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Lattice Boltzmann model capable of mesoscopic vorticity computation
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It is well known that standard lattice Boltzmann (LB) models allow the strain-rate components to be computed
mesoscopically (i.e., through the local particle distributions) and as such possess a second-order accuracy in
strain rate. This is one of the appealing features of the lattice Boltzmann method (LBM) which is of only
second-order accuracy in hydrodynamic velocity itself. However, no known LB model can provide the same
quality for vorticity and pressure gradients. In this paper, we design a multiple-relaxation time LB model on
a three-dimensional 27-discrete-velocity (D3Q27) lattice. A detailed Chapman-Enskog analysis is presented to
illustrate all the necessary constraints in reproducing the isothermal Navier-Stokes equations. The remaining
degrees of freedom are carefully analyzed to derive a model that accommodates mesoscopic computation of all
the velocity and pressure gradients from the nonequilibrium moments. This way of vorticity calculation naturally
ensures a second-order accuracy, which is also proven through an asymptotic analysis. We thus show, with
enough degrees of freedom and appropriate modifications, the mesoscopic vorticity computation can be achieved
in LBM. The resulting model is then validated in simulations of a three-dimensional decaying Taylor-Green flow,
a lid-driven cavity flow, and a uniform flow passing a fixed sphere. Furthermore, it is shown that the mesoscopic

vorticity computation can be realized even with single relaxation parameter.
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I. INTRODUCTION

As a viable numerical method for computational fluid
dynamics (CFD), the lattice Boltzmann method (LBM) is
gaining its popularity because of its easiness in programming,
flexibility in treating solid boundary and fluid-fluid interfaces,
and excellent scalability in parallel computation [1,2]. Well
known for its second-order accuracy in space and time, the
standard LBM is usually compared with the second-order
finite-difference (FD) or finite-volume (FV) schemes based on
solving the Navier-Stokes equations. In many occasions, LBM
is observed to have better performance than these conventional
FD or FV schemes in terms of both accuracy and robustness.
For example, Dellar [3] showed that LBM coupled with
large bulk viscosity was free of spurious vortices that had
been observed in the FD schemes for two-dimensional (2D)
double-shear flow [4]. Gao et al. [5] found that the dissipation
rate in a decaying homogeneous isotropic turbulence obtained
with LBM was much more accurate than that from the
second-order FD scheme [6], when compared with the same
benchmark from the pseudospectral (PS) method. The high
fidelity of LBM can be attributed to at least three origins. First,
the advection term in the Boltzmann equation is treated exactly
in LBM by a Lagrangian streaming process, implying that the
advection term in the resulting Navier-Stokes (N-S) equations
according to the Chapman-Enskog analysis is of low numerical
dissipation. On the other hand, in conventional second-order
FD or FV, the intrinsic truncation errors of spatial discretization
always introduce artificial dispersion and dissipation to the
flow [7]. Second, the collision model in LBM preserves the
exact local mass and momentum conservation, which may
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or may not be achieved by FD or FV schemes. Third, the
strain-rate tensor in LBM can be mesoscopically obtained
from the nonequilibrium distributions. This feature offers
the second-order accuracy in strain-rate calculation in LBM
[8-10], whereas, for the second-order FD or FV schemes, the
resulting strain-rate components usually have the first-order
accuracy only.

By design, the particle distribution functions in LBM
contain both the equilibrium part and the nonequilibrium
part. In most cases, the equilibrium part is related to the
conserved moments, namely density (or pressure) and fluid
hydrodynamic momentum, while the nonequilibrium part is
related to the strain-rate components [11]. Together, they can
satisfy the N-S equations. The usual design process does not
involve vorticity, and no existing LBM can allow vorticity to be
computed in terms of the local nonequilibrium distributions.
Therefore, the vorticity calculation in LBM generally relies on
FD approximations of velocity gradients [12], which degrades
the order of accuracy for vorticity to the first order. As the
most intuitive (not necessarily accurate) representation of
vortical structures, accurate vorticity calculation is of great
importance in many fluid mechanics problems, especially in
turbulent flows. It must be noted that vorticity is a local flow
property, whereas vortical structures represents a coherent
distribution of vorticity over a finite region in space [13].
Better ways of identifying vortical structures may require a
more complete knowledge of velocity gradient tensor [14—16].
Clearly, a direct, mesoscopic computation of vorticity from
distribution functions in LBM is desired for several reasons.
First, mesoscopic computation of hydrodynamic quantities in
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LBM only relies on the local information. In large-scale com-
putations with multiple processors, such local computation
needs no data communications between processors and is free
of any adverse effect associated with the boundary geometric
complexity. Second and more importantly, since the LBM has
the second-order accuracy in its distribution functions, the
vorticity obtained directly and locally from the distribution
functions, if possible, is expected to share the same order of
accuracy.

In the past, this desire is usually unfulfilled due to the
widely accepted facts that the lattice grids and the associated
equilibrium distribution functions, based on which LBM is
developed, are designed to maximize the isotropy at all orders
[17]. Under this consideration, the resulting higher-order
moments of the distribution did not provide direct links to
the local flow vorticity which represents the antisymmetric
property of the local velocity gradient tensor. It is important
to realize that the hydrodynamic constraints required by the
N-S equations represent only a subset of the moment equations
[18,19], namely the number of the degrees of freedom in the
distribution function in a LBM model is usually much larger
than the number of hydrodynamic constraints.

The question we ask in this paper is whether those degrees
of freedom not used in the N-S equations can be utilized to
allow mesoscopic vorticity computation. We shall explore
the possibility of redesigning LBM for this purpose. A
multiple-relaxation time (MRT) LBM on a three-dimensional
27-velocity (D3Q27) lattice grid is chosen, mainly based on
two considerations. First, compared with the single-relaxation
time (SRT) counterparts, the MRT LBM usually has a
better flexibility in relaxing the different physically irrelevant
moments and in configuring their equilibrium distributions
[17,20,21]. Furthermore, a mesoscopic forcing term can
introduce additional flexibility [19]. Second, the D3Q27 lattice
possesses adequate degrees of freedom than those base on
other popular 3D lattices with smaller amounts of discrete
particle velocities, e.g., D3Q15 and D3Q19. Since the D3Q27
lattice actually contains all the particle velocities in D3Q15
and D3Q19, we might argue that if a certain property is not
contained in D3Q27, then it is very unlikely that such property
can be found in D3Q19 or D3Q15.

