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An exact solution for the interception efficiency of a particle
carried by potential flow over an elliptical fiber acting as the col-
lector has been developed based on the Zhukovsky conversion. It is
shown that the interception efficiency depends on fiber geometric
properties such as size, aspect ratio, the orientation angle of the
incoming flow, and the particle diameter. The results show that the
noncircular collector shape can improve the interception efficiency
significantly when compared to a circular collector, and the max-
imum efficiency occurs when the incoming flow is parallel to the
major axis of the elliptical fiber.

INTRODUCTION
In recent years, particles deposition phenomenon has re-

ceived much attention in the energy, environment and chemical
industry fields, due to its importance in many applications such
as the fouling of the heat exchanger surface of the boiler, the
deposition of small particles on micro-electromechanical sys-
tems, light transmission components and respiratory, the res-
pirable particles emission from combustion sources. In order
to promote the small particle’s deposition and capture many
researchers have already carried out a lot of studies on the fil-
tering operation. The fabric filter has been widely used due to
its simple, convenient, and general features (Parker 1977). To
improve the efficiency of a fabric filter, the filtering mecha-
nisms and efficiency become the focus of current research in
the field. The single fiber theory is the basis of the classic fil-
tration theory (Hinds 1999; Lee and Mukund 2001), in which
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the filtration efficiency is mainly determined by 3 mechanisms:
(1) impaction; (2) direct interception; (3) diffusion. The total
collection efficiency is defined as a superposition of these col-
lection mechanisms. Generally, the classic theory assumes that
once a particle touches the fiber, it is captured without bounc-
ing, and that the particles are spherical. Generally, the single
fiber efficiency ηF is the sum of the efficiencies from all the 3
individual mechanisms (Kirsch and Fuchs 1967),

ηF = ηR + ηI + ηD [1]

in which ηR is the single fiber efficiency by direct interception,
ηI is the single fiber efficiency by impaction, and ηD is the single
fiber efficiency by diffusion, as indicated in Figure 1. Intercep-
tion and inertial impaction play negligible roles in capturing
very small particles. On the other hand, for particles larger than
500 nm at normal temperatures and pressures, Brownian diffu-
sion is practically nonexistent, and the collection efficiency is
due solely to interception and inertial impaction.

The transport of small particles to the surfaces of filters is
virtually a particle-laden 2-phase flow. The flow field influences
the deposition of small particles largely, which is proved by
some researchers that the more turbulent of the flow field the
lesser particles deposit on surface (Song et al. 1996). The parti-
cle deposition on the surfaces of filter is considered to involve
at least 2 separate and distinct steps: First, the transport of small
particles to the surfaces of filters, which is driven by the veloc-
ity field around the fiber; second, the attachment of particles to
this surface due to near-field physicochemical forces. The first
step involves the flow regimes over the obstacles, which include
the viscous Stokes flow (Re < 1), transition (1 ≤ Re ≤ 1000),
and potential flow (Re ≥ 1000) regimes. For viscous Stokes
flow around a circle, Kuwabara (1959) arrived at an analytical
description of the flow field by neglecting inertial terms in the
Navier–Stokes equations and specifying boundary conditions
on a unit cell around each fiber. Happel (1959) also obtained
a similar result independently. Since then, the Kuwabara or
Happel flow field has been accepted as fundamental to many
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FIG. 1. The sketch of particle collected by fiber.

theoretical studies of fibrous filtration. The works of Kirsch
and Fuchs (1968); Yeh and Liu (1974a, 1974b), employed
Kuwabara’s viscous flow field through an ensemble of fibers
to numerically calculate single fiber efficiencies due to diffu-
sion, impaction, and interception.

