droplets are of the same size.
Several important observations can be made. The maxi-
mum values in the ZWW-RW kernel are at least two
orders of magnitude larger than the more realistic
Ayala kernel. In most cases, the maximum values occur
for nearly equal-size droplets implying the importance
of the preferential concentration effect. The maximum

FIG. 9. Contour plots of the ratio of each turbulent collision kernel to the Hall kernel: (a) the ZWW-RW kernel, (b) the
mZWWnogr kernel, (c) the mZWWgr kernel, and (d) the Ayala kernel.
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values cited in Table 1 tend to be localized regions in
Fig. 9, while the minimum values cited in Table 1 are
probably more representative of the overall enhance-
ment by air turbulence in each zone. The Ayala kernel
actually has a larger minimum value in zone AA and
zone AB than the mZWWgr kernel. We will show in
the next section that this moderate but more persistent
enhancement in the Ayala kernel over the small to me-
dium droplet size range can have a significant impact on
the early stage of droplet growth by autoconversion.

In the following, most results from the kinetic collec-
tion equations will be presented with the Ayala kernel.
Other kernels will be used to help understand the sen-
sitivity of the rate of droplet growth to the nature and
accuracy of the kernel, the different phases of the col-
lision–coalescence growth, and the precise role of tur-
bulence enhancement.

3. Growth of cloud droplets

Here we examine the droplet size distributions at
different times and compare the results for the five dif-
ferent kernels discussed in the last section. The follow-
ing initial distribution,

n�x, t � 0� �
N0

xf0
exp�� x

xf0
�

or

g�lnr, t � 0� � 3L0� x

xf0
�2

exp�� x

xf0
�, �11�

is assumed. The liquid water content is set to L0 �
1 g m�3 for most of the discussions and the initial mean
mass xf0 � L0/N0 � 3.3 � 10�12 kg or the corresponding
mean radius rf0 � (3xf0/4�	w)1/3 � 9.3 �m.

The integral form of the kinetic collection equation is

solved by a recently developed Bin Integral Method
with Gauss Quadrature (BIMGQ; Wang et al. 2007).
BIMGQ utilizes an extended linear binwise distribution
and the concept of pair interaction to redistribute the
mass over new size classes as a result of collision–coa-
lescence. Wang et al. (2007) compared the method with
existing numerical approaches for KCE including the
method of Berry and Reinhardt (1974), the linear flux
method of Bott (1998), and the linear discrete method
of Simmel et al. (2002). They showed that BIMGQ has
a comparable, or better, accuracy and convergence be-
havior and is computationally efficient. Here we used a
small bin mass ratio of � � 21/4 to ensure an accurate
numerical integration of the KCE by BIMGQ (Wang et
al. 2007).

As in some of the previous studies (Berry and Rein-
hardt 1974; Bott 1998; Simmel et al. 2002), the kinetic
collection equation does not explicitly include the
transport term due to sedimentation in clouds, but the
effect of sedimentation on collection kernel is consid-
ered. If the cloud system is assumed to be vertically
homogeneous, the inclusion of the sedimentation in the
collection kernel may be adequate. For rain initiation
stage, the droplet settling velocity is on the order of 10
cm s�1 and is less than the rms fluctuation velocity of
air turbulence, turbulent mixing may maintain a rea-
sonable level of homogeneity.

First, we plot in Figs. 10–12 the mass density distri-
bution of cloud droplets every 10 min after the initial
time on both linear and logarithmic scales. Five curves
in each plot represent five different collection kernels.
Clearly, the ZWW-RW kernel produces the fastest
growth, with the second peak at larger size appearing
before 10 min, showing a very early activation of the
accretion mode. On the other hand, the mZWWnogr
kernel (excluding the gravitational mechanism) results
in the slowest growth and only produces a very weak

TABLE 1. The ratio of turbulent collection kernel to the Hall kernel: the maximum and minimum and the corresponding droplet
sizes in each zone.

Kernel AA AB AC BB BC CC

Ayala 7.12, 1.17 6.61, 1.31 1.45, 1.01 6.32, 1.45 3.04, 1.01 2.39, 1.01
(42.0, 39.7) (50.0, 47.2) (100.0, 50.0) (53.0, 50.0) (100.0, 94.4) (106.0, 100.0)
(2.48, 1.56) (100.0, 2.34) (2136.0, 1.66) (100.0, 50.0) (2136.0, 50.0) (2136.0, 100.0)

mZWWnogr 558.2, 0.28 547.0, 0.17 62.9, 0.05 513.7, 62.9 173.7, 1.08 151.4, 0.49
(47.2, 44.5) (50.0, 47.2) (100.0, 50.0) (53.0, 50.0) (100.0, 94.4) (106.0, 100.0)
(50.0, 2.48) (100.0, 3.94) (2136.0, 14.0) (100.0, 50.0) (2136.0, 100.0) (2136.0, 377.6)

mZWWgr 558.2, 1.04 547.0, 1.01 63.0, 1.00 513.7, 63.0 173.7, 1.47 151.4, 1.11
(47.2, 44.5) (50.0, 47.2) (100.0, 50.0) (53.0, 50.0) (100.0, 94.4) (106.0, 100.0)
(50.0, 2.48) (100.0, 3.94) (2136.0, 11.8) (100.0, 50.0) (2136.0, 100.0) (2136.0, 377.6)