The rest of the paper is arranged as follows. In Sec. II,
a detailed bottom-up inverse design based on the Chapman-
Enskog analysis is presented. By the inverse design, we view
the isothermal N-S equations as our design goal and construct
the mesoscopic model details based on the hydrodynamic
constraints. This process offers a clear picture on the minimum
set of constraints a mesoscopic LBM model must satisfy in
order to remain consistent with the hydrodynamic equations.
At the same time, it will reveal the maximum unconstrained
degrees of freedom that could potentially be used to configure
the mesoscopic vorticity calculation. A systematic discussion
of how these remaining degrees of freedom can be feasibly
used to fulfill the mesoscopic vorticity calculation is offered in
Sec. III. An asymptotic analysis is also provided to prove the
second-order accuracy of the mesoscopic vorticity calculation.
In Sec. IV, the proposed model is validated via three bench-
mark tests, a three-dimensional (3D) Taylor-Green vortex flow,
a 3D lid-driven cavity flow, and a 3D uniform stream passing
a fixed sphere. Both qualitative and quantitative observations
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FIG. 1. Sketch of D3Q27 lattice grid.

are made regarding the reliability and accuracy of the proposed
mesoscopic vorticity calculation. The main conclusions of the
current study are recapitulated in Sec. V. At last, a fop-down
analysis in terms of the equilibrium distribution is given in the
Appendix to offer an alternative explanation of the key idea in
our model design. This top-down explanation is based on the
results from the bottom-up derivation.

II. AN INVERSE DESIGN OF D3Q27 MRT MODEL

A. Construction of moments and transform matrix

A D3Q27 lattice grid is shown in Fig. 1. Its 27 discrete
particle velocities can be expressed as

(0,0,0)c a =0,
(£1,0,0)c a =12,
(0,£1,0)c a =34,
_J0,0,£1)c o =35,6, |

€ =V (£1,+£1,00c  «=7-10, M
(£1,0,£D)c o =11-14,
0,1, £ o =15-18,
(£1,+£1,4)c o = 19-26.

A set of 27 distributions, written in vector form as f, is
associated with these 27 discrete particle velocities. The same
number of independent moments, denoted by m, can be defined
through linear transformation of the distribution functions.
When constructing the moments, we always proceed with
increasing order, from the zeroth-order, to the first-order, and
then the second-order moments, and so on. All independent
moments at a given order are exhausted first before proceeding
to the next order. A Gram-Schmidt procedure [22], i.e.,

j= IVI .
= Z (=, 2)

is applied to the row vectors M ; of the raw transform matrix

M to ensure orthogonality between any two row vectors in
the finalized transform matrix M. This procedure results in a
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finalized orthogonal transform matrix M that reads
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and 27 independent and orthogonal moments, which are summarized as:

(i) the zeroth-order moment (1)

(ii) the first-order moments (3)

(iii) the second-order moments (6)

ay
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(iv) the third-order moments (7)
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(v) the fourth-order moments (6)

miz =Y faBlleall — lleq]* +8), mis= > fuBleal® = 5)(3ez, — leal®), mio =) fuBlleal” = 5)(es, — ez.).

o

mao =Y fuBleal’ = 8)eareny, ma =) fuBlleal’ = 8ewyeaz, mn =) fuBlleal’ — eurea:,
(vi) the fifth-order moments (3)

9 39 9 39
ma3 = Zfa<§||eal|4 - 7”ea”2 + 19)%;(, Moy = Zfa(§||eot”4 - 7||eoz||2 + 19>€ay,

9 39
mas =) ful Slleall* = S lleall + 19 Jeus,
2 2

(vii) the sixth order moment (1)

9 45
mas = me(iuean6 = 5 lleall® + 30lleq|I* — 8>.

B. Inverse design of a D3Q27 MRT model

The idea of the inverse design is to use the N-S equations as design constraints to help determine the minimum number of
equilibrium moments. By doing so, we maximize the flexibility of our model that could be potentially used for the mesoscopic
vorticity calculation. In this work, we follow the same inverse design procedure as presented in Refs. [10,21,23]. All the
equilibrium moments m$Y are unspecified at the beginning. Some of them will be determined later via the Chapman-Enskog
(C-E) analysis. Unlike the standard multi-scale expansion in C-E analysis that is performed in terms of the distribution functions,
the C-E analysis shown below is done in the moment space. This alteration does not change the nature of the C-E expansion but

is easier to derive the governing equations for all moments. Same as in the other MRT LB models, the evolution equation is
f(x + e8;.1 + 8,) — f(x,1) = —M 'S [m(x,t) — m“¥(x,1)]. )

where m is the moment vector and m®? is the corresponding equilibrium-moment vector, x is the spatial location, ¢ is the time,
d; is the time step size, and S is a diagonal matrix containing 27 relaxation parameters S = diag(so, sy, - - - ,826). Multiplying the
transform matrix M to the above equation, and then applying the Taylor expansion to the left-hand side, the evolution equation
becomes

R 8 A S
13, + C;dm + =19, + €;0,)'m = — =[m — m V], ©)
t

where C,- = MC,M1, with C; being the diagonal matrix containing e,;. Subscript i is the spatial directions. Following the
standard C-E procedure, the moments m, the time, and spatial derivatives in Eq. (5) are expanded as

m=m® +em® +2m® + ..., (6a)
0 = edn + %0+, (6b)
3;28815+'~', (60)

where ¢ is a small number that is proportional to the Knudsen number, the ratio between the molecular mean free path to the
macroscopic characteristic length. Substituting Eq. (6) into Eq. (5) and grouping all terms according to the order in &, we obtain

O(1) : m? = m*?, (7a)
N S
0@ : 19 + Cidym® = —=m'V, (7b)
t
> ©) - S\ v __S o
0% : 19,,m"” + {0;; + C;01)| I — > m’ = —(S—m . (7¢)
t
In particular, the first four equations of Eq. (7b) can be explicitly written as
s
L L (8
t
©) 2 o, 0,1 o ©) o _ 51 @
atlml + O1x gmo + §m4 + §m5 + 81y7717 + alzn’lg = _(S_tml ) (8b)
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2 1 1 1 s
3r1m(20) + 31xm(70) =+ 01y —mg)) —mio) — _mg()) + —m(60) + alzmg)) = __2m(21)’ (8c)

3 3 6 2 S

©) © © 2 o, o 1 o 1 o 83 1)

Opimy + iy’ + O1ymyg” + 31| =My My — —ms — =My | =——m; . (8d)

3 3 6 2 S

which should yield the leading-order continuity equation and Euler equations, i.e.,

0:8p + 9x(pou) + (3, pov) + (3 pow) = 0, %a)
3 (pou) + 3:(p + pou®) + dy(pouv) + 3 (pouw) = 0, (9b)
3 (pov) + 9 (pouv) + dy(p + pov) + - (povw) = 0, 9c)
3 (ow) + 3 (pouw) + 3, (povw) + :(p + pow?) = 0. (9d)

where u, v, and w are the velocity components in the x, y, and z directions, respectively. p is the pressure, which is related to
density fluctuation 8p by the isothermal equation of state as p = c28p, and c; is the speed of sound. Note here that we partition
the density as a constant background density p and a density fluctuation §p, following He and Luo [24].

