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In this paper, an exact solution is developed to predict the single-fiber interception efficiency of spherical
particles carried by a potential flow over a circular-arc fibrous filter. The flow field around the arc fiber
has recently been calculated based on the Zhukovsky conversion. It is shown that the interception effi-
ciency is a function of three parameters: the arc shape parameter, the flow-approaching angle, and the
particle size. The results show that slim and long arc fibers have higher interception efficiency. The inter-
ception efficiency increases as the particle diameter increases. The orientation angle also affects the inter-
ception efficiency. Overall, the results demonstrate the importance of flow asymmetry and singular
points on the interception efficiency. Together with our previous results on elliptic fibers published in
Wang et al. [Wang WX, Xie ML, Wang LP. An exact solution of interception efficiency over an elliptical
fiber collector. Aerosol Sci Technol 2012;46:843–51.], a range of fiber cross-sectional shapes on the
interception efficiency can now be analytically modeled.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Fibrous filters are ubiquitous in nature and in engineered sys-
tems. They form the heart of many filtration and particle-separa-
tion devices in environmental, electrical, biological and chemical
engineering applications. Examples of their use include respiratory
protection, control of diesel particle emissions, and air cleaning
equipment.

A key characteristic of filters is the filtration efficiency, which
has attracted a great deal of interest. The two major theoretical dif-
ficulties that have long been recognized are the treatment of the
interference effects of neighboring fibers and the consideration of
effects associated with arbitrary fiber orientation. There have been
extensive theoretical and experimental investigations addressing
these issues of filtration mechanisms [10]. Lee and Liu studied the
filtration efficiency of aerosols by fibrous filters both theoretically
[8] and experimentally [9]. Considering the influences of neighbor-
ing fibers, their theoretical and experimental results were fairly
consistent, that is, diffusion and interception play a major role in
the region of minimum efficiency while impaction with minor ef-
fect. Fotovati et al. [4] and Tahir and Tafreshi [14] respectively
investigated the influence of fiber orientation on the performance
of fibrous filters. They both found that capture efficiencies of submi-
cron particles by common fibrous filters were independent of in-
plane fiber orientation but decreased as the fibers’ through-plane
angle increased from the zero reference value.

As changing some of the filter parameters is usually accompa-
nied by an increase in pressure drop across the filter, some
researchers paid attention to the application of external fields, such
as electrostatic, magnetic or acoustic, which might enhance the fil-
tration efficiency without a change in pressure drop. Moldavsky
et al. [11] have investigated the influence of acoustic waves on
the performance of fibrous filters; Wang [17] found that applica-
tion of electrostatic forces could significantly increase the
efficiency for removing sub-micrometer particles from a gas
stream; Watson [22] investigated the filtering process of removing
micron-sized paramagnetic particles from a fluid and considered
application of magnetic filtering to the rapid treatment of sewage.

Theoretically, in order to reduce the many complications of a fil-
tering process, ‘‘single fiber theory’’ is used instead to predict the
filter efficiency. The single-fiber filtration efficiency serves as a
key parameter to describe the filtration behavior of unloaded fi-
brous filters. It is mainly determined by 3 mechanisms: (1) impac-
tion; (2) direct interception; and (3) diffusion according to the
classic filtration theory [5]. Diffusion is the dominant deposition
mechanism for nanoparticle filtration while interception and
inertial impaction play a major role for particles larger than
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Nomenclature

A/B the right/left tangent point of the circular-arc
b the chord half width of the circular-arc
C/D the center point of right/left particles with diameter dp

just passing the circular-arc
f1 the height of the circular-arc
R the circular-arc radius
L the distance of two parallel lines of same orientation

that are tangential to the fiber
Li the line pass through point (xi1,yi1) with the orienta-

tion angle a
L1 the distance between the two limiting streamlines

along which particles would just touch the fiber from
above and below

K the intercept
V the velocity of incoming flow
x the horizontal axis on circular-arc plane
x0 x-coordinate of point A
x0 x-coordinate of point B
x1 x-coordinate of point C

x2 x-coordinate of point D
xi1 x-coordinate of point located at the streamline at the

infinity
y the vertical axis on circular-arc plane
y’ y-coordinate of point A
y0 y-coordinate of point B
y1 y-coordinate of point C
y2 y-coordinate of point D
yi1 y-coordinate of point located at the streamline at the

infinity
z a vector on circular-arc plane
a the orientation angle of incoming flow
h the half angle of the circular-arc
f the transformed vector on circular plane from z
n the horizontal axis on circular plane
g the vertical axis on circular plane
W the stream function