ZWW-RW 1948.5, 1.89 1764.2, 1.34 163.3, 1.19 1557.8, 159.5 339.2, 1.21 223.9, 1.23
(42.0, 39.7) (50.0, 44.5) (100.0, 50.0) (56.1, 50.0) (100.0, 89.1) (112.0, 100.0)
(50.0, 5.26) (100.0, 8.84) (336.0, 17.7) (100.0, 56.1) (635.0, 50.0) (673.0, 100.0)
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secondary peak at t � 60 min. The other three kernels
all generate the secondary peak after 40 min. At t �
30 min, the percentage of mass for droplets larger than
100 �m is 93%, 76%, 60%, 0.32%, and 0% for the
ZWW-RW kernel, the Ayala kernel, the mZWWgr
kernel, the Hall kernel, and the mZWWnogr kernel,
respectively. This shows that air turbulence can speed
up the formation of drizzle droplets, but the actual im-
pact depends in a complex manner on the turbulent
collision kernel.

As indicated earlier, there are roughly three phases
of growth (Berry and Reinhardt 1974): 1) the autocon-
version phase in which the self-collections of the small

cloud droplets near the peak of the initial size distribu-
tion slowly shift the initial peak of the size distribution
and, at the same time, transfer mass to larger sizes by a
weak accretion mechanism; 2) the accretion phase in
which the accretion mode dominates over the autocon-
version mode and serves to quickly transfer mass from
the initial peak to the newly formed secondary peak at
a larger size; and 3) the large hydrometeor self-
collection phase in which the self-collections of large
droplets near the second peak now dominate over the
accretion mode, as the initial peak is diminishing and
the second peak is gaining strength.

We shall now develop a method to identify these

FIG. 10. Mass density distributions at (a) t � 10 min, (b) t � 10 min on logarithmic scale, (c) t � 20 min, and (d) t � 20 min on
logarithmic scale. The flow dissipation rate and rms velocity fluctuation are � � 300 cm2 s�3 and u� � 202 cm s�1.
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three phases by examining the net rate of transfer of
mass density in each bin, �g(ln r, t)/�t. Figure 13 displays
the distribution of �g/�t every 1 min for the case of the
Ayala kernel. This net rate of transfer was directly
solved in the BIMGQ approach. It is noted that �g/�t
can be either positive or negative, with the total integral
over the whole size range equal to zero due to the mass
conservation. Note that the curves in Fig. 13 are shifted
by an amount proportional to time, and the level at the
very left should be read as zero for each curve. At any
given time, a positive �g/�t for a given size bin implies
that the mass density for that size bin is increasing. The
three phases are clearly visible in Fig. 13. During phase

1, �g/�t is nonzero mainly near the initial peak of the
size distribution with a negative region immediately fol-
lowed by a positive region in �g/�t. Phase 2 is charac-
terized by a largely negative region of �g/�t near the
initial peak and a largely positive region of �g/�t near
the newly formed second peak. There is a size gap in
between the two regions during phase 2, showing that
the accretion mode can directly move mass from
smaller droplets to droplets much larger in size. Finally,
�g/�t is nonzero mainly near the second peak during the
large hydrometeor self-collection phase, again with a
negative region immediately followed by a positive re-
gion in �g/�t.

FIG. 11. Mass density distributions at (a) t � 30 min, (b) t � 30 min on logarithmic scale, (c) t � 40 min, and (d) t � 40 min on
logarithmic scale. The flow dissipation rate and rms velocity fluctuation are � � 300 cm2 s�3 and u� � 202 cm s�1.
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To unambiguously identify the time intervals for the
three phases, we plot in Fig. 14, as a function of time,
the location in radius, rmax, corresponding to the maxi-
mum �g/�t and the location in radius, rmin, correspond-
ing to the minimum �g/�t for the 61 curves shown in Fig.
13. Only times at every 1-min separation are consid-
ered. The maximum and minimum values of �g/�t are
also shown in Fig. 14b. For the Ayala kernel, Fig. 14a
shows that rmax experiences a sudden jump at about t �
14.5 min. This time marks the end of phase 1 and the
beginning of phase 2. Then at about t � 29.5 min, rmin

shows a sudden increase and this time marks the end of
phase 2 and the beginning of phase 3. These transition

times correspond well with the detailed dg(ln r)/dt
curves in Fig. 13. Furthermore, while both the maxi-
mum value and the minimum value of �g/�t remain
roughly the same for phase 1, the maximum value of
�g/�t grows rapidly during phase 2 when the accretion
mode is switched on. The magnitude of the minimum
�g/�t also grows initially during phase 2 but reaches a
peak and then drops during the late part of the accre-
tion phase, as a result of diminishing mass content of
small cloud droplets. The magnitudes of the maximum
and minimum �g/�t in general decay during the third
phase.