Matching Eq. (9) with its corresponding equation in Eq. (8), the following equilibrium moments are uniquely determined:

mg)) = dp, m(lo) = pold, m(zo) = pov, m(33) = pow, (10a)
my = (3¢t = 2)8p + pou’ + V> +w?), m{ = poQu’ —v* —w?), mg’ = pyv” — w?), (10b)
m(70) = pouv, mg)) = povw, mg)) = pouw. (10c)

In order to reproduce the isothermal Euler equations, the equilibria of all zeroth-, first-, and second-order moments must be
uniquely derived. However, all third- and higher order moments are irrelevant moments at this stage. The leading-order nonequi-
librium components of the zeroth- and first-order moments must also be set to zero, as required by the local conservation laws.

Next, we proceed to the O(&?) equations. So far, it is clear that the zeroth- and first-order moments are density and momenta in
the hydrodynamic equations, respectively. Since the N-S equations are macroscopic evolution equations of density and momenta,
our remaining job is to connect these four mesoscopic moment equations with their corresponding hydrodynamic equations.
Again, the four equations at O(e?) can be explicitly written as

d2dp = —m, (11a)
5

3 ol 2au+ 2 a5 |+ 00 4s + 01 A0 = SLin® 11b

2 (pou) + x| 3 4+3 5|+ 01yA7 + 01, 9= m. (11b)
t

1 _lA 1 2,0 11

02(pov) + 01 A7 + 01y | A4 s+ -Ag| +01;A3 = ms’, (11¢c)
3 6 2 &

L b o 8,0 d

02(pow) + 015 Ag + 31, Ag + 01, 3A4 6A5 2A6 =3 (11d)
t

where A, = (1 — %’*)mg}), with no summation over «. It should be noted that terms in the N-S equations representing the Euler
equations have already been reproduced by the leading-order moment equations. Hence, the above equations are only expected
to match the remaining part, which is the difference between the N-S equations and the Euler equations, i.e.,

92(8p) = 0, (12a)
Inapoui) = 01, [ (@ ju; + diuy) — Fp(@reur)di + 1" @reur)dis ], (12b)

where the subscripts i, j, and k denote the spatial directions and 1 and p" are the shear and bulk viscosity, respectively. Matching
Eq. (11) with Eq. (12) leads to

Ay = =31 Bru + 01,0 + 3p,w), (13a)
As = —20(291,u — 31,0 — dj,w), (13b)
Ag = —2u(d1yv — 31z w), (13¢)
A7 = —p(dyu + d1xv), (13d)
Ag = — (01w + 91;v), (13e)
Ag = — (9121 + 015 w). (13f)
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The above results relate the leading-order nonequilibrium parts of the six second-order moments to stress components in the
N-S equations. Alternatively, A, can be also expressed in terms of equilibrium moments according to the C-E expansion on the

order of O(¢), i.e., Eq. (7b), as

2— 54 1 1 1 1

Ay = —( 25, )8,{81X [5/0014 + gm(]%) — (3cf — Z)pou] + 81),|:§,00v + gm(lol) _ (303 — 2)p0v:|

1 1 o 2
+ 01, gpow + §m12 - (3qY — 2),00w , (14a)

2—ss 2 () ! L o_3 o ! L 0,3 o

As = —( 75s )3z O1x [gpou = 3™ | Ty —zpov ey — Sy |+ 01z —zpowt empy +omis | 1 (14b)
256 © 1 L o_1 o 1 L o_1 o

Ag = —< 25 )51 duemiy + diy POV T e T g d1 TRPOW Ly = s T (14c)
2—s 2 1 1 2 1 1

Ay = —( o 7)5, 01 (pouv) + alx[gpov + g = zmﬁ?] + %[gpou + gmio + Emﬁ‘?] + aumﬂ?}, (14d)
2 —sg 2 1 1 2 1 1

Ay = —( . )8, 01 (povw) + Dy + 31y[§Pow + omhy = gmi‘?} + alz[gpov +gmi) + Emﬁﬂ } (14¢)
2—s 2 1 1 2 1 1

Ag = _< . 9)5, 01 (pouw) + 81X|:§pow + gmg + Em(l?] +1,m'? + 812|:§,00u + Em(l%) -3 g)“ (14f)

where all the known equilibrium moments have already been
expressed in terms of the results in Eq. (10). Finally, matching
Egs. (13) and (14) equation by equation, and then term by
term, we can obtain

©0)

0 _ 0 __

my, = —2pou, my; =—200v, m;, = —2pow, (15a)
my =0, m} =0, m=0, m=0, (15b)
W= (25) E—3cf , V= 275 8—’
254 3\3 ’ 255 3
S5 = §¢ = §7 = §§ = S9. (ISC)

where v = u/py and vV = " /py are the kinematic shear
and bulk viscosity, respectively. It shall be noted that the
three time-derivative terms 9,1(oouv), 0;1(povw), 9;1(Pouw),
are neglected, since they are of the order O(Ma®) and are
usually neglected in LBM. At this stage, all the zeroth-,
first-, second-, and third-order equilibrium moments have
been uniquely determined by the constraints of the isothermal
N-S equations. The fourth- and higher-order moments are
irrelevant. The relaxation parameters of the six second-order
moments, s4 to Sg, must also be appropriately defined in order
to have correct bulk and shear viscosities.

C. Summary

From the inverse design process, we find that Egs. (10)
and (15) are the only necessary constraints in our MRT LB
model. Among all 27 equilibrium moments, only the zeroth-,
first-, second-, and third-order equilibrium moments must be
properly specified. Since the isothermal N-S equations are
of concern and the energy equation is not considered, it is
unnecessary to constrain any fourth- or higher-order moments
or the relaxation parameters for the third- or higher-order
moments.

