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Numerical Simulation of Heavy
Particle Dispersion—Scale Ratio
and Flow Decay Considerations

Lagrangian statistical quantities related 1o the dispersion of heavy particles were

studied numerically by following particle trajectories in a random flow generated -

by Fourier modes. An experimental fluid velocity correlation was incorporated into
the flow. Numerical simulation was performed with the use of nonlinear drag. The
simulation resuits for glass beads in a nondecaying turbulent air showed a difference
between the horizontal dispersion coefficient and vertical dispersion coefficient. This
difference was related to the differences of both the velocity scale and the time scale
between the two direction. It was shown that for relatively small particle sizes the
particle time scale ratio dominates the value of the diffusivity ratio. For large
particles, the velocity scale ratio reaches a value of 1/\/5 and thus fully determines
the diffusivity ratio. Qualitative explanation was provided to support the numerical
findings. The dispersion data for heavy particles in grid-generated turbulences were
successfully predicted by the simulation when flow decay was considered. As a result
of the reduction in effective inertia and the increase in effective drift caused by the
flow decay, the particle dispersion coefficient in decaying flow decreases with down-
stream location. The particle rms fluctuation velocity has a slower decay rate than
the fluid rms velocity if the drift parameter is large. It was also found that the drift

may substantially reduce the particle rms velocity.

1 Introduction

Heavy particles are any small passive particles in the flow
with a density much larger than the density of the fluid. Heavy
particles have a free fall velocity that is of the order of the

fluid rms velocity. We are interested in the dispersion process’

of heavy particles when suspended in and driven by turbulent
flows. A knowledge of heavy particle dispersion is beneficial
for improving energy conversion and reducing poliution. La-
grangian statistical quantities, calculated by following the ran-
dom motion of a solid particle, are needed to understand the
dispersion process, but they are difficult to obtain experimen-
tally. However, numerical simulation can provide this infor-
mation by tracking particles through a simulated turbulent
flow. Since numerical simulation has a different set of limi-
tations than a theoretical analysis, it can sometimes be used
to test the applicability of analytical results. In this paper, we
report on the results of a simulation of particle dispersion.
Particular attention is paid to ratio of horizontal to vertical
scales and effect of flow decay.

We consider the dispersion of heavy particles by turbulence,
assuming the particulate phase mass loading is low and, there-
fore, the particles do not alter the flow. Earlier analytical
approaches (Yudine, 1959; Csanady, 1963; Meek and Jones,
1973) have shown that the drift velocity of a particle due to

! Current Address: Department of Mechanical Engineering, Pennsylvania State
University, University Park, PA 16802.

Contributed by the Fluids Engineering Division for publication in the JOURNAL
or FLUIDS ENGINEERING. Manuscript received by the Fluids Engineering Division
February 7, 1992; revised manuscript received March 18, 1993. Associate Tech-
nical Editor: M. W. Reeks.

154 / Vol. 116, MARCH 1994

.

an external body force greatly reduces the particle dispersion.
The drift is also found to cause nonisotropic dispersion. Par-
ticles disperse more in the direction parallel to the drift velocity
(the vertical direction) than in the directions normal to the
drift (the horizontal directions). This is known as the continuity
effect (Csanady, 1963). Reeks (1977), Pismen and Nir (1978),
Nir and Pismen (1979) have simultaneously considered the
effect of the particle inertia and the drift on the dispersion.
However, their work has been limited to small particles for
which Stokes’ drag force applies, and to homogeneous, iso-
tropic turbulence.

Particle dispersion in grid-generated turbulence has been
experimentally measured by Snyder and Lumley (1971), Wells
and Stock (1983), and Ferguson (1986). The experimental work
qualitatively confirms the theoretical predictions. The grid-
generated turbulence, while being the simplest experimental
turbulent flow, is not homogeneous in the mean flow direction,
since the turbulence decays due to viscous dissipation. Ap-
proximate quantitative comparison between the experimental
data and the analytical predictions is possible by making a
quasi-stationarity assumption (Nir and Pismen, 1979). Particle
dispersion can also be predicted by direct numerical simulation
(Riley and Paterson, 1974; Ueda et al., 1983, and Squires and
Eaton, 1990), but this method is prohibitively time consuming
and is limited to flows of low Reynolds numbers.

Kraichnan’s method (1970) for simulating turbulence using
Fourier modes is physically sound and computationally effi-
cient. It is especially useful for particle dispersion studies since
a large number of particle trajectories have to be computed.
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This turbulence-simulation method has been used to test the
analytical results of particle dispersion obtained by Eulerian
directinteraction (Reeks, 1980) and to study the effect of Basset
history force on particle dispersion (Reeks and McKee, 1984).
The same model was used by Ferguson (1986) to simulate the
effect of fluid continuity on heavy particle dispersion and by
Maxey (1987) to calculate the average settling velocity of par-
ticies in a turbuleni flow. Turfus and Hunt (1986) extended
the model to inhomogeneous turbulence by adding an irro-
tational velocity field. The model has the potential to include
the advection of small eddies by large eddies (Fung et al.,
1992). Recently, Ounis and Ahmadi (1989) employed Kraich-
nan’s model to study the relative importance of various forces
acting on a solid particle and to find Lagrangian velocity mo-
ments. Wang and Stock (1992) studied the effect of nonlinear
drag on the particle dispersion using the same numerical sim-
ulation techniques. They found that the nonlinear drag must
be considered when calculating particle dispersion if the ratio
of the drift velocity to the fluid rms fluctuating velocity is
greater than two. They also compared the results of numerical
simulations to those of an analytical calculation based on the
second order iteration technique (Reeks, 1977). Among these
studies, only Ounis and Ahmadi (1989) tried to compare the
simulation results with experimental data.