With the advancement of technology, synthetic fiber can be
made in various shapes, including ellipse, square, and rectan-
gular cross sections to fibers with complex, multilegged cross
sections (Homonoff and Dugan 2001), and the manufactured
nanofibers are also available (Podgorski et al. 2006; Przekop and
Gradon 2008). As noncircular fibers per unit volume can offer
more surface area than circular fibers, so noncircular fibers can
improve the filter performance. Some researchers have utilized
analytical and numerical procedures to predict velocity fields
and drag for fluid flow around fibers with square or rectangu-
lar cross sections (Brown 1984; Fardi and Liu 1992a, 1992b;
Wang 1996; Ouyang and Liu 1998; Zhu et al. 2000; Cao et al.
2004). As elliptical fibers may be used in a simple model of dust
loading, the studying of elliptical fibers has extra significance.
Raynor (2002) obtained analytical solutions to flow and drag for
elliptical fibers using the cell model, and has obtained empirical
expressions for predicting the single-fiber efficiency for particle
collection by the interception mechanism (Raynor 2008). Wang
(Wang et al. 2008; Wang and Pui 2009) carried out numerical
simulation to investigate filtration by fibers with elliptical cross
sections. The simulation covers mechanisms for particles cap-
ture due to interception, inertial impaction, and diffusion. Their
results shows that blunt and close to circular fibers have a higher
efficiency for interception and inertial impaction, whereas long
and slim fibers achieve a better efficiency for particles dominated
by the diffusion effect. For very small nanoparticles, the diffu-
sion effect is important, and long and slim elliptical fibers may
improve the filter performance. Yu et al. (2008, 2009) proposed a
Taylor-expansionmomentmethod to study the effect of coagula-

tion on the evolution of nanoparticle in Brownian motion. Hos-
seini and Tafreshi (2010, 2011) investigated the effects of fibers’
cross-sectional shape on the performance of a fibrous filter in the
slip and no-slip flow regimes. Their numerical results indicated
that the cross-sectional shape of nanofibers weakly affects the
collection efficiency. For nanofibers, the minute dimensions can
promote the aerodynamic slip, which will significantly improve
the performance of an air filter. The particles in flows may be
nonspherical particles, which will complicate particle dynamics
because the orientation and the rotational motion are strongly
coupled with the translation motion (Lin and Zhang 2002; Lin
et al. 2003; Lin et al. 2004).

The viscous flow assumption is reasonable for the majority
of filter applications. It was identified that the transition from
viscous to potential flow occurs when the Reynolds number
is about 80 (Viswanathan 1998). For particle-laden flow, the
Reynolds number is usually high enough, and the applications
of potential flow are possible. In the present study, starting with a
solution for the velocity field around fibers with elliptical cross-
sections based on Zhukovsky conversion, an exact formula for
predicting the interception efficiency of a particle over an elliptic
fiber collector is developed.

THEORY AND METHOD
Consider a potential flow of incompressible fluid over a two-

dimensional object. The velocity potential and the stream func-
tion have some striking conjugate properties. These properties
are summarized in the statement that the complex potential is an
analytic function of z(x, y) in the region of the z-plane occupied
by the flow, meaning that the complex potential has a unique
derivative with respect to z at all points in the flow. Conversely,
any analytic function of z can be regarded as the complex poten-
tial of a certain flow field. Thus, simply by choosing different
mathematical forms of complex potential function, we obtain
possible forms of the potential functions and stream functions;
although it may happen that the flow fields represented are not
physically relevant. A more direct way of determining potential
flow fields is provided by the method of conformal transforma-
tion of functions of a complex variable. In the present study, the
deduction of interception efficiency of elliptical fiber is based on
the theory of Zhukovsky conversion (Landau and Lifshitz 1959),
which is defined as follows:

z = 1

2

(
ζ + b2

ζ

)
[2]

in which b is a parameter in the transformation, and the inverse
transformation is

ζ = z+
√
z2 − b2. [3]
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FIG. 2. Transformation from circle to ellipse.

The relationship between the coordinates in the z(x, y) plane
and ζ (ξ , η) plane is

x = ξ (ξ 2 + η2 + 1)

ξ 2 + η2
, y = η(ξ 2 + η2 − 1)

ξ 2 + η2
. [4]

In order to obtain the transformation from circle to ellipse
with arbitrary orientation of incoming fluid flow (α), a sketch is
shown in Figure 2.

We take the procedure as follows. Firstly, the equation of a
circle with radius a in the ζ (ξ , η) plane is

ξ 2 + η2 = a2. [5]

For convenience and without the loss of generality, we as-
sume that a ≥ b. The corresponding ellipse equation in z(x, y)
plane based on the transformation is

x2

a2
1

+ y2

b2
1

= 1. [6]

FIG. 3. The sketch of fluid pass through an ellipse.