We note, however, in many previous designs [25-27] of
the MRT-LB models, the equilibrium moments were acquired
simply based on the matrix transform of standard LBGK
equilibrium distribution,

(eaitti)® ﬂ}
2c4 2¢2 |
where w, is the weighting factor associated with each
lattice velocity. This specification led to the determination
for all equilibrium moments, which completely discarded the
available flexibilities in designing the irrelevant high-order
equilibrium moments. We emphasize that, although we must
have m = M, the relation m©® = MfLBEK-D jg not required.
The flexibility of designing those unconstrained higher-order
equilibrium moments and relaxation parameters potentially
offers a possibility to incorporate the mesoscopic vorticity
calculation into the LBM. This possibility will be explored
in detail in the next section. However, it must be made
clear that the above statement may not be valid for those
LBM models where high-order equilibrium moments are
constrained otherwise, for example, by the energy equation or
flow compressibility. In this paper, we confine our LBM model
to the nearly incompressible and isothermal N-S equations.

f(LBGK,eq) Cqilli
o

= wa8p+wapo[ (16)

2
c;

III. HIGH-ORDER EQUILIBRIUM MOMENTS AND
MOMENT EQUATIONS FOR VORTICITY CALCULATION

A. The construction of high-order equilibrium moments

Our inverse design in the last section clearly shows that in
the D3Q27 MRT model, besides the 17 zeroth-, first-, second-,
and third-order equilibrium moments that can be determined
uniquely based on the hydrodynamic equations, the other 10
fourth- and higher-order equilibrium moments are irrelevant
to the N-S equations and thus can be designed relatively freely.
However, it should be made clear that the design of these 10
higher-order equilibrium moments is, by no means, completely
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free. The main consideration is that the particle distribution
functions in LBM must be near their equilibria. Therefore, we
should expect the expressions of these high-order equilibrium
moments to be consistent in form with the definitions of the
moments. Specifically, it is reasonable to assume the following
general forms:

m(le7q) = a178p + Br7po(* + v + w?),

mig) = Bispou® — v? — w?),

miy) = Bropow® — w?), mi) = yrpouv, (17a)
m(zelq) = Y21P00W, m(zezq) = Y2pouw, (17b)
m(f;*’ = {a3p0U, m(;;q) = $2apov, m(zesq) = Ospow, (17¢)
mSe) = 2680 + Paspo(u® + v? + w?). (17d)

The coefficients a7, B17, Bis, B19. V20, V21, V22, {23, {24,
Lo5, a6, and By remain to be determined. We will show later
that their values can be specifically designed to embed the
vorticity components into the nonequilibrium moments. It is
noted that the set of the standard LBGK equilibrium moments
corresponds to a special setting of these coefficients, namely
a7 =2,pr=—4Bs=Bo=—Lyoo=ra1=yn=-1,
§23 = §24 = {25 = 1, O = —1, ,326 = 3. The key here is
to alter these values to realize the necessary anisotropy to
enable the local vorticity calculation from the nonequilibrium
moments.

B. Mesoscopic vorticity calculation
from nonequilibrium moments

It is well known that all six components of the strain-rate
tensor in LBM can be calculated mesoscopically in terms of the
second-order nonequilibrium moments [9,28]. In our model,
the vorticity components are expected to be obtained in the
same manner. In MRT-LBM, the nonequilibrium moments,

m$? is usually approximated as em(", which can be related
to the time derivatives of themselves and the spatial derivatives
of other equilibrium moments via C-E expansion on the order
of ¢, i.e., Eq. (7b). In the D3Q27 model, Eq. (7b) contains
27 subequations, the first 4 of which, as we have shown in
the last section, lead to the continuity and Euler equations.
The remaining 23 moment equations can be potentially used

to evaluate nonconserved hydrodynamic quantities, such as
|

a7 , 8 Bz 2B 2 Bi7
| (27 yoc2— S)sp+ (BT 4228 40 Po _
x[<3+cs 3)p—l—<3+3+ w4 (5
s10
+ (B + 2000y (uv) + 3 + y22)0; (uw) = Y emy,,
t

2

8
+ 6% — —)5,0+ (@ _ b

3 3 3 3

(1)
11>

a7
L\ 3
S11

+ (3 + VZO)ax(uU) + (3 + yZl)aZ(vw) = —p 3 em

00¢
[/ a7 8 Bz Pis ’ Bz
7 2 e P8y s Lays
_(3 3>p+(3 3+>”+ 3t

N
+ G+ y2)uw) + B+ ya)dy (0w) = ——Lemy),
00t

(o5
I

+6¢% —

Bis
3

+2>u2+(@+@+

6

Bis

6
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velocity gradients and pressure gradients. In this section, we
will explore those 23 moment equations in terms of increasing
order in moments to determine if the mesoscopic vorticity
calculation can be made possible.

First, the six equations governing the second-order mo-
ments m4 to mg can be expanded from Eq. (7b) as

(5_9c§>(8xu+8yv+8zw) = -2 em®, (18a)
3 P00;
2 20— 9,0 — dw) = ———em’,  (18b)
3 ' P00
20— ) = ——em. (180)
3 P00
Lo+ o) = —=Zem®,  (184)
3 P00;
%(ayw o) = —%emg), (18¢)
%(8xw+8zu) - —pf)‘;tsmg”. (18f)

The right-hand side of each of the above equations contains
the leading order part of a second-order nonequilibrium
moment, while the left-hand side is the spatial derivatives
of the first- and third-order equilibrium moments. The time
derivative in each equation has been absorbed into the spatial
derivatives by using the Euler equations. Also note that
terms on the order of O(Ma®) have been eliminated from
the equations. Clearly, the six strain-rate components can be
explicitly solved from the above six equations. Because both
first- and third-order equilibrium moments on the left-hand
side are defined isotropically with respect to x, y, and z,
as required by the N-S equations, the nonequilibrium parts
of the six second-order moments on the right-hand side
involve no vorticity components. To realize explicitly the local
vorticity calculation, we need to find another three independent
equations involving the six cross velocity gradients d,v, d,w,
dyu, dyw, d;u, and 0,v.