The purpose of this study was to use numerical simulations
based on Kraichnan’s method to help us understand experi-
mental data for heavy particle dispersion in the grid-generated
turbulent flow (i.e., the data of Snyder and Lumley, 1971;
Wells and Stock, 1983; and Ferguson, 1986). Particular at-
tention was paid to the following two questions: 1) How does
the diffusivity ratio (the ratio of particle dispersion coefficient
in the horizontal direction to that in the vertical direction)
change with particle size for glass beads in typical wind tunnel
turbulence and how is the diffusivity ratio related to the velocity
scale ratio and the integral time scale ratio? 2) What is the
effect of the flow decay on the dispersion of heavy particles?
The answer to the first question will help clarify the results of
Ferguson (1986). The answer to the second question will allow
us to compare the simulation results with the experimental
data.

The paper is organized as follows. First, Kraichnan’s model
of turbulence generation is extended to allow various fluid
velocity correlations to be used. Some programming techniques
necessary for large drift velocity are then discussed. The results
of numerical simulation for long-time dispersion statistics for
glass beads in nondecaying turbulence are reported in Section
4. In Section 5, flow decay is considered and comparisons are

(Synder and Lumley, 1971; and Wells and Stock, 1983).

2 Structure of Simulated Turbulence

’[_‘he flow field was represented by the following equation
which is a linear superposition of a large number of Fourier
modes with random amplitudes and phases (Kraichnan, 1970)

N
@i (xi,)/ g = 2 (b{Mcos(k‘™ - x+w' ™)
ns=i

+efMsin(k - x+ ™). (D

Here N is the number of Fourier modes and uo is the rms
fluctuation velocity. The mean velocity is zero, and the velocity
field is understood to represent the velocity field in a frame
of reference moving with the mean velocity of the flow (moving
Eulerian frame or mE). For each n, values of k{™, ki,
k™, and '™ are chosen independently with probability den-
sity functions (pdf) Pu(ky), Pp(ka), Pis(ks) and Pyw), re-
spectively. Real coefficients b{" and c{" are independent
Gaussian random variables which have been filtered such that
»™ k™ and ¢ . k" vanish, to make the overall flow field
incompressible. The ensemble averaged two-point correlation
for this random flow field is (Maxey, 1987)

Rij(r,r)/u%=NS d3k§ dow
% Py (k) Pialked) Pys(ks) Pa(@)T ks, Ko, K3, @)
x[a,.,——@‘lf‘ilcos(kwm). @
L ] o

where T'(ky, ka, ks, @) is the scaling function.

Nomenclature
b;,c; = random coefficients P,(w) = probability density func- 8;; = Kronecker deita
, = diameter of particle tion of w i ef; = particle dispersion coeffi-
D(r) = one-point fluid velocity r = space separation clent tensor
correlation in the moving Ry (r,7) = fluid velocity correlation Y = Ua/tho
Eulerian frame ; Re, = particle Reynolds number I' = scaling function
E (k) = scalar energy spectrum St = Stokes number p = fluid viscosity
function ¢ = time p = fluid density
f = ratio of drag coefficient to T = integral time scale pp = Qarticle density
Stokes drag u = flow velocity 7 = time delay
f(ry = fluid longitudinal spatial yo = fluid rms fluctuation ve- 7, = particle aerodynamic re-
velocity correlations locity sponse time
g(r) = fluid transverse spatial ve- U = mean flow velocity » = frequency
locity correlation v = particle velocity we = characteristic frequency
F(w) = frequency spectrum vio = particle rms fluctuation
g = external body force acting velocity Superscripts
on particle vy = particle Stokes velocity = . .
k = wave number T4 (j) = jth mode
ke = characteristic wave num- vgo = particle drift velocity in .
ber still fluid Subscripts
Ly = integral,length scale of x = Eulerian coordinate 1 or 11 = horizontal direction
f(r) X, = virtual origin of the grid- 3 or 33 = vertical direction
M = grid spacing generated turbulence fE = fixed Eulerian
N = number of Fourier modes y = particle’s location i = ith component
P, (k;) = probability density func- a(k;) = see Eq. (4) L = Lagrangian
tion of ; B(w) = see Eq. (5) ‘mE = moving Eulerian
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SPATIAL VELOCITY CORRELATION

Fig. 1 Velocity correlations computed from the simulated turbulence
with finite-modes (N = 80), compared to the exact forms in Case {. 1800
realizations are used. : .

For homogeneous iéotropic turbulence, the flow structure
can be represented by the two functions, D(7) and E(k), (Wang
and Stock, 1988). D(r) is the one point velocity correlation
and E(k) is the scalar energy spectrum. For the sake of sim-
plicity, the scaling function is assumed to have the following
form, .
NT?(k; ) = a(k;) B(w)- ' 3
Further, the product of (k) Pk Pio{ k) Pis(ks) is chosen
(this can always be done) to be a function of k only, where
k= (K} +Kk}+k3). Then the spatial energy spectrum is de-
termined by a(k;) and pdf’s of wave number k™ as

E (k)= anubk® Py (ki) Pyo( ko) Pis(ks)a( ki) @

The frequency spectrum\ (the Fourier transform of D(1) is
related to B(w) and the pdf of '™ by

Fw)= -:; So D(ncos(wnydr=fw)Pw). (5

The flow structure is prescribed by giving E(k) and D(r) and
the scaling function T' is specified as
1 E(k) F(w)
T(k;w)=— .
(ki) = Grad e Prytn) Pt Prs(ie) Pofe)

©®

In other words, the scaling function I' can be adjusted, ac-
cording to the probability density functions of random num-
bers, to produce the proper Eulerian flow statistics. The choice
for the pdf functions is not unique but is made to ensure a
rapid convergence of fluid velocity correlations (or spectrum
functions) for the simulated turbulence.