The focus of ellipse located at x = ±b, and the dimension of
major and minor axis is defined as follows, respectively,

a1 =
∣∣∣∣1

2

(
a + b2

a

)∣∣∣∣ , b1 =
∣∣∣∣1

2

(
a − b2

a

)∣∣∣∣ . [7]

FIG. 4. The relationship between b/a and aspect ratio of ellipse b1/a1.
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846 W. WANG ET AL.

FIG. 5. The contours of stream function and potential function, (a) b/a = 1; (b) b/a = 1/2; (c) b/a = 1/3; (d) b/a = 0.

Secondly, the velocity components of incoming flow at the
infinity in the ζ (ξ , η) plane is given by

(
dχ

dζ

)
ζ=∞

=
(
dχ

dz
· dz
dζ

)
ζ=∞

= 1

2
v∞e−iα. [8]

And the complex potential function for the fluid passing
through a circle can be written as,

χ (ζ ) = 1

2
v∞

(
ζe−iα + a2

ζe−iα

)
. [9]

Then, the complex potential function in z(x, y) plane
can be gained using the inverse transformation Equation
(3),

χ (z) = 1

2
v∞

⎡
⎣(
z+

√
z2 − b2

)
· e−iα

+ a2(
z+ √

z2 − b2
)

· e−iα

⎤
⎦ . [10]
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INTERCEPTION EFFICIENCY FOR ELLIPTICAL FIBERS 847

According to the definition of complex potential function,
the potential function (real part) and stream function (imaginary
part) in z(x, y) plane can be written respectively as follows using
the coordinate relationship Equation (3)

ϕ = 1

2
v∞ (ξ cosα + η sinα)

(
1 + a2

ξ 2 + η2

)
,

ψ = 1

2
v∞ (η cosα − ξ sinα)

(
1 − a2

ξ 2 + η2

)
. [11]

Finally, the interception efficiency is the theoretical collec-
tion efficiency by a fiber for spherical particles under the as-
sumption that both the particle inertia relative to the flow and
the Brownian diffusion are negligible so that they follow air
streamlines around the fiber. If the center of particle reaches 1
particle radius from the surface of a fiber, it is considered to
having been collected by the fibers. The diagram is shown in
Figure 3.

ηi = L∞
L

[12]

in which L∞ is the distance between the streamline that passes
through point B and the line that passes through 0 point with
same direction (that means the slope of line is tan α) of incoming
flow at infinity. L is the distance of 2 parallel lines with same
slope tan α, and 1 line passes through zero point, the other
line passes through tangent point A on the ellipse. The explicit
expressions for the coordinates at point A and B, and the length
for L, L∞ are provided in the appendix.

DISCUSSION
The predicted interception efficiency depends on filter solid-

ity, fiber geometric properties such as size and aspect ratio, the
orientation of the cross section relative to the incoming flow, and
particle diameter. It can be written as follows in a dimensionless
form,

ηR = f

(
b

a
,
dp

a
, α

)
. [13]

The Effect of Aspect Ratio of the Elliptic Fiber
Figure 4 shows the relationship between the aspect ratio

(b1/a1) and the ratio of conversion parameters (b/a), it is ap-
proximately antilinear, namely, b1/a1 ∼ 1 – b/a. Therefore, the
effect of aspect ratio on the interception efficiency ηR can be con-
sidered in terms of b/a. Figure 5 shows the velocity field under
different ratio (b/a), with the orientation angle of the incoming
flow fixed at α = π /4. The streamlines are divided into 2 parts
that pass around different sides of the fiber. The upstream and
downstream branches of this streamline are consequently given
by Equation (11) for different quadrant, and the hyperbolae

FIG. 6. The effect of ratio of aspect b/a on the interception efficiency, (a)
different dp/a at α = π /4; (b) different orientation angle of incoming flow (α)
at dp/a = 0.05.

which are orthogonal to potential line linked with the flat plate,
ellipse and circle and which asymptote to the line y = x·tan α. If
b = 0, the Equation (13) reduces to the interception efficiency
of circle,

ηR = L∞
L

=
(

1 + dp

a

)
− 1

1 + dp
a

. [14]

It is only related to the ratio of particle size and the ra-
dius of circle, which is consistent with that of Hinds (1999). If
b = a, the circle is transformed to the flat plate. The calculated
interception efficiency in Figure 6 shows that ηR increase with
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848 W. WANG ET AL.