The same procedure was applied to the results based

FIG. 12. Mass density distributions at (a) t � 50 min, (b) t � 50 min on logarithmic scale, (c) t � 60 min, and (d) t � 60 min on
logarithmic scale. The flow dissipation rate and rms velocity fluctuation are � � 300 cm2 s�3 and u� � 202 cm s�1.
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on the other four kernels to identify the time interval
corresponding to each phase. The results are summa-
rized in Table 2. As far as the generation of drizzle
drops, the initiation of the accretion phase is a critical
step. The time for the initiation of the accretion phase
is about 6.5, 14.5, 24.5, 32.5, and 51.5 min for the
ZWW-RW kernel, the Ayala kernel, the mZWWgr
kernel, the Hall kernel, and the mZWWnogr kernel,
respectively. This again shows that air turbulence can
significantly reduce the time for the initiation of the
accretion phase, and the relative order is consistent
with the observed speed of growth shown in Figs. 10–
12. The transition time from the autoconversion to ac-
cretion is closely related to the effectiveness of the au-
toconversion mechanism in phase 1. It is important to
note that the Ayala kernel does not produce a large
enhancement in the collection kernel compared to the
ZWW-RW kernel, but it is still quite effective in short-
ening the time for phase 1. It follows that the magnitude
of the enhancement of the collection kernel is not the
most important factor, but the location of the enhance-
ment is the key. If the air turbulence can promote col-
lisions of small droplets, the autoconversion rate is en-

hanced so that the accretion phase can be triggered
earlier. Once the accretion phase sets in, the gravita-
tional mechanism takes over to continue the growth
process. In the absence of the gravitational mechanism
such as in the mZWWnogr kernel, the autoconversion
phase takes too long to set up the accretion phase, and
it makes it almost impossible to grow drizzle drops
within a reasonable time.

The time interval for the accretion phase is also re-
duced by air turbulence, from 19 min for the Hall
kernel to 15, 14, and 6 min for the Ayala kernel, the
mZWWgr kernel, and the ZWW-RW kernel, respec-
tively. For the case of mWWZa kernel, the accretion
phase is not yet completed at t � 60 min.

FIG. 13. Distributions of local mass transfer rate for the Ayala
kernel at different times with a time increment of 1 min.

FIG. 14. (a) The droplet radii corresponding to the maximum
and minimum �g/�t as a function of time for the Ayala kernel and
(b) the maximum and minimum values of �g/�t for the Ayala
kernel.
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Therefore, it turns out that the initiation time for
drizzle drops is largely governed by the magnitude of
the autoconversion rate during the early part of the
time evolution; namely, the consideration of turbulence
in collection kernel of small cloud droplets is key to
acceleration of rain initiation. Figure 15b shows how
the time interval Tauto for the autoconversion phase is
inversely related to the maximum magnitude of �g/�t at
t � 0. The initial distributions of �g/�t are shown in Fig.
15a, and the maximum magnitude of �g/�t at t � 0 is
listed in Table 2 for each collection kernel. A simple
empirical correlation, shown as the straight line in Fig.
15b, is obtained by fitting the results for the five ker-
nels, as

Tauto � 0.07 � �
g�lnr, t � 0�

t �

max

�2�3

. �12�

Since the initial size distribution contains mostly drop-
lets less than 50 �m, the maximum magnitude of �g/�t at
t � 0 is closely related to the initial distribution and the
magnitude of the collection kernel for small droplets.
The above inverse relation shows that the effect of tur-
bulence on the collection kernel for small droplets (i.e.,
the AA zone) is likely to be the most important mecha-
nism by which air turbulence can accelerate the growth
of cloud droplets. While the accretion phase is typically
associated with the formation of a few large cloud drop-
lets, the exact conditions for the transition from auto-
conversion to accretion is not yet understood on a
quantitative level.