In all the previous papers (Maxey, 1987; Ferguson, 1986;
Ounis and Ahmadi, Wang and Stock, 1992), the pdf functions
are assumed to be Gaussian distributions with the scaling func-
tion I' of the form-
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Tk, ky k3 w)=—==—".
( 19782943 ) \/_i’—N ko
1t follows that the spectrum function and the correlation func-

tion are » ..
2 4 2
M K L2
E(k)—\/ﬂ 0 eXD( Zk(%)f (%)
D(7) = exp(—wir*/2). ©)

The random velocity field with this structure will be referred
to as Case ! turbulence. The longitudinal and transverse fluid
spatial velocity correlations, f(r) and g(r), can be derived from
(8) and are

S(ry=exp(—kir*/2), (10a)

2(r)= (1~ Kk3r*/2exp( — ksr*/2). (106)

In the simulation, a finite number of Fourier modes, N, was
used for one realization of the flow. A separate flow realization
was used to calculate each particle trajectory.

The fluid velocity correlations can be accurately reproduced
by the simulated turbulence. Figure 1 shows the velocity cor-
relations calculated from the simulated flow by averaging over
1800 flow realizations with N'=80 for each realization. They
all compare well to their exact forms.

The structure of many real turbulent flows is aot described

‘ by Egs. (8) and (9). Theoretically, the above simulation method

can be used to generate flow fields with any turbulence struc-
ture functions by choosing proper pdf functions for the random

numbers and proper scaling function. To show this and test

how the shape of the correlation curves may affect particle

dispersion, we introduce the following forms for the energy -

spectrum and the one-point Eulerian velocity correlation,

3u3 k*
B = B+ /G (D
D(7) = cos(wgr)exp( — wor) 2

We will refer to the random velocity field with such a spectrum
and correlation function as Case II turbulence. Consequently,
the spatial velocity correlations are

F(ry=0 +2kyr)exp(—2kor), (13a)
 g(r)=(1+2kor—2kjr*)exp(~2kyr). (135)

The above forms of the temporal and the spatial velocity cor-
relations have appeared in the literature (Townsend, 1976;
Calabrese and Middleman, 1979; and Gouesbet et al., 1984).

To generate Case II turbulence, we need to select the proper
pdf functions, Py i(k;) and Py(w). When Gaussian distributions
were used, the velocity correlations of the simulated flow were
found to converge very slowly to the prescribed forms. The
convergence was slow because the resulting scaling function
was extremely large for large wave numbers (or frequencies),
thus, the large wave numbers can not be quickly realized in
the simulation. To avoid this, we used the Cauchy distribu-
tions,

Pli(kl‘):_——_—/:;—' (14a)
xkol 1+
15

1
P =——7
Two{ 1+ ‘2}

wo

'(14b)

Figure 2 shows the comparison between the velocity correla-
tions obtained directly from the simulated flow and the exact
forms. The comparison is satisfactory when 1800 realizations
of 80 Fourier modes were used.
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SPATIAL VELOCITY CORRELATION

Fig. 2 Velocity correlations computed from the simulated turbulence
with {inite-modes (N =80}, compared to the exact forms in Case il 1800
realizations are used. :

Comparing Case I turbulence and Case II turbulence, we
find both spectrum functions, (8) and (11), achieve their max-
jmum values at k= 2kq, but (11) has 2 relatively larger fraction
of turbulence energy in the higher wave number portion. The
integral length scales for f(r) are: Ly= 1.2533/k, for Case I,
Ly=1/k, for Case II. The one-point velocity correlations, (9)
and (12), have very different curvatures at 7=0. (12) has neg-
ative loops for large decay time while (9) gives positive cor-
relagion for all r. The integral time scale for D(r) are:
T = 1.2533/wq for 1, Tie =0.5/wo for 1L The integral scales,
Toe and Ly, were set to the same value for the two cases SO
that results based on the two turbulences could be compared.

The simulated flow is governed by three parameters, i.e.,
g, Tmg (OF @0)s and L(or ko). They are constant for a stationary

(nondecaying) flow. If flow decays, they will change with time.

3 Programming Techniques

Some programming techniques used to ensure 2 successful
simulation of the motion of heavy particles are discussed in
this section. In our earlier paper (Wang and Stock, 1992), the
equations of motion of a heavy particle

dy; _ iy = v)f

i 15

d[ T +q6l3! ( )
d)’,'

PTG (16)

were numerically integrated by Hamming method, and the
particle velocity, v;(f), and location, y;(f), were used to cal-
culate the velocity correlations and mean square dispersions.
Here q is the body force per unit mass, 7a is the aerodynamic
response time based on the Stokes drag. The factor f is the
ratio of nonlinear drag coefficient to Stokes drag and is well
represented for Reynolds number up to 1000 by the empirical
relation (Rowe, 1961)

f=1+0.15Rep®” an

24 ¥
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where Re,, is the particle Reynolds number. f/7, can be viewed
as the drag force per unit mass per slip velocity acting on a
moving particle. ’ S

When the drift parameter v =q74/ g is large, the mean ve-
locity of the particie in the vertical direction is.much larger
than the fluctuating velocity of the particle. Since the mean
velocity was not known a priori, the computation of particle
velocity correlations involved subtracting two large numbers,
the mean square of particle velocity and the square of the mean
velocity. The same situation is found when the mean square
dispersion in the vertical direction is calculated. Therefore, for
accurate results a very small time step size must be used.