FIG. 7. The stream function and potential function for different orientation angle (α), (a) α = 0; (b) α = π /6; (c) α = π /3; (d) α = π /2.

the ratio b/a. it confirms that noncircular fibers can significantly
improve the filter performance, especially when the particle size
is small.

The Effect of Orientation Angle of Incoming Flow (�)
Figure 7 shows the velocity field under 3 different orienta-

tions of the incoming flow (α). The aspect ratio of the fiber is set
to 1/3, and with α = 0, π /6, π /3, and π /2, respectively. For the
2 limiting cases (α = 0, π /2), the streamlines are symmetric.
But for any other incoming flow angle α, the streamlines are

centrosymmetric; the upstream branches will be the same as
the downstream branches after a half-circle rotation. Figure 8
demonstrates the relationship between the interception effi-
ciency ηR and the orientation angle α. It can be seen from
Figure 8a that the interception efficiency ηR changes slightly as
the orientation angle α increases for different particle size at
certain aspect ratio of ellipse (b/a = 1/2). In Figure 8b, there
is a maximum and a minimum interception efficiency for given
particle size and fiber aspect ratio. The maximum is located at
α = 0, and the corresponding α for the minimum changes for
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INTERCEPTION EFFICIENCY FOR ELLIPTICAL FIBERS 849

FIG. 8. The effect of orientation of incoming flow (α) on the interception
efficiency, (a) different dp/a at b/a = 1/3; (b) different aspect ratio b/a at dp/a =
0.05.

different fiber aspect ratios. And the difference between the
maximum and minimum is decreased as the aspect ratio of the
ellipse is increased. It trends to 0, while the ellipse becomes to
circle. Clearly, the maximum interception efficiency of a non-
circular fiber is much larger than that of a circle.

The Effect of Particle Size
The particle size is the crucial factor in determining the in-

terception efficiency. Generally, for a given particle size and
fiber property, the interception efficiency can be estimated
approximately based on the Equation (14), it is roughly a liner
relation between the interception efficiency and the ratio of par-
ticle size to circle fiber radius, the interception efficiency of

FIG. 9. The effect of particle diameter dp/a on the interception efficiency, (a)
different orientation angle of incoming flow (α) at b/a = 1/2; (b) different aspect
ratio b/a at α = π /4.

a noncircular fiber has the similar trends as that of a circular
fiber, which is shown in Figure 9. For small particles, the calcu-
lated interception efficiency is very low regardless what the fiber
shape is. The effect of a noncircular shape becomes important
mainly for larger particles.

CONCLUSION
In the present study, an exact solution for the interception

efficiency of a particle onto elliptical fibers has been presented.
Starting with the Zhukovsky conversion, the circle is transferred
to an ellipse, and the velocity field around fibers with elliptical
cross sections is solved, and then the expressions for predicting
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850 W. WANG ET AL.

the single elliptic fiber efficiency for particle collection by the
interception mechanism are developed. The result shows that the
interception efficiency depends on the fiber geometric properties
such as size, aspect ratio, and the orientation of the cross section
relative to the incoming flow, and particle diameter. There is
a maximum and a minimum interception efficiency for given
particle size and fiber aspect ratio. The maximum interception
efficiency occurs when the incoming flow is parallel to the ma-
jor axis of an elliptical fiber, and the noncircular collector can
improve the interception efficiency obviously, but it has only
important impact on larger particles.

LIST OF SYMBOLS
A the tangent point of elliptical fiber cross section
a radius of the circular fiber cross section
a1 length of major axis of elliptical fiber cross section
B the center point for particles with diameter dp just touching

the ellipse
b the parameter in the Zhukovsky conversion
b1 length of minor axis of elliptical fiber cross section
C the point located at streamline pass through point B at

infinity
dp the diameter of small particle
K intercept of line
L∞ the distance between the streamline passing through point

B and the line passing through 0 point with same direction
(tan α) of fluid at infinity.