Fig. 1. The sketch of potential flow passing through a circular arc and terminology
used to describe the circular arc fiber.
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500 nm at normal temperatures and pressures [1]. It is typically
derived under the assumptions that the particles are spherical
and do not bounce once touch the fiber. There are many studies
addressing the thermal rebound due to the particles’ high thermal
speed, which considered occurring for particles smaller than 2 nm
(e.g. [19]; and [6]. In addition, the change of the particles’ shape
and size, such as due to Brownian coagulation [23], straining and
some other physical and chemical processes, could also affect the
porous filter efficiency. For example, the straining of particles
makes the filtration coefficients not proportional to the fractional
flow through the pores smaller than the particles, but to the
power-law functions of them [24]. Yuan et al. [25] also provide a
new improved population balance methodology for modeling of
the straining-dominant deep bed filtration in porous filters.

Most of the existing theory for filtration of aerosols by fibrous
media assumes that the fibers have circular cross-sections. As the
noncircular fibers can offer more surface per unit volume of fiber
than circular fibers and with the development of technology, many
other studies are focused on the noncircular cross-sectional shapes,
including ellipse [20], square or rectangular [2,3,12], as well as ‘‘+’’
shaped, ‘‘T’’ shaped, ‘‘O’’ hollow shaped [15]. In this study we con-
sider analytically the case of a circular-arc fiber, which to our
knowledge has never been dealt with previously. Obviously, a cir-
cular-arc fiber has a larger specific surface area than a circular fi-
ber, which leads to more absorption area under the same
conditions. When the arc angle tends to 2p, the arc are close to a
hollow cylinder in which case it may offer a similar filter efficiency
compared to the cylindrical one with less cost of material and sim-
ple technology. We first discuss the potential flow around a circu-
lar-arc fiber assuming that the Reynolds number is high enough.
Usually the viscous force is negligible to the inertial force when
Re P 1000 in which situation the potential flow assumption is
available. And in Viswanathan [16], it shows that the transition
from intermediate to potential flow occurs when the Reynolds
number is about 80. Furthermore, the Reynolds number is usually
high for particle-laden flow, so that some researchers paid atten-
tion to the deposition of aerosol particles at high Reynolds number
[18,13]. All these make the applications of potential flow possible
although the predicted interception efficiency may be somewhat
overestimated. Based on the theory of Zhukovsky conversion [7],
a potential flow field around a circular-arc fiber can be obtained
[21]. When the degree of filter loading and external forces are
neglected, an exact expression is derived for calculating the single
fiber interception efficiency of a particle over the circular-arc fiber
collector. The interception efficiency is a function of several vari-
ables, including size of the filter elements, diameter of the particle
and the orientation angle of the incoming flow.
2. Theory and solution method

In this paper, only the interception efficiency will be considered.
Interception efficiency is the theoretical collection efficiency by a
fiber for spherical particles under the assumption that both the
particle inertia relative to the flow and the Brownian diffusion
are negligible so that they follow air streamlines around the fiber.
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If the center of a particle passes within one particle radius from the
surface of a fiber, the particle is considered having been collected
by the fiber. Therefore, the interception efficiency is given as:

gR ¼
L1
L
: ð1Þ

where L1 is the distance between the two limiting streamlines
along which particles would just touch the fiber from above and be-
low, respectively (Fig. 1). The surface contact points are denoted by
A and B, respectively, for the two limiting streamlines. In the far
field, these two limiting streamlines are parallel to one another with
a slope of tana, where a denotes the orientation of the far field flow.
For convenience and without the loss of generality, the range of a in
this study is limited from 0 to p/2 (or 0–90�). L is the distance of two
parallel lines of same orientation that are tangential to the fiber. To
bound gR to within unity, we add the particle diameter to the
denominator, and the corresponding interception efficiency
becomes,

gR ¼
L1

Lþ dp
: ð2Þ

The two definitions (Eq. (1)) and (Eq. (2)) yield a similar result only
when dp� L.