Next, we exploit the moment equations for the seven third-
order moments. Those equations do not appear in the inverse
design process as the nonequilibrium parts of third-order
moments are irrelevant to the derivation of the N-S equations,
and they are

—+2)v2+<%—%+2)w2]

(19a)
B\ (B B _Bo \.0]
2+2)v+(3+6 2+2)w_

(19b)
Bro ) Bz . B Bio 5 ]
) +2>U +(T+?+7+2>w_

(19¢)
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Bio 22 L o yn 1 _ oS3

(3+ 3 >8x(v w )+<3 : )ay( )+( 6 3>8z(uw)_ e, (19d)
LN P >8(2u oy — (B2 Do - 2)+<1 Yo, 0w) = —eml),  (19¢)
3 3 6 Y 6 3 Y
1y Y B B

(g—%>8x(uw)+<%——)8 (vw)-l—( 618 3>8(2u —v _wz)_( 619+3)3Z(U2—w2)=—ps(:;8m(115)v (19)
(3+V”> v >+(2+m> NC )+<%+V2°)a( V)=~ emly (199)
33 33 33 o, e

The left-hand side of these seven equations are spatial derivatives of second- and fourth-order equilibrium moments. Again,
the time derivatives are replaced by the spatial derivatives using the Euler equations. Compared to that of Eq. (18), the left-hand
side of above seven equations are on higher order in Ma, i.e., the spatial derivatives in Eq. (19) scale as O(Ma?), whereas those
in Eq. (18) are of O(Ma). For this reason, Eq. (19) is evidently not suitable to serve as desired supplementary equations for the
local vorticity calculation. However, Egs. (19a) to (19¢) contain pressure gradients 9,p, 9,80, and 9,8p, they can be utilized to
calculate pressure gradients mesoscopically if the coefficient ay7/3 + 6¢2 — 8/3 is nonzero. In our model, a7 is tunable, so this
direct computation of pressure gradient is achievable, in contrast with the standard LBGK model, where «17 must be set to 2 in
order to reproduce the N-S equations. In this work, since we focus on exploring the mesoscopic vorticity calculation, the above
point will not be examined further.

Now we move to the six equations of fourth-order moments, which read explicitly as

<% — g — Oll7>8xu + (% — g - a17)3‘v + (% - g - 17)3zw = _:olf;z (117) (20a)
(B (G ors (o Gt
(e[ eSpem ot e

(8- D)o+ (2 -3 )= 2 enty 209

O e

(-3 )+ (23 )aw=—Zend, oD

where the nonequilibrium parts of fourth-order moments on the right-hand side are related to the spatial derivatives of third-
and fifth-order equilibrium moments on the left-hand side. In particular, Egs. (20d) to (20f) not only involve the cross-velocity
gradients but also are on the order of O(Ma), the same as in Egs. (18d) to (18f). Unlike the third-order equilibrium moments that
must have full isotropy to reproduce the N-S equations, the fifth-order equilibrium moments are not constrained so they can be
purposely designed to be anisotropic with &3 # {24 # {»s5. By having anisotropic fifth-order equilibrium moments, we embed
the three local vorticity components into the fourth-order nonequilibrium moments. Mathematically, when &3 # {o4 # $25,
Egs. (20d) to (20f) become linearly independent of Eqs. (18d) to (18f), and thus all three vorticity components can be explicitly
calculated as

3+ 5 —Mss  qy 65 )]
wy = yw — v = — emg’ + emsyy |, (21a)
Y : (624 — G25) L o 7 pod !
1 [ 3 —4 6 )
W, = 0. — dow = st i — sy, m 4 22| (21b)
: (625 — &23) | Pod: 051
1 [ 3(%2s + G4 — 4)s7 ) 6520 (1)_
w, = 0,V — Oyu = — em-’ + emy, |. (21c)
o Y (623 — G2a) | o T s P

(

Together with Eqs. (18a) to (18f), all the velocity gradients CFD (i.e., velocity, pressure, velocity gradients, pressure

can be explicitly determined from the nonequilibrium mo-
ments. In fact, when the number of lattice particle velocities
is sufficient, the LB model can be designed to entail all
the hydrodynamic quantities we are concerned with in the

gradients) into their mesoscopic distribution functions. The
reason that such properties were never fully explored might
be due to the fact that, when the LBM was first established,
its equilibrium was obtained via the Taylor expansion of the
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Maxwell-Boltzmann distribution at small Ma. Such design,
while having the most solid physical background from the
kinetic theory viewpoint, is only a sufficient but not necessary
condition for the isothermal N-S equations.

In the standard LBGK model, Eq. (21) is unachievable since
the isotropic equilibrium distribution function will always
yield &3 = &4 = &5 = 1. However, these values from the
standard LBGK model set up a baseline to determine 23 24,25
in our model in order to ensure sufficient numerical stability.
We suggest {3 = {4 &~ {5 &~ 1 so we can maintain the
nonequilibrium parts of second- and fourth-order moments
small in terms of the same physical velocity gradients, as
indicated in Eq. (21). The three numerical benchmark cases
shown in Sec. IV show that the range of 0.5 < {2375 < 2.01is
numerically stable, which is quite acceptable.

C. Accuracy of the mesoscopic vorticity calculation

In this section, we provide an asymptotic analysis, in terms
of incompressible N-S equations, concerning the accuracy

J

PHYSICAL REVIEW E 96, 053304 (2017)

of our proposed mesoscopic vorticity calculation following
the idea of the Maxwell iteration [29,30]. To simplify the
analysis, all the relaxation times in our model are chosen
identical to be 1/t since their values are not essential in the
vorticity calculation. Furthermore, since only three coefficients
of fifth-order equilibrium moments are relevant to the vorticity
calculation, other undefined coefficients of fourth-order and
sixth-order equilibrium moments are chosen correspond-
ing to the standard LBGK equilibrium, namely o7 = 2,
Bir=—4, Bis = Pio = —1, yo=ya=yn=—1, ax=—1,
Bars = 3. The evolution equation, Eq. (4), can then be simplified
as

1
Fu(X 4 €8,,1 +8) — fulx,1) = —;[fa(x,n — f9x,1)],
(22)

where the equilibrium distribution £ = M~'m©?. Based on
the design in Egs. (10), (15), and (17), it can be shown that the
equilibrium distribution can be written as

(23)

3[b(ar, Degiuy + b(a,2)eqrus + bla,3)eq3u3] n 9eqitt;)* n 3uiu; }

(eq) _
150 = w,do + vam| 2 i) S

which is identical to Eq. (16) except that the first term in the square brackets is designed to be anisotropic with respect to the
spatial direction i. The detailed form of b(,i) is provided in the Appendix in terms of three coefficients only, namely ¢{, ¢; and
¢; [see Eqgs. (A2) to (A4)]. Note that here ¢ = {23, {; = {4, and & = {»s, respectively. When b(w, 1) # b(@,2) # b(«,3), the
usual isotropy in the standard LBGK equilibrium is no longer assumed. However, the symmetry is still rigorously preserved, i.e.,
b(a,i) = b(a,i), where e; = —e,.

While the previous design is based on the C-E analysis (acoustic scaling), in the limit of incompressible flow the alternative
diffusive scaling can be applied [9,31]. Under the diffusive scaling, i.e., 8, = h, §, = h?, ¢ = 68,/8, = 1/h, Eq. (23) can be
rewritten as

IV = WPwep + 3hwapolb(a, Deqiur + b, 2)eaits + b(a.3)eqsus] + 3h*wa po(€aitti)* + 3w pott; ;. 24

where the density fluctuation 8p = %4 is on the order of O(h?) in the incompressible limit.
Applying Taylor expansion to the left-hand side of Eq. (22), we obtain

9/ (e - V)"

m!n!