To circumvent this difficulty, we can solve for the particle
velocity relative to its drift velocity in still fluid vge,

vi (1) =vi(t) = di3Vdo- (18)
g0 is determined a priori from,

V4o pdpUdo o
240 ) 14015 = =v. (19)
20} u

The drift velocity of a particie in the simulated turbulent flow
is slightly larger than vge (Maxey, 1987), but the difference
between the true drift and vgo canl be safely neglected (Wang
and Stock, 1992). Therefore, the mean of v/ (t) should be close
to zero. From (15) and (18), v/ (¢) satisfies the following equa-
tion,

It : af+ ! W)= !
dv‘.i( ) _ {uivgebist +y 7 (0,1~ Vi D (= vaodis— v’ 1)

t T

, — {vgof(lu—vaodis— v 1)+ 710} i3/ Te: 20

The last term of (20) is very small due to Eq. (19). ¥/ () is

the particle displacement relative to the mean location of par-
ticle in stll fluid, .

yi ()=yi(t) = di3Vaol. @n
The relative displacement is given by

dy/ (&Y .

L=l @) @
Now Eqgs. (20) and (22) are solved simuitaneously instead o
(15) and (16). the Lagrangian velocity correlations and mean
square dispersion are calculated from the relative velocity and
relative displacement. This change avoids subtracting two large
numbers and improves the accuracy of the results. Using the
new set of equations, we found that, in the case of large particle
drift velocity, the strict requirements for time-step size noted
in the earlier paper (Wang and Stock, 1992) can be substantially
relaxed.

A second improvement in the program was to numerically
integrate Egs. (20) and (22) fora sufficiently long time so that
about 10 realizations of particle Lagrangian velocity correla-
tions were obtained from each realization of the flow field.
This technique can only be used for nondecaying flow and was
found to reduce the effect of initial conditions on the results.
Most of the resuits for nondecaying flow were obtained using
500 realizations of the random flow field with each realization
providing 10 independent trajectories.

4 Scale Ratios in 2 Nondecaying Flow

4.1 The Continuity Effect. Particle dispersion coefficient
is not isotropic due to the continuity effect, even if the carrying

_flow is isotropic and homogeneous. The particle dispersion

coefficient in the horizontal direction (normal to the drift) is
less than the particle dispersion coefficient in the vertical di-
rection (parallel to the drift). For a large drift velocity, the
ratio of the horizontal dispersion coefficient to the vertical
dispersion coefficient approaches one half (Csanady, 1963).
The particle rms fluctuation velocity (the velocity scale) and

MARCH 1994, Vol. 116 [ 157
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Fig. 3 Dispersion coefficients normalized by ¢ = Tmets as a function
of particle size. ¢ is the dispersion coefficient in the vertical direction,
and ¢, is the dispersion coefficient in the horizontal direction.

the particle velocity-correlation time (the time scale) in the
horizontal direction are also less than their respective values
in the vertical direction (Reeks, 1977). Since the long-time
dispersion coefficient is equal to the product of the velocity
scale squared and the time scale, the diffusivity ratio, efi()/
e%3(), is related to the velocity scale ratio, vy0/ Vs, and the
time scale ratio, T/ T33, by

ehi(e) _ (319> i X Tu (23)

- £
ef3()  \vyg Ty

where the subscript 1 (or 11) refers to the horizontal direction,
and the subscript 3 (or 33) refers to the vertical direction.

Recently, Ferguson (1986) studied the continuity effect, us-
ing both numerical simulation and experimental measure-
ments. His main consideration was the diffusivity ratio. His
measurements showed the diffusivity ratio was close to one
for 29 um glass beads and the diffusivity ratio was close to 2
half for 62 pm glass beads. The experiment was not complete
in the sense that the velocity scale ratio and time scale ratio
were not considered. His simulation results verified the con-
tinuity effect on the diffusivity ratio and also showed that both
the velocity scale ratio and time scale ratio were less than one.
However, no comparison was made between his simulation
and his measurements.

We can use numerical simulation to determine how the dif-
fusivity ratio, the velocity scale ratio, and time scale ratio
change with particle size for glass beads in grid-generated tur-
bulence. In a real grid-generated turbulence, the flow scales
change with time, so do the particle velocity scale and time
scale. We postulate, however, that flow decay does not play
a significant role in the scale ratios and diffusivity ratio. Based
on this postulation, the scale ratios were simulated using a
stationary (nondecaying) flow. Not considering flow decay in
this section also facilitates the interpretation of results. To
make possible a comparison between simulation results and
Ferguson’s experimental data, we used in the simulation the
flow scales from the center of the test section in Ferguson’s
(1986) grid-generated turbulence. The flow scales were (see
Appendix): uo=11.2 cm/s, Tpe=0.225 s, Ly=1.75 cm. Both
Case [ turbulence and Case II turbulence were considered in
this simulation.