Consider a potential flow around a circular arc as shown in
Fig. 1. A circular arc is a portion of a circle being cut off at the chord
line. The arc has a radius R and angle (2h). The chord is aligned with
the x-axis. The chord half width is b and the height of the arc is f1.
The left tip and right tip are the two points shared by the arc and
the chord. Clearly, the following relationship holds

b ¼ R sin h; f 1 ¼ Rð1� cos hÞ: ð3Þ

It follows that the arc radius R and the arc half angle h can be deter-
mined from the chord half width b and the height f1 as

R ¼ b2 þ f 2
1

2f 1
; ð4Þ

h ¼ cos�1 1� f1

b

� �2
" #,

1þ f1

b

� �2
" #

: ð5Þ

Therefore, a give value of (f1/b) in the range 0 6 f1/b 61 corre-
sponds to a unique arc half-angle h (0 6 h 6 p), as illustrated in
Fig. 2a. The relationship is monotonic: increasing (f1/b) leads to
increasing h. There are three possible relationships between a and
f1/b according to the value f1/b as shown in Fig. 2b.
Fig. 2. Configuration map: (a) relationship between h and (f1/b) and (b) relationship betw
corresponds to a particular arc half angle h; the boundaries for the three configurations
It is important to recognize the locations of the contact points A
and B (see Fig. 1), relative to the right and left tip of the circular arc.
For this purpose, we need to consider three possible configurations
as illustrated in Fig. 3. When h 6 p/2, two possible configurations
could occur. In configuration (a), the contact points are exactly
the tip points: this occurs when h 6 a 6 p/2 or equivalently when
f1/b 6 (1 – cosa)/sina 6 1. Otherwise when 0 6 a < h or equiva-
lently when 0 6 (1 � cosa)/sina 6 f1/b, the contact point A remains
as the right tip but the contact point B appears on the arc; this is
configuration (b) shown in Fig. 3. When h > p/2, again two possible
configurations could occur. Configuration (b) takes place when
0 6 a 6 p � h or equivalently when f1/b 6 (1 + cosa)/sin a <1. A
third configuration, configuration (c), occurs when p � h 6 a 6 p/
2 or 1 6 (1 + cosa)/sin a < f1/b: in this case, both contact points
are located on the arc (Fig. 3c).

The determination of L1 requires a potential flow solution
around the circular arc, which has recently been obtained
analytically by Wang et al. [21]. Through the use of the following
Zhukovsky conversion f = f(n,g), z = z(x,y)

f ¼ zþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � b2

q
: ð6Þ

Under this transformation, a shifted circle in the transformed
plane

j f� f1i j¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2
1 þ b2

q
: ð7Þ

corresponds to, in the z = (x,y) plane, an arc of chord width (2b) and
height f1, namely,

x2 þ yþ ðR� f1Þ½ �2 ¼ R2 with y P 0: ð8Þ

Fig. 4 shows how the normalized arc radius (R/b) and arc half angle h
change with the ratio f1/b. For a fixed b, the arc half angle h changes
from 0 to p as f1/b is increased from 0 to1 (Fig. 4). The normalized
arc radius (R/b) approaches infinity for the two limits
f1/b ? 0 and f1/b ?1where the arc reduces simply to a straight line
of width 2b (f1/b ? 0) or a circle with radius R ? 1/2 f1 (f1/b ?1).
The normalized arc radius (R/b) reaches a minimum value of one
when f1/b = 1, in this case the arc covers exactly half of a circle.

The stream-function can be expressed analytically as [21]

w
bV1

¼ 1
2

g
b
� f1

b

� �
cos a� n

b
sina

� �
1�

1þ f1
b

� �2

n
b

	 
2 þ g
b �

f1
b

� �2

2
64

3
75: ð9Þ

where the correct transformation from (x,y) to (n,g) requires a care-
ful selection of sign combination in the following relationships
een a and (f1/b) at the boundary of three configurations. Note that each (f1/b) value
are shown as the lines f1/b = (1 – cosa)/sina and f1/b = (1 + cosa)/sina.