0 1
§ : K — _ _ g(eq) —
s=1 h DC(,SfOt(Xst) - T [fLX(XJ) fa (X’t)]’ DO"S - Z (25)

s= m+2n=s
Expanding the left-hand side of Eq. (25) to O(h*), the following relation between f, and fi*? is obtained:
fa = £ = —t[h(ea - V) fu - 5H2(€a - V) fu - g2 (€a - V) fu + B30, fo + (6o - V)3 fu] + O (26)
Note that we have simplified the notations since all terms in the above equation is at (x,#). Now we process the Maxwell iteration,
i.e., substitute Eq. (26) into itself and again keep all the terms to O(h*), and we can express f, in terms of fofeq) as

1
fo— ££Y = —th(ey - V)P + t7h*(ey - V) fL9 — rihz(ea SV D — R (e, - V)P £LD

1
+ O e - VY £+ 200 (6o - VIO S = Th (e - VIO fSY — T ke - VY A7 + O (27)
Finally, substituting Eq. (24) into Eq. (27), we have
fo = 59 = —3w,poth’(eq - V)[b(ar, Deqiuy + b(a,2)eqrtts + blat,3)eqsus] — wath*(eq - V)5 + 2 poleaiui)* + 2 pouiu; |

+3we 0t (T — 3)h*(€q - V) [b(et, Deqrur + b(a,2)eqotts + b(at,3)eq3u3] + O(hY). (28)
[

Clearly, the right-hand side of Eq. (28) contains an even
part in terms of e,, which is the first term, and an odd part
that consist of all the remaining terms. When multiplied by

the transform matrix M, the odd part will only contribute to
the odd moments, and the even parts only to even moments
because of the symmetry in lattice structure. In other words,
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for any second- and fourth-order moment, the leading-order
truncation error in its nonequilibrium part is on the order of
O(h*) since all O(h%) terms in Eq. (28) disappear due to
the symmetry in terms of the lattice velocities. As shown in
Egs. (18) and (21), the computation of all velocity gradients
in the present model only involves even order nonequilibrium
moments. Thus, the mesoscopic velocity gradient calculation
indeed has the second-order accuracy.

An interesting question to ask is whether the same design
can be achieved with D3Q15 or D3Q19 lattice grids. In our
D3Q27 lattice model, the mesoscopic vorticity calculation
is made possible by introducing anisotropy into the three
fifth-order equilibrium moments. However, as shown in
Ref. [20], in D3Q15 there are only one zeroth-order moment,
three first-order moments, six second-order moments, four
third-order moments, and one fourth-order moment; while in
D3Q19 there are only one zeroth-order moment, three first-
order moments, six second-order moments, sixth third-order
moments, and three fourth-order moments. The fifth-order
moments available to D3Q27 simply do not existin D3Q15 and
D3Q19. Therefore, we conclude that both D3Q15 and D3Q19
MRT models are not flexible enough to allow mesoscopic
vorticity calculation.

IV. NUMERICAL VALIDATION AND RESULTS

In this section, the mesoscopic vorticity calculation in
our model is numerically investigated in three 3D flows,
i.e., a 3D Taylor-Green vortex flow, a 3D lid-driven cavity
flow, and a uniform flow passing a fixed sphere. The main
purposes of those examinations are (1) to numerically prove
the modification on the fifth-order equilibrium moments brings
only marginal effect to the numerical accuracy and stability of
LBM as a N-S equation solver and (2) to validate the accuracy
of mesoscopic vorticity calculation.

A. The 3D Taylor-Green vortex flow

The 3D Taylor-Green vortex flow is one of the very few
analytical solutions of three-dimensional time-dependent N-
S equations. In 1936, Taylor and Green [32] established the
short-time solution based on a perturbation expansion of the
velocity field. Given the initial velocity field ug = (uq,vg, wo),

uo(x,y,z,t =0) = UpcosQRmx/L)sin2rxy/L)sin2rz/L),

(29a)

vo(x,y,z,t =0) = —Upsinrx/L)cosmy/L)
x sin(2rwz/L), (29b)
wo(x,y,z,t =0) =0, (29¢)

where 0 <x <L, 0<y< L, 0<z< L are the spatial
coordinates, L is the domain size, ¢ is time, and Uy is the
initial characteristic velocity magnitude. Periodic boundary
conditions are assumed in all three directions. The initial
velocity gradients are known analytically and the initial
pressure field can also be obtained by solving the Poisson
equation. The time derivative of velocities in the N-S equa-
tions can be expressed in terms of the initial velocity and
pressure fields, which can be integrated to give a short-time

PHYSICAL REVIEW E 96, 053304 (2017)

TABLE 1. The physical and simulation parameters in the 3D
Taylor-Green flow

Case# Rey Ny X Ny x N, U v v

1 600 64 x64x64 0.1019  0.00346  0.0370
2 6007 128x128x128  0.0509  0.00346  0.0370
3 600r  256x256x256  0.0255 0.00346  0.0370

solution. Repeat the above iteration process of velocity field
— pressure field — velocity time derivatives — updated
velocity field, Taylor and Green obtained a three-dimensional,
time-dependent theoretical solution that is valid for short times
[32]. Based on this solution, analytical expressions of kinetic
energy and dissipation rate at short times were also obtained
in Ref. [32].

In this section, we focus on benchmarking the vorticity field
obtained from the moment equations presented in Sec. III B.
However, the theoretical solution derived by Taylor and Green
will not be used as the benchmark due to the reason that it is
only valid for short times. It is difficult to determine precisely
how long the theoretical solution is accurate enough to be used
as benchmark, which depends on which physical quantity is of
concern. Instead, the solution from a pseudospectral method
(PSM) is used as benchmark for its high-accuracy with an
exponential convergence rate. In the past, the PSM results have
often been used to benchmark results from LBM [5,7,21].

Some of the key parameters adopted in the present MRT
LBM are listed in Tables I and II. For all three cases, the
initial Reynolds number Rey = UyL/v is set to 600m so
the small scales can develop relatively quickly by nonlinear
interactions. Also, since we are mainly interested in the
mesoscopic vorticity calculation, which only involves three
coefficients, 232425, we set all the other coefficients of
high-order equilibrium moments to the ones that recovers
LBGK equilibrium. In particular, the potential capability of
mesoscopic pressure gradient calculation will not be exposed
in the present study as o7 is still set to 2 in all cases.
On the other hand, the values of (232425 as well as the
relaxation parameters of third- and higher-order moments
are chosen rather casually (we avoid extreme values though)
for demonstrative purpose. Optimization of those parameters
could lead to better accuracy and stability the model, but it is
beyond the scope of the present study.