4.2 Simuiation Results. We consider the dispersion of
glass beads (p, = 2600 kg/ m?) in turbulent air under the normal
gravity. The fluid viscosity is 1.8 107° kg/m-s and the fluid
density is 1.14 kg/m3. With the above flow scales, the Stokes
number, drift parameter, and particle Reynolds number are
given as a function of particle size in micrometers by,

St =1,/ Tme = 3.56 X 107°d3, 24)
v=T1,q/ug=T7.04% 107"d, (25)
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Figure 3 shows the simulation results for particle diffusiv-
ities, normalized by Tngu3, as a function of particie size. The
long-time particle diffusivity was caiculated from the mean
square dispersion curves. When the particie size approaches
zero, the heavy particles reduce to fluid elements and the nor-
malized particle diffusivities are the same in both vertical and
horizontal directions and equal to T,/Tpe. Ty is the fluid
Lagrangian correlation time. From Fig. 3, T/ Tue is 0.35 for
Case I turbulence and 0.37 for Case II turbulence. The slight
difference in T, /Tne between the two turbulences is due to
the different shapes of fluid velocity correlations. The effect
of the shape of fluid correlations on the particle dispersion
coefficient tends to disappear as the particle size increases. The
ratio Ty /Ty for Case I turbulence is about the same as the
value predicted by the second-order-iteration approximation
(Wang and Stock, 1992).

Interestingly, the dispersion coefficients increase slightly with
particle size when particle size is small. Since Tpg> T; in our
simulation, the particle dispersion coefficient should increase
with the inertia parameter in the absence of the drift (Reeks,
1977). On the other hand, the increase of the drift tends to
reduce the particle dispersion coefficient due to the crossing
trajectory effect. Because both the inertia and the driftincrease
with particle size, we have here the competing effects of inertia
and drift on the particle dispersion coefficient. Our results
imply that the inertia dominates the particle dispersion coef-
fictent for the small size region. The dispersion coefficients
reach maximum values at d, = 20 um, this is where the crossing
trajectory effect offsets the inertia effect. Further increase in
particle size causes rapid decrease in the particle diffusivities

since the crossing trajectory effect controls the particle dis-

persion.

The diffusivity ratio is shown in Fig. 4. It decreases with
particle size and approaches one half. The ratio is larger in
Case | turbulence than in Case II for small particle size, but
the opposite is true for large particle size. Nevertheless, the
difference is very small. At d, = 62 pm, our simulation predicts
a ratio of 0.61=0.03, which is in rough agreement with the
measured value of 0.48+0.11 (Ferguson, 1986).

The results for the time scale ratio and velocity scale ratio
are more interesting (Fig. 5). The velocity scale ratio is very
close to one for particle size up to 30 um, which implies that
particles respond to flow oscillations equally well in the hor-
izontal direction as compared to the vertical direction for small
particles. But as particle size goes beyond 40 um, the velocity
scale ratio drops very quickly with increasing particle size and
reaches l/\/_i for large particles. The time scale ratio decreases
with particle diameter for small particles and has a minimum
value at d,=60 pm. However, it increases with particle di-
ameter for d,>60 pm and eventually returns to one.
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Fig. 5 Velocity scale ratio and time scale ratio

The two scale ratios, vh/ V3 and T/ T, determine the
diffusivity ratio, according to Eq. (23). For small particle size,
Fig. 5 shows that the time scale ratio governs the diffusivity
ratio. Both the velocity scale ratio and the time scale ratio can
affect the diffusivity ratio for intermediate particle size. As
the particle size becomes large the reduction of the horizontal
dispersion coefficient over the vertical dispersion coefficient
is totally related to the difference in particle velocity scales in
the two directions. '

4.3 Discussions The motion of a heavy particle is gov-
erned by two time scales, the particle response time 74, which
increases with the particle size, and the fluid correlation time
in the neighborhood of the particle. The second scale can be
direction-dependent. In the vertical direction it is related to
the longitudinal fluid correlation and is roughly equal to L/
vy. Lyis the length scale of longitudinal spatial velocity cor-
relation of fluid flow. However in the horizontal direction it
is one half L;/vg, since the length scale for the transverse fluid
correlation is one half Ly for a homogeneous and isotropic
turbulence (Hinze, 1975).

Small particles (r,<<Lys/vg) can respond quickly to fluid
velocity fluctuations. The flow fluctuations have the same in-
tensity in both direction because the flow is isotropic and
homogeneous. Therefore, the particle velocity scale in the hor-
izontal direction should be the same as that in the vertical
direction. But, since the second time scale (fluid velocity time
scale along the particle path) is direction-dependent, the par-
ticle time scale will be direction-dependent as well, as shown
in Fig. 5. In summary, when particle size is small, the time
scale ratio determines the diffusivity ratio.

For very large particles, we have 7,>> L/vg. The fluid ve-
locity correlation time near the particle is very small compared
to the particle response time. In this case, the particle motion
resembles Brownian motion. The time scale of the particle is
simply 7, in all directions, i.e., the time scale ratio is one. Since
the fluid velocity correlation time seen by the particle, the
second time scale, in the horizontal direction is one half that
in the vertical direction, the mean “frequency’’ of the random
force acting on the particle due to the neighboring fluid in the
horizontal direction is about twice the mean “frequency’’ in
the vertical direction. Since the inertia is large, the particle can
not respond to the fluid motion in the horizontal direction as
to the same extent as in the vertical direction. Therefore, the
particle velocity scale in the vertical direction is larger than
that in the horizontat direction. More precisely, for very large
particies . , . Ly

2,2
Vip=Ug T
Zvdra

3 > Uyg 1
» U3 = Ug =

—, 27
UgTa V3o 2

This is also shown in Fig. 5.
It is of interest to find the particle size for which the two
scales, 7, and L;/Uy4, are equal. The equality of the two time
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scales gives StXy=Ls/(uoTrme)- For the particular flow used
in this simulation, #o=11.2 cm/s, Tpe=0.225s, and Ly=1.75
cm, therefore, St X y=0.694. Using Eqs. (24) and (25), we find
d, =12 um. Therefore, if d, <72 pm, the time scale ratio mainly
contributes to the diffusivity ratio; if d,>72 pm, the velocity
scale ratio determines the diffusivity ratio. This same resuit
can be seen in Fig. 5.