Fig. 3. Three possible configurations of the limiting streamlines: (a) the contact point A coincide with the right tip and B with the left tip: h 6 p/2 and h 6 a 6 p/2 [or
equivalently f1/b 6 (1 � cosa)/sina 6 1]; (b) the contact point B sits on the arc but the contact point A coincides with the right tip: h 6 p/2 and 0 6 a < h, or h > p/2 and
0 6 a 6 p � h; and (c) both contact points A and B are located on the arc: h > p/2 and p � h 6 a 6 p/2 [or equivalently 1 6 (1 + cosa)/sina < f1/b].

Fig. 4. The normalized arc radius (R/b) as a function of (f1/b).
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n ¼ x�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � y2 � b2
� �2

þ 4x2y2

r
þ ðx2 � y2 � b2Þ

2

vuuut
;

g ¼ y�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � y2 � b2
� �2

þ 4x2y2

r
� ðx2 � y2 � b2Þ

2

vuuut
:

ð10Þ
Fig. 5. Sketches to show one-to-one mapping and choices of signs for (x,y) to (n,g). Trans
each subdomain the proper signs to be used in the transformation are indicated.
In the study [21] the choice of sign is consistent with that of
x(or y). But there may exist some questions. In this paper, we provide
another possibility, which looks like more reasonable in practice.

There are 6 distinct subdomains with each having a unique sign
combination, as shown in Fig. 5. For example, in subdomain V
shown in Fig. 5, the ‘‘+’’ sign should be used in the n expression,
and the ‘‘�’’ sign should be used in the g expression. This proper
mapping of sign combinations is crucial for correctly realizing
the stream function in the (x,y) space. The mapping shown in
Fig. 5 is obtained by first converting the arc in the (x,y) plane to
the circle in the (n,g). The body must be divided into 4 segments:
arc 4 ? 1, arc 1 ? 3, arc 3 ? 2, and arc 2 ? 4. The first two arcs
form the upper branch of the circle and the last two the lower
branch in the (n,g) plane. In the plane, the lower and upper
branches overlap precisely. The mapping of the body surface led
to the conclusion that the arcs 4 ? 1, arc 1 ? 3, arc 3 ? 2, and
arc 2 ? 4 are properly transformed with the following sign combi-
nations, (+,+), (�,+), (+,�) and (�,�), respectively. Next, we iden-
tify the boundary for each subdomain. The requirement on the
boundary is that both variables (n,g) must be continuous across
a boundary, although the sign may change. Take, for example,
the boundary 1 ? 10 between subdomain I and subdomain II.
Across this line, g+ is used and n+ =n� = 0, so there is no problem
of using n- on the left of the line and n+ on the right of the line. Here
n� denotes the n expression with the use of ‘‘�’’ sign. An important
1

formation in Eqs. (10). The flow region has to be divided into six subdomains and in
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next step is to recognize that the subdomains V and VI are both
bounded. The portions of the boundaries, 3 ? 6 ? 5 and
5 ? 7 ? 4, are on a circle n2 + g2 = b2 in the (n,g) plane. Finally,
the two additional subdomains III and IV are needed to match
the proper far-field conditions. About 11 key points are marked
in Fig. 5 to clearly show the one-to-one mapping.

Fig. 6 shows streamlines for three representative cases. In all
cases, the streamlines are smooth although six subdomains as
shown in Fig. 5 must be identified when computing the stream func-
tion. No flow separation is observed. In configuration (a), in addition
to the two tip points, two stagnation points are visible, one below
the arc and a second above the arc. In configuration (b), both stagna-
tion points are located above the arc. Finally, in configuration (c),
there appears to be a significant region below the arc where the flow
velocity is essentially zero. The two tip points represent singular
points where the local velocity gradient is unbounded.