Alternative ways of monitoring the growth process
are shown in Figs. 16 and 17. First, the radar reflectivity
factor, in dBZ (Rogers and Yau 1989), is shown in Fig.
16a for the five kernels. The order in the speed of the
growth is shown to be the same as before. Since the
radar reflectivity is sixth-order moment in size (or sec-
ond-order in mass), the rapid growth phase corre-
sponds roughly to the time interval for the accretion
phase shown in Table 2. For each collection kernel, two
short vertical lines are used to mark the beginning and
the end of the accretion phase in Fig. 16. If we choose
a radar reflectivity factor of 20 dBZ as the initiation of
the drizzle precipitation, as suggested by observations

of early radar echoes (Knight et al. 2002), this occurs
within the accretion phase for all cases.

Although our model of collision–coalescence does
not consider the influence of the changing thermody-

FIG. 15. (a) Distributions of local mass transfer rate at t � 0 for
different collision kernels and (b) the time duration for the auto-
conversion phase (Tauto) as a function of the maximum magnitude
of �g/�t at t � 0.

TABLE 2. The time interval (min) for each growth phase.

Kernel Phase 1 Phase 2 Phase 3
�
g�lnr, t � 0�


t �
max

�g m�3 s�

Hall t � 32.5 32.5 � t � 51.5 t � 51.5 0.138 � 10�3

Ayala t � 14.5 14.5 � t � 29.5 t � 29.5 0.267 � 10�3

mZWWnogr t � 51.5 t � 51.5 — 0.0465 � 10�3

mZWWgr t � 24.5 24.5 � t � 38.5 t � 38.5 0.146 � 10�3

ZWW-RW t � 6.5 6.5 � t � 12.5 t � 12.5 1.160 � 10�3
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namic and turbulent environments [e.g., within an up-
draft of a cumulus cloud such as those observed in the
Small Cumulus Microphysics Study (Blyth et al. 2003)],
we speculate that the rapid growth phase (the accretion
phase) may still be compared to observations. The av-
erage rate of change in dBZ during the accretion phase
for the Ayala kernel is 2.57 dBZ min�1, comparable to
the observed range of 0.9–5.0 dBZ min�1 presented in
Blyth et al. (2003). This rate is roughly 5.03, 2.40, 1.88,
and 0.85 dBZ min�1 for the ZWW-RW, mWWZb,
Hall, and mZWWnogr kernels, respectively. One may

conclude that the ZWW-RW kernel produces a too fast
rate of growth, while the mZWWnogr kernel (i.e., with-
out the gravitational mechanism) results in a rate that is
too slow. This comparison is not meant to be a rigorous
one as the initial conditions between our calculations
and the observations were not explicitly matched.

Figure 16b shows the time evolution of the droplet
radius rg corresponding to the mean mass based on the
mass density distribution, see (11b) of Berry and Rein-
hardt (1974). Here rg describes approximately the loca-
tion of the second peak at the larger size. The time
evolution of rg is similar to that of radar reflectivity. If

FIG. 16. (a) Radar reflectivity dBZ as a function of time; (b)
mass-weighted mean radius (rg) as a function of time.

FIG. 17. The fraction of mass in droplets (a) with radii greater
than 50 �m and (b) with radii from 20 to 100 �m.
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we choose a value of rg � 200 �m as the initiation of the
drizzle precipitation, we again conclude that this initia-
tion takes place within the accretion phase for all cases.

Finally, the fraction of mass in the mass distribution
for droplets larger than 50 �m in radius is shown in Fig.
17a and the fraction of mass for droplets in the size
range from 20 to 100 �m is shown in Fig. 17b. The rapid
growth phase in Fig. 17a and the occurrence of the peak
in Fig. 17b follow the same order for the five different
kernels. Specifically, the peaks in Fig. 17b all occur
within the accretion phase for each collection kernel.

Four characteristic growth times are extracted from
Figs. 16 and 17 and they are listed in Table 3. The first
growth time t1 marks the instant when the radar reflec-
tivity reaches 20 dBZ. The second growth time t2 is the
time when rg reaches 200 �m, the third growth time t3
corresponds to the time when at least 50% of the mass
is contained by droplets larger than 50 �m, and the
fourth growth time t4 represents the time when the frac-
tion of mass in the intermediate size range from 20 to
100 �m reaches the maximum. Comparing the data in
Table 3 with the data in Table 2, we find that t1, t2, and
t4 all fall within the corresponding time interval for the
accretion phase. The value of t3 falls either in the late
part of the accretion phase or early part of the large
hydrometeor self-collection phase.

The above calculations were based on one flow dis-
sipation rate. We repeated the calculation for the four
different turbulent kernels for several different flow
dissipation rates and three different flow rms fluctua-
tion velocities. [A typical run in Table 4 took less than
a minute on a PC Linux workstation with a 2.8-GHz
Pentium processor (Wang et al. 2007).] In Table 5, we
compare the resulting values of t1 and t2. Both t1 and t2
decrease with increasing dissipation rate at a fixed flow
fluctuation velocity or with increasing fluctuation ve-
locity at a fixed dissipation rate. These show that the
stronger the air turbulence, the shorter the time needed
to form drizzle drops. Figure 18 compares t1 and t2 with
our base case, the Hall kernel, which only considers the
gravitational mechanism. The same observations can be
made. We also list in Table 5 the percentage of reduc-
tion in t1 and t2 relative to the Hall kernel. The air
turbulence can shorten the time for the formation of

drizzle drops roughly from 20% to 41% when the dis-
sipation rate varies from 100 to 400 cm2 s�3 with the
range of rms velocity considered.