5 Comparisons With Experimental Data

51 The Grid-Generated Turbulence. Detailed experi-
mental measurements of heavy particle dispersion in grid tur-
bulence were made by Snyder and Lumley (SL1971) and Wells
and Stock (WS 1982). Both experiments used a grid with a
mesh of spacing 2.54 cm. SL aligned their tunnel test section
vertically; therefore, their measurements of dispersion in the
plane perpendicular to the mean flow direction represent dis-
persion normal to the direction of the external force (horizontal
dispersion). Their particles were released at x/M = 20, and they
measured dispersion in the region from x/M=68.4.10 x/
M= 168 where the flow decay rate is small. Here x is the
distance from the grid and M is grid spacing. On the other
hand, WS used a horizontal tunnel as a test section and they
measured the dispersion of particies in the vertical direction.
Their data represent particle dispersion in the direction of the
drift velocity (vertical dispersion). The particles in WS’s ex-
periment were released at the grid, and they measured disper-
sion from x/M =20 to x/M =70 where the decay rate is large.
They used charged particles and applied an electric field to
control the particle drift velocity.

Grid-generated turbulence decays as (WS)

u'toe(x—x0) ", V 28)
and the time scale grows as
T (X = Xo), 29)

where x is the distance from the grid and x,is the virtual origin.
The dispersion coefficient of fluid elements is almost inde-
pendent of x since it is roughly proportional to s X Tue. Be-
cause of this mutual balance of the rurbulence energy and the
time scale, the diffusion of fluid elements or small particles
can be reasonably simulated with a stationary flow of scales
matching at one point in the tunnel. However, the dispersion
of heavy particles may be different from that of fluid elements.
Using a direct numerical simulation, Ueda et al. (1983) found
that the dispersion coefficient of heavy particles in decaying
turbulence is not constant but rather decreases with time. The
purpose of this section is to study the effect of the flow decay
on the particle dispersion. )

In what follows, the simulation results are compared with
SL’s and WS’s data. Only the Case II turbulence is used for
the following simulations because there is little effect of the
shape of fluid velocity correlations on the particle dispersion.

5.2 Simulation Results Without Flow Decay. In this sec-
tion the experiments of SL and WS are simulated using only
one-point information for the flow scales and ignoring the
flow decay. In simulating the particle dispersion of SL’s ex-
periment, the velocity scale and the spatial length scale were
estimated based on Table 2 of SL’s paper atx/M=T3: 4y=13.1
cm/s, Ly=3.1 cm. Location x/M =73 is about the center of
the test section where the mean square dispersion was meas-
ured. No information on the integral time scale in the moving
Fulerian frame, Tne, was available. By matching the mean
square dispersion curve for hollow glass beads from the sim-
ulation to the measured data, we obtained Trg =410 ms. This
value of Tne was then used to predict the dispersion and ve-
locity correlation for other particies in the experiment.

Figure 6 shows the simulation resuits and experimental data
for the mean square dispersion. The relative uncertainty for
the mean square dispersion in the simulations was estimated
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to be 4 percent at a 35 percent confidence level. The simuiated
dispersion is in good agreement with the measured data. In
particular, the slope for the mean square dispersion curve
which is proportional to the dispersion coefficient is reasonably
predicted. We note that for the glass and copper particles, the
simulated dispersion coefficient is 10 ~ 20 percent larger. This
may be partly due to the effect of flow decay, as discussed in
the next section. The computed Lagrangian velocity correlation
of the particle is compared to measured. data in Fig. 7. The
predicted shape of the correlations is fair but it is an improve-
ment over the results of Ounis and Ahmadi (1989). The im-
provement is a result of using Case II turbulence.

The flow scales used to simulate WS’s experiment were:
up=19.1 cm/s, T = 122 ms, and L,=1.264 cm. They were
estimated using the flow details at x/M =30 and matching the
mean square dispersion for 5 um particles with zero drift.

The simulated mean square dispersion for 5 pm particles
with different falling velocities are shown in Fig. 8 along with
the experimental data. The agreement between the simulated
curves and the measured data is considered to be good. How-
ever, the agreement is not satisfactory for 57 pm particles (Fig.
9), particularly when the drift velocity is large. The predicted
dispersion coefficient for 57 pm particles with 54.4 cm/s drift
velocity is about 40 percent larger than the dispersion coef-
ficient obtained from the mean slope of the measured disper-
sion data.

5.3 Inclusion of Flow Decay. In the last section, the nu-
merically generated flow used in the simulation was stationary
and the flow scales were constant. The flow decay in the stream-
wise direction of a grid-generated turbulence transforms into
nonstationary of the flow in the moving Eulerian frame. The
flow decay can be incorporated into the simulation by making
the flow scales time-dependent. We shall only consider Wells
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and Stock’s (1983) experiment where the flow decay has a
significant effect on the particle dispersion.