Now the task is to find the two limiting streamlines that pass
through point C (x1,y1) and point D (x2,y2), respectively. The coor-
dinate locations for points C and D are given by

x1 ¼ x0 þ dp

2 sin a;

y1 ¼ y0 � dp

2 cos a:
ð11Þ

and

x2 ¼ x0 � dp

2 sina;

y2 ¼ y0 þ
dp

2 cos a:
ð12Þ
α=0                   α =π /5                    

θ=0     

θ=π/4  

θ=π/2  

θ=3π/4 

Fig. 6. Streamlines for the representatives flow configurations. All plots represent contou
black line and the arc half width b = 1.
Since in the far field (|x|/b� 1, |y|/b� 1), the stream-function takes
the form

w! V1ð�x sinaþ y cos aÞ þ constant: ð13Þ

It follows that, formally, we can express

L1
b
¼ 1

bV1
j wðx1; y1Þ � wðx2; y2Þ j : ð14Þ

At this point, the task of determining L1/b and L/b reduces to the
determination of the coordinates for the two contact points A (x0,
y0) and B (x0,y0). Both L1/b and L/b are functions of three system
parameters: a, f1/b and dp/b, and they are independent of V1. The
details are presented in Appendix A according to the solution, Eq.
(9) for the three possible configurations illustrated in Fig. 3.
Therefore, the interception efficiency depends on the three
parameters as

gR ¼
L1

Lþ dp
¼ f a;

f1

b
;
dp

b

� �
: ð15Þ
3. Results and discussion

We shall now present results for the interception efficiency gR

for various combination of the parameters a, f1/b and dp/b.
α =π/4                  α =π /3                  α =π/2 

rs of W/bV1, the contour interval is set to 0.1. The arc fiber is indicated by the bold
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3.1. The effect of the arc shape parameter f1/b

We first consider the dependence of interception efficiency on
the arc shape parameter. A small value of f1/b represents a line ob-
ject, while a large f1/b represents a more round arc fiber. In Fig. 2
we observe that gR decreases as the ratio f1/b increases, this shows
that the more slim the arc is, the higher the interception efficiency
it has. Fig. 2(a) shows that the arc filter works better for relatively
larger particles due to the strong converging–diverging stream-
lines at the tips. Fig. 7(b) shows that the interception efficiency is
higher for a smaller approaching angle, perhaps due to the asym-
metry of the flow streamlines. This dependence, however, is weak
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for very slim and very round arcs. For a large f1/b, the arc is close to
a circle, and gR should be independent of the orientation angle.

3.2. The effect of the orientation angle of incoming flow (a)

In Fig. 8, we study how the interception efficiency changes with
the flow-approaching angle a. In general we observe that gR

decreases with increasing a in the range of 0–p/2, but becomes
almost independent of a when a tends to p/2. gR is higher if
the diameter of the particle is larger or f1/b is smaller. The
maximum interception efficiency is located at a = 0 with a fixed
dp/b and f1/b. Since the maximum blocking L is very small for
small a, the net collection rate for small a is likely to be
insignificant.

3.3. The effect of particle size dp

Finally, in Fig. 9 we show the dependence of gR in the particle
size dp/b, for different f1/b or a values. Clearly, dp/b, relative to
the other two parameters, has the strongest impact on the inter-
ception efficiency due to the strong flow singularity at the tips.
At a given dp/b, a slim arc or a smaller orientation angle yields
higher interception efficiency due to flow asymmetry. For very
small particles, the interception efficiency is close to zero regard-
less the fiber shape and orientation angle. The effect of the arc
shape is stronger for larger particles.
4. Conclusion

In this study, an exact solution for the single-fiber interception
efficiency of spherical particles carried by a potential flow over a
circular-arc fiber has been developed. The potential flow field
around the arc fiber has recently been calculated based on the Zhu-
kovsky conversion by Wang et al. [21]. The interception efficiency
has been shown to depend on three parameters: the arc shape
parameter, the flow-approaching angle, and the particle size. The
results show that the slim and long arc plate has higher intercep-
tion efficiency. When the arc is close to a circle, the interception
efficiency approaches a limited value independent of the flow ori-
entation angle. With a given size of the filter element and particle
diameter, the maximum interception efficiency occurs when the
incoming flow is parallel to the chord of the arc. However, in this
case, the cross-sectional projection area is at a minimum, there-
fore, the net collection rate is not significant. The interception effi-
ciency depends strongly on the particle size due to the singular
flow streamlines near the arc tips. For large particles, both the
interception and inertial impaction mechanisms play a major role
during filtration processes.