To properly specify all the initial particle distributions, we
need to iterate the distribution functions [33]. The detailed
procedure is as follows [33].

TABLE II. The coefficients of high-order equilibrium moments
and relaxation parameters in the Taylor-Green flow simulations
(identical in all three cases).

a7 B Big1o Vo212 3 L L5 s Pos
2.0 —4.0 -1.0 -1.0 10 15 20 —-10 3.0
84 S5-9 S10-12 S13-16  S17-22 23 824 825 526

1.5 1/@Bv+0.5) 12 1.2 15 12 12 12 12
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(1) First, initialize the distributions by the equilibrium
distribution functions based on the initial velocity field and
uniform zero pressure field as fy = M~'m®?(§p = 0,uy).

(2) Evolve the distribution function, for one time step,
according to the standard collision and streaming substeps,
ie., fo — f*

(3) Restore the initial velocity field by first converting the
distributions to the moment space through m = Mf*, then
set my = pougy, My = pPoLy, M3 = Powy, finally update the
distributions by an inverse transform fo = M~'m. It is worth
mentioning that in the later convergence rate calibration of
strain rate and vorticity calculation, we also restore all the
velocity gradient components back to their initial values in
order to ensure that the initialization is fully consistent with
the initial flow field. In other words, the nine moments that
associated with the strain rate and vorticity calculation, i.e.,
Mas.6, M739, and mog 21 22, are also constrained using the
initial velocity and velocity gradients. However, such treatment
is not necessary in the usual initialization process.

(4) Repeat step 2 and step 3 for a sufficient number of
iteration steps.

In the simulations, we specify the number of iteration steps.
For three cases, the initial distribution functions are iterated
for 1000, 4000, and 16 000 steps, respectively. The iteration
numbers are chosen to be consistent with the amount of time
steps the flow evolves under each grid resolution. Typically, at
the end of the iteration, the maximum local pressure difference,
namely c2[8p™ — §p™=D]/(po Ug), between two consecutive
iterations, m and m — 1, is about 10~7. It shall be noted
that although in this case, the initial pressure field can be
analytically obtained by solving the Poisson equation, such a
pressure field based on incompressible assumption may not
be consistent with the LB solution that corresponds to the
weakly compressible N-S equations. Therefore, in the present
simulations, we do not utilize the theoretical incompressible-
flow pressure field. On the other hand, although the velocity
divergence in LBM is not strictly zero, the three moments
associated with the three normal velocity gradients, i.e., 456
are still constrained. This is mainly to guarantee no significant
initialization error is introduced in the later convergence study
of strain rate and vorticity computations.

Before discussing the results for the flow vorticity, we first
examine a few basic flow statistics to validate our model. The
time-dependent kinetic energy k, dissipation rate D, and the
longitudinal velocity-derivative skewness S and flatness F are
shown in Fig. 2. These statistical quantities are defined as

k= 0.5u®+ v* + w?), (30a)

1 2
D=2v<sij—§v-u8ij) +vY(V-uw),  (30b)

o ([0 + @) + Gaw)’] 300)
(H[@u)? + (3,0 + @.w)?])*
1 4 4 4
_ (3@ + @) + Gcw) ]>2, 00)

(3[ @) + (8yv)? + (3, w)?])

where s;; is the strain rate tensor. The kinetic energy and
dissipation rate are normalized by their respective initial
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values. In the same plot, we compare the results obtained from
(1) the short-time theory, as in Ref. [32], denoted as “Theory”;
(2) the pseudospectral method at two different resolutions
n, = 128 and 256, denoted as “Spectral”; (3) the present LB
model in terms of the moment equations at three different
resolutions nx = 64, 128, and 256, denoted as ‘“Present”;
and, finally, (4) the regular MRT LB model that recovers
LBGK equilibrium at resolutions nx = 64 and 256, denoted as
“MRT,” in order to assess the impact of modifying equilibrium
on the physical accuracy. The LBM results involved in the
above comparisons are mesoscopically computed from the
nonequilibrium moments.

As clearly shown in Fig. 2, the two groups of pseudospectral
results are essentially identical, with very minor differences in
skewness and flatness. Since the pseudospectral results are
well converged, the PSM results at resolution 256 are viewed
as the benchmark. As expected, the theoretical results are only
valid for short times. Under the current setting of Rey = 6007,
the short-time theory are quantitatively reliable for #* < 1,
where t* = 2w Upt /L is the nondimensional time. As more
and more small scales develop at later times, the theory is no
longer accurate, especially for the high-order statistics. On the
other hand, the corresponding results of the present LB model
and regular MRT LB model are in excellent agreement with
each other: Both converge to the PSM data as grid resolution
increases. This confirms our claim that the modification of
high-order equilibrium moments only has a marginal impact
on the hydrodynamics since those moments are irrelevant to
the reproduction of the N-S equations.

Compared with its impacts on accuracy, modifying the
high-order equilibrium moments might bring a more obvious
effect on the numerical stability. To clarify, we compared
the stability limits of both the present model and regular
MRT model in the same case of decaying Taylor-Green flow
at Reyp = 6007 and a grid resolution of n, = 64. For this
unsteady flow case, more and more small scales develop with
time and the simulation eventually leads unphysical results
when the grid resolution fails to resolve those small scales.
Therefore, we define the stability limit as the minimum shear
viscosity used by the model to yield physically accurate kinetic
energy in the time period of concern (¢* < 10). As shown
in Fig. 3, the stability limits for both the present model and
the regular MRT model are around 0.002 in terms of shear
viscosity value. Decreasing the shear viscosity further, the
present model tends to yield inaccurate kinetic energy earlier
than the regular MRT model does, which indicates that the
former has slightly worse numerical stability. However, it
must be noted that in the present model, all the high-order
equilibrium moments are tunable, which could potentially lead
to better numerical stability. Combining those two aspects,
we conclude that the modification of high-order equilibrium
moments does not significantly affect the numerical stability
of LB model

Next, we validate the mesoscopic vorticity calculation in
the present LB model. In the remaining part of this section,
we shall use two different approaches to calculate the vorticity
field from the LB simulations. The first approach is to use
the finite-difference approximation (e.g., as in Ref. [12]),
which could degrade the accuracy by one order from that
for the velocity, as mentioned before. The errors in the
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FIG. 2. The statistics in a decaying 3D Taylor-Green flow with Rey = 6007 : (a) kinetic energy, (b) dissipation rate, (c) skewness, and (d)
flatness. ko and Dy are the kinetic energy and dissipation rate at the initial time, respectively.