Finally, in Table 5 we compile a total of 12 runs to
investigate different combinations of liquid water con-
tent L0 and the turbulence dissipation rate �, when the
rms fluctuation u� is fixed to 100 cm s�1. The initial
mean mass radius rf0 is always fixed to 9.3 �m, so in-
creasing L0 implies increasing the initial number den-
sity N0. This is designed to contrast regions of low flow
dissipation and high liquid water content (e.g., undi-
luted cloud core), with regions of high flow dissipation
and low liquid water content (cloud edges). The range
of L0 covers shallow cumulus to deep convective
clouds. The range of � is taken from the recent helicop-
ter-borne measurements of Siebert et al. (2006). A few
interesting observations can be made. The growth times
depend very sensitively on the liquid water content,

TABLE 5. Characteristic times (s) for the growth of cloud drop-
lets with the Ayala kernel under different combinations of turbu-
lent dissipation rate (cm2 s�3) and liquid water content (g m�3):
u� � 100 cm s�1.

L0 � t1 t2

Reduction
in t1 (%)

Reduction
in t2 (%)

1.5 Hall 1600 1651 — —
1.5 10 1478 1527 7.6 7.5
1.5 100 1271 1318 20.6 20.2
1.5 1000 996 1035 37.8 37.3
0.3 Hall 8702 8228 — —
0.3 10 8061 7606 7.4 7.6
0.3 100 6984 6556 19.7 20.3
0.3 1000 5500 5144 36.8 37.5
3.0 Hall 776.4 829.2 — —
3.0 10 716.4 766.4 7.7 7.6
3.0 100 614.7 662.5 20.8 20.1
3.0 1000 479.7 519.6 38.2 37.3

TABLE 3. Characteristic times (s) for the growth of cloud
droplets.

Kernel t1 t2 t3 t4

Hall 2448 2474 2804 2400
Ayala 1498 1519 1536 1320
mZWWnogr — — — —
mZWWgr 1913 1935 3070 1860
ZWW-RW 640 653 883 600

TABLE 4. Characteristic times (s) for the growth of cloud
droplets with the Ayala kernel under different turbulent

dissipation rates and rms fluctuation velocities (cm s�1): L0 �
1.0 g m�3.

�
(cm2 s�3) u� t1 t2

Reduction
in t1 (%)

Reduction
in t2 (%)

100 100 1949 1972 20.4 20.3
150 1832 1855 25.2 25.0
202 1738 1761 29.0 28.8

200 100 1816 1837 25.8 25.7
150 1685 1707 31.2 31.0
202 1584 1605 35.3 35.1

300 100 1736 1757 29.1 28.9
150 1602 1623 34.6 34.4
202 1498 1519 38.8 38.6

400 100 1681 1702 31.3 31.2
150 1547 1568 36.8 36.6
202 1443 1464 41.1 40.8

FEBRUARY 2008 X U E E T A L . 349



roughly inversely proportional to the liquid water con-
tent for the base case (Hall kernel). This is expected as
the kinetic collection equation has a self-similarity: an
increase in N0 by a factor of C results in exactly a re-
duction of growth time by a factor of 1/C. It follows
rigorously that the percentage of reduction in growth
time due to air turbulence is independent of the liquid
water content. The small differences in Table 5 are
merely a reflection of the small numerical integration
errors. In all cases including weak turbulence, the effect
of turbulence is noticeable. For a given dissipation rate,
the relative reduction in growth times are comparable
for different liquid water contents. For high liquid wa-
ter cases, the radar reflectivity reaches the defined
threshold first (t1 � t2), while for low liquid water cases
the mass-weighted radius reaches the defined threshold
first (t2 � t1).