While this study addressed a special case of circular arc fiber,
the results are also indicative of circular segment fibers (namely,
fibers with a cross section bounded by the arc on top and the chord
at bottom). Overall, the results indicate the importance of flow
asymmetry and fiber corner points (arc tips) on the interception
efficiency. Together with previous results on elliptic fibers12 and
other shapes, a range of fiber cross-sectional shapes on the inter-
ception efficiency can now be analytically modeled.
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Appendix A. Determination of L‘/b and L/b

As explained in the section Theory and Solution Method, there
are three possible configurations of the limiting streamlines
depending on the magnitudes of h (or f1/b) and a. We shall consider
each case separately. The key is the proper determination of coor-
dinates for A, B, C, and D. We will first give explicit expressions for
L/b, and then formulation the expression for L1/b.

A.1. Configuration (a): h 6 p/2 and h 6 a 6 p/2 [or equivalently f1/b 6
(1-cos a)/sin a 6 1]

In this case, the tangent contact points A and B are the right and
left tip, respectively. Therefore,

x1 ¼ bþ dp

2 sina;

y1 ¼ �
dp

2 cos a;
ðA1Þ

x2 ¼ �b� dp

2 sina;

y2 ¼
dp

2 cos a:
ðA2Þ

We obtain

L
b
¼ 2 tan affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ tan2 a
p ¼ 2 sina: ðA3Þ
A.2. Configuration (b): h6 p/2 and 06 a < h, or h > p/2 and 06 a6 p-
h [(1-cos a)/sin a < f1/b6 (1+cos a)/sin a]

In this second case, the tangent contact points A and B are spec-
ified as

x0 ¼ b;

y0 ¼ 0;
ðA4Þ

x0 ¼ � 1
2

b2

f1
þ f1

� �
sin a;

y0 ¼ 1
2

b2

f1
þ f1

� �
cos a� 1

2
b2

f1
� f1

� �
:

ðA5Þ

It follows that the two limiting streamlines must pass the following
points, respectively,

x1 ¼ bþ dp

2 sina;

y1 ¼ �
dp

2 cos a;
ðA6Þ

x2 ¼ � 1
2

b2

f1
þ f1

� �
sin a� dP

2 sin a;

y2 ¼ 1
2

b2

f1
þ f1

� �
cos a� 1

2
b2

f1
� f1

� �
þ dP

2 cos a:
ðA7Þ

Therefore,

L ¼ j tan a � b� 0 jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan2 a

p þ j tan a � x0 � y0 jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan2 a

p
¼ b sin aþ 1

2
b2

f1
þ f1

 !
� 1

2
b2

f1
� f1

 !
cos a: ðA8Þ
A.3. Configuration (c): h > p/2 and p-h 6 a 6 p/2 [or equivalently 1 6
(1+cos a)/sin a < f1/b]

In this third case, the tangent contact points A and B are located
at

x0 ¼ 1
2

b2

f1
þ f1

� �
sina;

y0 ¼ � 1
2

b2

f1
þ f1

� �
cos a� 1

2
b2

f1
� f1

� �
;

ðA9Þ
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x0 ¼ � 1
2

b2

f1
þ f1

� �
sina;

y0 ¼ 1
2

b2

f1
þ f1

� �
cos a� 1

2
b2

f1
� f1

� �
:

ðA10Þ

The center coordinates of the particles just touching the fiber are gi-
ven as

x1 ¼ 1
2

b2

f1
þ f1

� �
sinaþ dP

2 sin a;

y1 ¼ � 1
2

b2

f1
þ f1

� �
cos a� 1

2
b2

f1
� f1

� �
� dP

2 cos a:
ðA11Þ

x2 ¼ � 1
2

b2

f1
þ f1

� �
sina� dP

2 sina;

y2 ¼ 1
2

b2

f1
þ f1

� �
cos a� 1

2
b2

f1
� f1

� �
þ dP

2 cos a:
ðA12Þ

Therefore, L becomes

L ¼ j tan a � x0 � y0 jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan2 a

p þ j tan a � x0 � y0 jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan2 a

p ¼ b2

f1
þ f1

 !
¼ 2R: ðA13Þ

Next, we formulate the method for evaluating the distance between
the two limiting streamlines, L1. We first note that the streamlines
that pass through the point C (x1, y1) and D (x2, y2) are straight lines
at infinity with a slope tan(a), namely