To include flow decay in the simulation, we need to know
how the flow velocity scale and the flow time scale change with
x/M. Using the flow scales at x/M =30 and Egs. (28) and (29)
for WS’s flow, we find

x -1/2
uy=289.6 (M—7.987> cm/s, (30)
Top=1.39(5—7.987 3
me=1.391 =1 ms. @3n
The length scale is given by L= Tmelo, ie.,
0.5 .
L;=0.125 (51‘2— 7.987) cm. (32)

The first point where the measurements of mean square dis-
persion were taken was x/M= 20. Before this point, the flow
was very irregular. For convenience, we start the simulation
at this location. Then the time in the simulation is related to
the location in the tunnel by

x M
t= <M~ 20) T 33)

whc?re the mean flow velocity Uis 655 cm/s and the grid spacing
M is 2.54 cm. Substituting (33) into (30)-(31), we obtain the
flow scales required for the flow simulation,
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uo(t) =23.1(¢ +46.6) 7% e/, (34)
Tooe(t) =0.358(¢ + 46.6) ms, (35)
L(t)=0.0635(t+ 46.6)"* crm, (36)

with ¢ in ms. The flow was again simulated by Fourier modes
as described in Section 2, using the modifications to the time-
dependent scales given above. '

The initial conditions for the particle were assumed to match
the data at the first location, i.e., the initial location and the
initial velocity were taken randomly with normal distributions
of variances equal to the measured mean square dispersion
and particle rms fluctuation velocity, respectively, at x/M = 20.

_The simulation results for >0 can then be compared to the
measured mean square dispersion and rms velocity beyond x/
M =20. 3000 realizations of particle trajectories were used for
the following results.

S.4 Simulation Results With Flow Decay. Figure 10 com-
pares the predicted particle rms velocities with the measured
data for 5 pm particles. The relative uncertainty for the sim-
ulated value of rms velocity is 3 percent at a 95 percent con-
fidence level. For all three drift velocities, a good agreement
is observed. As a result of the flow decay, the particles rms
velocity decreases with the downstream location. The increase
in the particle drift velocity tends to slightly reduce the particle
rms velocity. The predicted mean square dispersions for 5 pm
particles are shown in Fig. 11. They are in good agreement

Journal of Fluids Engineering

o
~
€ 30
o
- e — Y g O
12}
a e Clrecesces  ¥¢ = 25.8 cm/s
d P——_S———— R Y
=
o 20}
<
a.
.
o F
Pl
E ool
(&
o
d
7]
>
o
=3 0 ; ) ! : ! L 1
S

(o]
[
o
[+)]
o

X/ M

Fig.12 Experimental and predicted RMS fluctuating particie velocities
of 57 um particies for the experiment of Wells and Stock. Flow decay
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with the measured data. In addition, a small downward cur-
vature for the largest drift case can be seen, indicating the
local dispersion coefficient slowly decreases with distance down
the tunnel.

The predicted particle rms velocities for 57 pm particles are
shown in Fig. 12. The predicted particle rms fluctuation ve-
locities are very close to the measured data. The dependence
of the particle rms velocity on the drift velocity is clearly shown
by the simulation. The particle velocity scale decreases with
the drift, even though the inertia is kept the same. This decrease
is caused by the fluid velocity correlation time in the neigh-

" borhood of the particle decreasing with the drift due to the

effect of crossing trajectories, i.e., the “frequency”’ of the
driving force is increased by the drift. In Fig. 12 we find a
maximum of 25 percent difference in the rms fluctuation ve-
locities between the largest drift particle and the zero-drift
particle. Comparing Fig. 12 and Fig. 10, we see the rms velocity
of 57 um particles of zero drifts is about 25 percent less than
that of § pm particles of zero drift. The 5 pm glass beads with
zero drift follow closely the motion of fluid elements. There-
fore, the reduction of the rms velocity for 57 um particles with
largest drift over that of fluid elements is half due to the particle

_ inertia and half due to the particle drift. The effect of the drift

on the particle velocity scale is substantially enhanced in this
experimental work because of the artificial increase of the drift
by an electric field. :

The effect of flow decay on particle dispersion can be seen
more obviously when the mean square dispersions of 57 um
particles are considered. Figure 13 shows the predicted curves
and the measured data. For the largest drift case, the predicted
curve of the mean square dispersion has an obvious downward
curvature, i.e., the slope decreases with the downstream lo-
cation. This indicates that particle dispersion coefficient de-
creases with time, as a result of the flow decay. WS (1983)
simply calculated the dispersion coefficient based on the av-
eraged slope of the measured dispersion data. The measure-
ment of local dispersion coefficient is required in this case.
The method used by Arnason and Stock (1984) might be used
to make these measurements.

5.5 Explanation and Discussions. In general, particle dis-
persion coefficient in a given flow is controlled by the Stokes
number (St) and the drift parameter (). St is a measure of
the inertia and is defined as 7,/Tme. In grid-generated tur-
bulence, St is related to x/M by

Ta
1.39

The effective particle inertia is reduced because of the increase
of the flow time scale. For 57 um particles (r,=24.4 ms), St

St=

(x/M~17.987)"". 37
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s 1.46 at x/M=20 but reduces to 0.28 at x/M=70. On the
other hand, the drift parameter defined as vy/u, increases with
the downstream location. Using Eq. (30), we have

7=8—‘9’53 (x/M~1.987°. (38)

For the 57 pm particles with vy =54.5 cm/s, vy is 2.1 at x/M
=70 and increases to 4.79 at x/M=170. The drift parameter
is much larger than the inertia parameter and the difference
berween v and St grows quickly with x/M. As a result, particle
dispersion is governed by the crossing trajectory effect and the
local particle dispersion coefficient decreases with x/M, as
shown by Fig. 13.