4. Summary and concluding remarks

We studied the impact of air turbulence on the
growth of cloud droplets using an accurate bin-integral
method for the kinetic collection equation and several
turbulent collection kernels based on the recent studies
by Wang et al. (2000), ZWW01, RW05, and A05. The
four turbulent kernels represent different levels of ac-
curacy in treating the effects of air turbulence on geo-
metric collisions through local fluid shear, local fluid
acceleration, and preferential concentration. The Ayala
kernel is the most realistic turbulent kernel as it is
based on direct numerical simulations of turbulent col-
lisions of sedimenting droplets in a turbulent airflow

with conditions similar to atmospheric clouds. Unlike
other turbulent kernels, the Ayala kernel has several
unique characteristics: 1) the overall enhancement by
turbulence on geometric collision kernel is very mod-
erate with an average enhancement factor around 2; 2)
the enhancement covers a broad region in the small
droplet size range owing to a coupling mechanism be-
tween the relative motion due to differential sedimen-
tation and the relative motion due to air turbulence;
and 3) the effects of air turbulence are essentially neg-
ligible for droplets larger than 100 �m in radii owing to
their large terminal velocities. We note that, in a recent
study, Pinsky et al. (2006) reported an enhancement
factor of less than 2 of geometric collision kernel by
turbulence for droplets less than 20 �m, which seems to
be very similar to the level shown in the Ayala kernel
(see Fig. 9d).

We compared several time scales for warm rain ini-
tiation relative to the hydrodynamical–gravitational
kernel of Hall (1980). The most important observation
is that the time for the warm rain initiation is largely
governed by the timing of the transition from the au-
toconversion to accretion phase. For example, the time
evolution after this transition is very similar for the
Ayala kernel, the mZWWgr kernel, and the Hall ker-
nel. If we take the Ayala kernel as the most appropriate
kernel for the description of collision–coalescence rate
in clouds, then the air turbulence at a typical intensity
of turbulence with a dissipation rate of 300 cm2 s�3 and
rms fluctuation velocity of 2 m s�1 can shorten the time
for the formation of drizzle drops by about 39% based
on both radar reflectivity and mass-weighted mean ra-
dius when compared with the Hall kernel. If the gravi-
tational mechanism is completely neglected such as in
the mZWWnogr kernel, the turbulence mechanism
alone would be too slow to produce drizzles in a rea-
sonable time. The ZWW-RW kernel used in RW05
overestimates the turbulent collision kernel by as much
as two orders of magnitude and is shown to lead to an
unrealistic reduction (by a factor of 4) in rain initiation
time by air turbulence.

Another contribution of this study is a method to
unambiguously identify the time intervals for the three
phases of growth by collision–coalescence as defined
qualitatively by Berry and Reinhardt (1974). We used
the maximum and minimum of the local mass-density
transfer rate to locate the time intervals of the three
phases. We found that the air turbulence has the stron-
gest impact on the autoconversion phase, which is typi-
cally the longest phase for warm rain initiation. The
overall implication is that a moderate increase of col-
lection kernel by air turbulence over the size range of
small cloud droplets (less than 50 �m in radii) can have

FIG. 18. Characteristic times t1 and t2 as a function of turbulent
dissipation rate for different rms fluctuation velocities.
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a significant impact on the warm rain initiation process.
This mechanism for growing small cloud droplets is dif-
ferent from the enhanced growth due to the presence of
giant and ultragiant nuclei (e.g., Johnson 1982; Blyth et
al. 2003). Our mechanism shortens the growth time for
the autoconversion phase by moving droplet mass into
the size range so that the accretion phase can be acti-
vated spontaneously, while the presence of giant and
ultragiant nuclei increases the growth by the accretion
mode relative to the autoconversion mode on a few
lucky giant particles.

We should note that the speedup in the formation of
drizzles observed in this study is somewhat less than
what is needed to fully close the gap between previous
calculations and observations. The parameter space
studied is limited as far as liquid water content and the
level of turbulence intensity are considered. There are
also simplifications such as no fallout of droplets and
the assumed single initial spectrum width. Condensa-
tion was also not explicitly included so the cloud con-
densation nuclei (CCN) input and other related varia-
tions are not considered. These limitations and simpli-
fications will need to be addressed in future studies.

Although this study does not include the effect of air
turbulence on the collision efficiency (Wang et al.
2005a), the observations made here are very relevant to
the impact of the enhanced collision efficiency by air
turbulence on the warm rain initiation as the enhanced
collision efficiency occurs also in the small size range
with the droplet radius less than 50 �m. For droplets
less than 50 �m, Wang et al. (2005a) showed that the
enhancement of collision efficiency by turbulence is at
least comparable to the enhancement factor on geomet-
ric collision rate as shown here in the Ayala kernel.
Therefore, should the enhancement of collision effi-
ciency by turbulence be included, the airflow turbu-
lence could likely shorten the time for the formation of
drizzle drops even further. This could then resolve the
discrepancy between the observed time for rain initia-
tion and the predicted time based on the gravitational
mechanism alone. At this stage, further research is
needed to quantify the effects of air turbulence on col-
lision rate and collision efficiency before a complete
collision kernel can be developed.
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APPENDIX A