Li : yi1 ¼ xi1 tan aþ Kiði ¼ 1;2Þ: ðA14Þ

where Ki is the intercept and (xi1, yi1) is a point located on the
streamline at the infinity. The distance between lines L1 and L2

can be written as

L1 ¼j ðK1 � K2Þ cos a j¼
j ðy11 cos a� x11 sinaÞ � ðy21 cos a� x21 sinaÞ j : ðA15Þ

The streamfunction at point (xi1, yi1) takes the same value as that
passing the point (xi, yi), namely,

wðxi1; yi1Þ ¼ wðxi; yiÞ: ðA16Þ

Since (n, g). ni1 = 2xi1, gi1 = 2yi1, then it follows from [Eq. (10)]

wðxi1;yi1Þ
bV1

¼1
2
�2xi1

b
sinaþ 2yi1� f1

b

� �
cosa

� �
1þ

1þ f1
b

� �2

2xi1
b

� �2
þ 2yi1�f1

b

� �2

2
64

3
75

�1
2
�2xi1

b
sinaþ 2yi1� f1

b

� �
cosa

� �
:

ðA17Þ

Therefore, the coordination (xi1, yi1) can be obtained through (xi,
yi) as

yi1
b

cos a� xi1

b
sin a ¼ wðxi; yiÞ

bV1
þ 1

2
f1

b
cos a: ðA18Þ

Then L1 can be determined as

L1
b
¼ wðx1; y1Þ

bV1
� wðx2; y2Þ

bV1

����
����

¼ 1
2

X
i¼1;2

�1ð Þi gi � f1

b
cos a� ni

b
sina

� �
1�

1þ f1
b

� �2

ni
b

	 
2 þ gi
b �

f1
b

� �2

0
B@

1
CA

�������
�������:

ðA19Þ

where the coordinates on the f (n, g) plane can be obtained based
on the coordinates on the z(x, y) plane as
ni ¼ xi �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2

i � y2
i � b2Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

i � y2
i � b2

� �2
þ 4x2

i y2
i

r
2

vuuut
;

gi ¼ yi �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðx2

i � y2
i � b2Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

i � y2
i � b2

� �2
þ 4x2

i y2
i

r
2

vuuut
:

ðA20Þ

Finally, the interception efficiency for different configurations
becomes

Configuration (a): f1/b 6 (1-cos a)/sin a 6 1

gR ¼
L1

Lþ dp

¼ 1
2

	

P
i¼1;2 �1ð Þi gi�f1

b cos a� ni
b sina

h i
1� 1þ f1

b

	 
2

ni
b

	 
2
þ gi

b�
f1
b

	 
2

 !�����
�����

2 sinaþ dp

b

:

ðA21aÞ

Configuration (b): (1-cos a)/sin a6 f1/b 6 (1+cos a)/sin a

gR ¼
L1

Lþ dp

¼ 1
2

	

P
i¼1;2 �1ð Þi gi�f1

b cos a� ni
b sina

h i
1� 1þ f1

b

	 
2

ni
b

	 
2
þ gi

b�
f1
b

	 
2

 !�����
�����

sin aþ 1
2

b
f1
þ f1

b

� �
� b

f1
� f1

b

� �
cos a

h i
þ dp

b

:

ðA21bÞ

Configuration (c): 1 6 (1+cos a)/sin a < f1/b

gR ¼
L1

Lþ dp

¼ 1
2

	

P
i¼1;2 �1ð Þi gi�f1

b cos a� ni
b sina

h i
1� 1þ f1

b

	 
2

ni
b

	 
2
þ gi

b�
f1
b

	 
2

 !�����
�����

b
f1
þ f1

b

� �
þ dp

b

:

ðA21cÞ
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