L the distance between tangent point A of ellipse and the line
through 0 point with slope tan α.

v∞ the velocity of incoming flow at infinity
x the horizontal axis coordinate of a point on elliptical plane
x0 the horizontal axis coordinates of point B
x1 the horizontal axis coordinates of point A
x∞ the horizontal axis coordinate of point C
y the vertical axis coordinate of a point on elliptical plane
y0 the vertical axis coordinates of point B
y1 the vertical axis coordinates of point A
y∞ the vertical axis coordinate of point C
z a point on elliptical plane
α orientation angle of incoming flow
χ the complex potential function for the fluid
φ potential function
ψ stream function
ζ a point on circular plane
ξ the horizontal axis coordinates of a point on circular plane
η the vertical axis coordinates of a point on circular plane
ηR the single fiber efficiency by interception
ηI the single fiber efficiency by impaction
ηD the single fiber efficiency by diffusion
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APPENDIX
The coordinates for the tangent point of ellipse A (x1, y1) can

be calculated easily,

x1 = a2
1 sinα√

a2
1 sin2 α + b2

1 cos2 α

,

y1 = − b2
1 cosα√

a2
1 sin2 α + b2

1 cos2 α

, [A.1]

then the point B (x0, y0) for particles with diameter dp just pass
by the ellipse can be expressed as

x0 = x1 + dp

2
sinα, y0 = y1 − dp

2
cosα. [A.2]

The distance between the tangent point A and the line through
the origin with a slope tan α is

L = |tanα · x1 − y1|√
1 + tan2 α

=
√
a2

1 sin2 α + b2
1 cos2 α. [A.3]

Any point C(x∞, y∞) located at streamline at the infinity will
be a line with the slope tan α, and the line can be written as
follows:

y∞ = tanα · x∞ +K [A.4]

in which the K is the intercept. The distance between line
through point C(x∞, y∞) and line through the origin with the
same slope α can be written as

L∞ = |K cosα| = |x∞ sinα − y∞ cosα| , [A.5]

the streamline at point C is the same as that of point B, so that

ψ (x∞, y∞) = ψ (x0, y0) [A.6]

The streamline at the point C (x∞, y∞) can be simplified as

ψ(x∞, y∞) = 1

2
v∞

[
2(−x∞ sinα + y∞ cosα)

+ a2

2(x2∞ + y2∞)
(x∞ sinα − y∞ cosα)

]

= v∞(−x∞ sinα + y∞ cosα), [A.7]

and the streamline at point B(x0, y0) can be written as

ψ (x0, y0) = −1

2
v∞ (η cosα − ξ sinα)

(
1 − a2

ξ 2 + η2

)
,

[A.8]
then the L∞ is found to be,

L∞ =
∣∣∣∣ψ (x0, y0)

v∞

∣∣∣∣= 1

2

∣∣∣∣(η0 cosα − ξ0 sinα)

(
1 − a2

ξ 2
0 + η2

0

)∣∣∣∣
[A.9]

in which the coordinates in the ζ (ξ , η) plane can be calculated
based on that of the corresponding z(x, y) plane in the fourth
quadrant as shown in the Figure 3 as

ξ0 = x0 +

√√√√(
x2

0 − y2
0 − b2

) +
√(
x2

0 − y2
0 − b2

)2 + 4x2
0y

2
0

2
,

η0 = y0 −

√√√√− (
x2

0 − y2
0 − b2

) +
√(
x2

0 − y2
0 − b2

)2 + 4x2
0y

2
0

2
,

[A.10]

which can be obtained by solving the Equation (4), and the
interception efficiency becomes

ηR = L∞
L

=

∣∣∣(η0 cosα − ξ0 sinα)
(

1 − a2

ξ 2
0 +η2

0

)∣∣∣
2
√
a2

1 sin2 α + b2
1 cos2 α

. [A.11]

The formula for interception efficiency is only related to the
parameter (a, b) which determines the shape of ellipse, particle
size (dp) and the orientation angle (α). In order to discuss it
conveniently, the interception efficiency can be considered as a
function in terms of the following parameters

ηR = f

(
b

a
,
dp

a
, α

)
. [A.12]
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