In the limit of large drift, the vertical particle dispersion
coefficient is approximated by uf,Lf/ vy (Yudine, 1959). Using
Egs. (30) and (32), we have

2o [ 27987 ™
€33 M . .

This approximation indicates thart the local particle dispersion
coefficient for particles of large drift decreases with distance
ata —0.5 power in grid turbulence. Using Egs. (27), (30), and
(32), the vertical velocity scale for the 57 pm particies with a
54.5 cm/s drift is approximatety equal to

¢ -0.25
Vo= 19.4 (_A/_I_ 7.987) . (40)

(39
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which implies that the particle velocity scale decreases with
distance from the virtual origin by a power of —0.25. This
power is one half the power for the decay of fluid velocity
scale (see Eq. (30)). Figure 14 compares the simulated particle
rms velocity and the measured data to Eq. (30) and Eq. (40).
Both the simulation and the measurements show better agree-
ment with Eq. (40) for x/M > 50. This suggests that the particle
velocity scale has a siower decay rate than the fluid velocity
scale, although the magnitude of the former is less due to
particle inertia.

6 Summary and Conclusions

The aim of this study was to understand heavy particle
dispersion by turbulence through a numerical simulation of
particle motion in random velocity field generated by Fourier
modes. We first extended the method for generating the flow
to allow exponential fluid velocity correlations. Detailed nu-
merical simulations were performed to study: 1) the anisotropic
ratios of particle dispersion coefficient and scales; 2) the par-
ticle dispersion statistics in decaying grid-generated turbu-
lences. Comparisons with the previous experimental data were
made. :

We found the time scale ratio decreases with particle size
when the particle response time is less than the fluid velocity
time scale in the neighborhood of the particle. It increases with
particle size and returns to one when the particle size is large.
The particle velocity scale ratio decreases monotonically with
size and asymptotically reaches a value of 1/+/2. Therefore,
for small particles, the particle time scale ratio determines the
diffusivity ratio; but for large particles, the difference between
the horizontal dispersion coefficient and the vertical dispersion
coefficient is related to the difference between the particle
velocity scale in the two directions. This result is embedded in
the analysis of Reeks (1977) and partially shown in the sim-
ulation of Ferguson (1986). We expect the same scale-ratio
behavior might be observed experimentally in isotropic wind
tunnel flows.

Comparison of the simulation with the experimental meas-
urements gives the following conclusions: 1) the simulation
without flow decay can predict reasonable well the dispersion
of heavy particles in a flow with slow decay (such as Snyder
and Lumley, 1971); 2) for particle dispersion in faster decaying
turbulence (such as Wells and Stock, 1983), the flow decay
must be included in the simulation to predict the measured
dispersion data; 3) the particle drift can reduce the particle
rms velocity; 4) in a decaying flow, the local particle dispersion
coefficient decreases with downstream location and the particle
rms velocity decays slower than the fluid rms velocity.

The simulation indicates that the shape of fluid velocity
correlations affects the shape of Lagrangian velocity corre-
lation of the particle, but has little effect on the mean square
dispersions, particle time scale and velocity scale.

This work was supported in part by funds of Summer Grad-
uate Research Assistantship provided by Washington State
University. The simulations were done on the University Com-
puter Center’s IBM 3090/300.
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APPENDIX

Geale Estimation Based on the Flow of Ferguson (1986)

We report here how the parameters, U, Tmes and Ly, were
obtained from the information given in Ferguson (1986). They
were estimated based on the flow of a mean velocity 4.5 m/s
in Ferguson’s experiment at x/M=60. The rms fluctuation

velocity, ug, wWas calculated from Eq. (4.7) of his dissertation,
namely,

ug=11.2 cm/s. (A.D)

The integral time scale, Tmg, Was directly taken from Table
4.4 of his work, ’

Tz =0.225 s. (A.2)
T, Was obtained based on the approximated relation, Tme
= T U/ uq, where U is the mean flow velocity and Tee is the

Eulerian integral time measured at a fixed point x/M =60.
Since no direct information on the spatial length scale Ly

was reported, we estimated it by examining Ferguson’s data -

on thermal wake experiment. He found the dispersion coef-
ficient of a thermal wake was about 15.5 cm?/s with a different
-mean flow velocity of 6.7 m/s. In this flow, the velocity scale
. at x/M=60 was 16.8 cm/s (Eq. (4.8) of his dissertation) and

“+Taz=0.182 5. Then the Lagrangian scale Tp=15.5/(16.8Y

~~=0.055 s. It follows that T,/ T =0.30. According to Wang
-~ and Stock (1988), we have 2koTnelo= 4.2 (Case 1 turbulence).
This gives an estimated value for the wave number, ko=4.2/
. (2%0.182% 16.08)=0.718 cm~!. The spatial length scale as-
sociated with this kp is Cee e :

N L,=1.2533/kg=1.75 cm. A3

.. We ass;umed ‘the length scale of the flow field with a mean
- .velocity of 4.5 m/s at the same location was the same. This is

. a reasonable assumption since both flows were generated with
_ the same grid (thus the same initial length scale) and in the
same tunnel.
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