List of Symbols

dBZ Radar reflectivity factor in the form of 10
log10Z

dt Time step, in s
Et

ij Collision efficiency for the turbulent
mechanism

Es
ij Collision efficiency for the gravitational

mechanism
gij Radial distribution function for droplet

pairs of radii ri and rj

g Gravitational acceleration vector, |g| � 980
cm s�2

g(ln r) Mass density function, in g m�3

Ki,j Collection kernel, in cm3 s�1

Le Eulerian integral length scale of turbu-
lence, in cm

L Liquid water content, in g m�3

n(x, t) Number density distribution
N Number density, in cm�3

R Geometric collision radius (R � ri � rj), in
cm or �m

R� � u��/� � u�2
15/(��), Taylor-microscale
Reynolds number

Rep Droplet Reynolds number
r Droplet radius, in cm or �m
rf 0 Initial mean-mass radius, in cm or �m
St Droplet Stokes number
Tauto Time interval for the autoconversion

phase, in s
Te Large-eddy turnover time of turbulence, in s
TL Lagrangian integral time of turbulence, in s
t Time, in s
u� Flow rms fluctuation velocity in a given di-

rection, in cm s�1

�n Droplet terminal velocity based on nonlin-
ear drag, in cm s�1

�k � (��)1/4, Kolmogorov velocity scale, in
cm s�1

�s � �s|g|, Stokes terminal velocity, in cm s�1

�(��(i)��( j))� Particle velocity cross-covariance, in
cm2 s�2

�(��(k))2� Mean-square particle velocity, in cm2/s2

wr Droplet radial relative velocity, in cm/s
�w2

r,accel� Contribution to the radial relative velocity
due to differential fluid acceleration, in
cm s�1

�w2
r,shear� Contribution to the radial relative velocity

due to local fluid shear, in cm s�1

x Droplet mass, in kg or g
xf0 Initial mean mass, in kg or g
Z Radar reflectivity factor, in mm6 m�3
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Greek Symbols

� Turbulent dissipation rate, in cm2 s�3

� � (�3/�)1/4, Kolmogorov length scale, in cm
� Dynamic viscosity of the air � 1.818 � 10�4

g cm�1 s�1

� � �/	a, kinematic air viscosity, in cm2 s�1

� Taylor microscale, in cm
� Ratio of inertial response times of a droplet

pair
	a Air density � 0.001 225 g cm�3

	w Water density � 1 g cm�3

	ij Pair distribution correlation coefficient
�2 Variance of the radial relative velocity due

to turbulence, in cm2 s�2

�k � 
�/�, Kolmogorov time scale, in s
�p Inertial response time of a droplet, s
�s � 2	wr2

i /(9�	a), inertial response time for
Stokes drag, in s

�n Inertial response time based on nonlinear
drag, defined in Eq. (5)

�T Lagrangian Taylor microscale time, in s
 i � 2.5�pi

/TL

APPENDIX B

Formulation of the ZWW-RW Kernel

Here we present the detail parameterization of the
ZWW01 kernel for nonsettling particles. As indicated

in Eqs. (1)–(3), four kinematic elements need to be
modeled: the relative velocity �w2

r,accel� due to differen-
tial fluid acceleration, the relative velocity �w2

r,shear� due
to local fluid shear, the radial distribution functions
[gii(r � R) and gjj(r � R)] for monodisperse particles,
and the cross-correlation coefficient 	ij.

The shear term is easily modeled as (Saffman and
Turner 1956; Wang et al. 1998b)

�wr,shear
2 � �

1
15

�k
2�R

��2

, �B1�

where � is the turbulence Kolmogorov length and �k is
the Kolmogorov velocity. A complete list of symbols
and their interrelationships are provided in appendix
A. The acceleration term is given as

�wr,accel
2 � � Cw�z��waccel,0

2 �, �B2�

with

Cw�z� � 1.0 � 0.6 exp
��z � 1�1.5�. �B3�

Here z � max( i/ j,  j/ i),  i � 2.5�si/TL, where �si is the
cloud droplet Stokes inertial response time. The flow
Lagrangian integral time TL is estimated as TL � u�2/�,
where u� is the turbulent rms fluctuation velocity and �
is the flow viscous dissipation rate. Since the droplet
density is much larger than the air density, the expres-
sion for �w2

r,accel� taken from Kruis and Kusters (1997)
becomes

�waccel,0
2 � �

u�2�

� � 1 ���i � �j� �
4�i�j

�i � �j
� 1 � �i � �j

�1 � �i��1 � �j�
�1�2�� 1

�1 � �i��1 � �j�
�

1

�1 � ��i��1 � ��j�
�, �B4�

where ! is a function of z:

� � z � 0.183
u�2

�
��1�2 . �B5�

The monodisperse radial distribution function gkk(R)
(k � i or j) is parameterized as

gkk�R� � 1 � y0�St�
1 � z0
2�St��

� z0
2�St�R�"y1�St�
1 � z1�St��

� y2�St�z1�St� � y3�St�z2�St�#, �B6�

where R� is the Taylor microscale Reynolds number,
the Stokes number St is defined as St � �si/�k, and �k is
the Kolmogorov time scale. The functions yi(St) and
zi(St) are expressed as

y0�St� � 18St2, y1�St� � 0.36St2.5 exp��St2.5�,

y2�St� � 0.24 exp��0.5St�,

y3�St� � 0.013 exp��0.07St�

and

z0�St� �
1
2 �1 � tanh

St � 0.5
0.25 �, z1�St� �

1
2 �1 � tanh

St � 1.25
0.1 �, z2�St� �

1
2 �1 � tanh

St � 6.5
2.5 �.

The correlation coefficient 	ij(� ) is described as

�ij��� � 2.6 exp���� � 0.205 exp��0.0206�� �
1
2 
1.0 � tanh�� � 3��, �B7�

where � � �sj /�si.
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APPENDIX C

Formulation of the Ayala Kernel

In this appendix, we fill in the expressions needed to
complete the Ayala kernel as outlined by Eqs. (7)–(10).

The detailed derivations of the following expressions
can be found in A05. First, the velocity variance and
cross variance for the motion of droplets due to turbu-
lence are described as

�����k��2� �
u�2

�pk

b1d1��c1, e1� � b1d2��c1, e2� � b2d1��c2, e1� � b2d2��c2, e2��, k � i or j; �C1�

and

�����i���� j ��� �
u�2f�R�

�pi�pj

b1d1��c1, e1� � b1d2��c1, e2� � b2d1��c2, e1� � b2d2��c2, e2��, �C21�

where

f�R� �
1

2�1 � 2�2�1�2
� ��1 �
1 � 2�2� exp�� 2R

�1 �
1 � 2�2�Le
�

� �1 �
1 � 2�2� exp�� 2R

�1 �
1 � 2�2�Le
�� .

The parameters b1, b2, c1, c2, d1, d2, e1, and e2 are defined as

b1 �
1 �
1 � 2z2

2
1 � 2z2
, b2 �

1 �
1 � 2z2

2
1 � 2z2
, c1 �

�1 �
1 � 2z2�TL

2
, c2 �

�1 �
1 � 2z2�TL

2
,

d1 �
1 �
1 � 2�2

2
1 � 2�2
, d2 �

1 �
1 � 2�2

2
1 � 2�2
, e1 �

�1 �
1 � 2�2�Le

2
, e2 �

�1 �
1 � 2�2�Le

2
,

respectively. Here, z � �k /TL and $ � 
2�/Le. The
Eulerian integral length Le is modeled as Le � 0.5u�3/�.

The function %(�, &) appeared in the cross-variance
equation is given as

���, �� � �1���pj

�
�

1
�pj

�
1
�� � 1���pi

�
�

1
�pi

�
1
�����pi

� �pj
��2���pi

� �pj

�
�

1
�pi

�
1

�pj

�2

� 	
4

��pj

� �2

� � 1
�pi

�
1
��2 �

1

��pj

�
�

1
�pj

�
1
��2 �

1

��pj

�
�

1
�pj

�
1
��2
�

�pj

2�� 1
�pi

�
1
�
� � 1

�pj

�
1
�� �pi

�pj

�
� �����pi

�
�

1
�pi

�
1
�� � 2����pj

�
�

1
�pj

�
1
�� � �pi���pi

�
�

1
�pi

�
1
��2

� �pj���pj

�
�

1
�pj

�
1
��2�

�
1

2���pi
� �pj

�
�

1
�pi

�
1

�pj

� , �C3�

and the function '(�, &) in the variance equation is
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���, �� � 1�� 1
�pk

�
1
�
�

�pk

� � � �pk��2�� 1
�pk

�
1
�
�

�pk

� �2�, �C4�

where the particle response time and terminal velocity
are based on the nonlinear drag. In Eq. (C3), it is as-
sumed that �ni � �nj.

For the radial distribution function described in Eq.
(10), the exponent C1 and the transition distance rc are
both obtained by curve fitting to DNS data. The em-
pirical expression for C1 is

C1 �
y�ST �

�|g|���k ��k��
f �R��

, �C5�

where

y�ST� � �0.1988ST4 � 1.5275ST3 � 4.2942ST2

� 5.3406ST,

f�R�� � 0.1886 exp�20.306
R�

�,

and ST � max(St2, St1). The transition distance rc is
expressed as

�rc

��2

� |St2 � St1|F �aog
, R��,

where aog
is

aog
�

11 � 7R�

205 � R�

�
�

8 � |g|
�k (�k

�2

and

F �aog
, R�� � 20.115�aog

R�
�1�2

.
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