finite-difference approximation have two origins. The first is
the numerical error, which originates from the second-order
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FIG. 3. The kinetic energy results of a decaying 3D Taylor-Green
flow with different shear viscosities.

velocity error in LBM. The second is the truncation error
whose order depends on the finite-difference representation we
choose. It shall be clear that the latter error exists even when
the velocity result is precise. In the vorticity calculation based
on finite-difference approximation, we need to make sure
a finite-difference scheme is at least second-order accurate.
In our later calculation, a second-order central-differencing
scheme using the LBM velocity field has been employed as

81/{,'( ) ui(x+ejh)—ui(x—ejh)
—(X) =
8.Xj 2h

+ O(h?), (31)

where h is the grid spacing and i and j are the indices
of velocity direction and spatial coordination, respectively.
Schemes of higher-order accuracy can be used to minimize
the truncation error in the finite-difference-based vorticity
calculation. Those higher-order schemes are usually based on
large stencil widths that may introduce extra workload in data
communication between processors in parallel computations
and are hard to implement when complex boundary geometries
present. There are also efforts to utilize the lattice links other
than those align with the axes of a Cartesian coordinate to
construct high-order discretizations of differential operators
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FIG. 4. Contours of vorticity in x direction at t* = 4 and t* = 8 with Re = 300 using different (a) FD, t* = 4, (b) ME, t* = 4, (c) PSM,

t* = 4,(d) FD, t* = 8, () ME, ¢* = 8, and (f) PSM, ¢* = 8.

with compact stencils [34]. However, as long as the vorticity
is differentiated based on the second-order-accurate velocity
field, its overall order of accuracy is expected to be lower than
second order. This is because the error in the velocity field is
usually not distributed uniformly and does not cancel out in
the differentiation scheme.

Alternatively, the vorticity can be calculated locally from
the nonequilibrium moments, which is a unique capability
of the present model. As a qualitative illustration, the vorticity
contours of w,, wy, and w, ona2Dsliceatz/L = 0.5att* =4
and ¢* = 8 are presented in Figs. 4, 5, and 6, respectively.
The resolution n, = n, = n, = 256 is chosen for all results
in these three figures. The vorticity results calculated from
the present model with finite difference approximation and
moment equations are denoted as FD and ME, respectively,
while the spectral benchmarks are called PSM. As clearly
shown by the three figures, the vorticity contours from the
present LB model with the FD and ME approaches are almost
identical, and both are in good agreement with contours from
PSM. The capability of the ME approach for local vorticity
calculation is thus well supported. Physically, there are more
small-scale features in the vorticity field at the later times,
which causes the relative magnitude of the nonequilibrium
moment to increase relative to the equilibrium part in some
local regions. This could lead to a better accuracy of local
vorticity calculated by the mesoscopic method, provided that
there are no numerical noises in these high-order nonequilib-
rium moments used in the mesoscopic representation of the
local vorticity. This aspect needs further investigation. On the
other hand, the finite-difference approximated vorticity tends

to be smoother since the velocity field in LBM is associated
with the first-order equilibrium moment which does not usually
contain numerical oscillations.

We shall now compute the convergence rate of both FD and
ME approaches using the PSM results at highest resolution
(ny = ny, = n; = 256) as the benchmark. In LBM, three reso-
lutions n, = n, = n, = 64, 128, and 256 are considered. For
fair comparison, the LBM grids for all resolutions are aligned
precisely with the PSM grid such that no interpolation is neces-
sary. The L1 and L2 norms are computed, which are defined as

Zx,y |QLBM(X»)’J) - qPSM(xsyst)|
2oy lgpsm(x, 1)l

\/Zx,y [qLeMm(x,Y,t) — gpsm(x,y,1)]?

\/nyy[QPSM(xvyvt)P

) (32a)

ep1(t) =

era(t) = ,  (32b)

where g gm and gpsm represent the corresponding numerical
results (velocity, strain rate, vorticity, etc.) of LBM and PSM,
respectively, and the summation is over the whole computa-
tional domain. At the initial stage (t* = 0), the L2 error norms
are shown in Table III. Here we will only show explicitly the
results of L2 error norms, as the corresponding results of L1
error norms are very similar. While the L2 errors in velocity
are negligibly small [~O0(10~7)] and are almost independent
of the grid resolution, implying that these errors are due to
machine round-off errors. The same holds true for the errors
in vorticity and strain rates computed through ME. On the
other hand, the errors in vorticity and strain rates from the FD
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TABLE III. The L2 norms of velocity and vorticity at the initial time (#* = 0). For completeness, the L2 norms of strain rate components
are also listed. The L2 norms of velocity w, strain rate s,, = d,w, and s,, = 0.5(3,v + d,u) are not given since, at the initial stage, w, s,,, and
syy are identically zero in the whole domain.

Ny v w

64 6.812E-8 6.812E-8 (=)

128 1.120E-7 1.120E-7 (=)

256 1.643E-7 1.643E-7 (=)

Ny w,(FD) w,(ME) w,(FD) w,(ME) w.(FD) w.(ME)
64 1.606E-3 7.266E-8 1.606E-3 7.266E-8 1.606E-3 1.731E-7
128 4.016E-4 1.708E-7 4.016E-4 1.708E-7 4.016E-4 1.153E-7
256 1.004E-4 1.000E-7 1.004E-4 1.000E-7 1.004E-4 1.403E-7
Ty sxx(FD) $xx(ME) syy(FD) syy(ME) 52:(FD) 52:(ME)
64 1.606E-3 7.266E-8 1.606E-3 7.266E-8 =) (=)
128 4.016E-4 1.708E-7 4.016E-4 1.708E-7 (=) (=)
256 1.004E-4 1.003E-7 1.004E-4 1.003E-7 =) (=)
n, s¢y(FD) Sxy(ME) sy, (FD) sy.(ME) sy (FD) sx:(ME)
64 (=) (=) 1.606E-3 1.138E-7 1.606E-3 1.138E-7
128 (=) (=) 4.016E-4 1.343E-7 4.016E-4 1.343E-7
256 (=) (=) 1.004E-4 1.533E-7 1.004E-4 1.533E-7

approximation are on the respective order of 1073 to 10~* and
decrease with increasing grid resolution. Since we initialize
the flow with the exact initial velocity field, these errors in
the FD approach are clearly due to the truncation error of the
finite-difference scheme in the velocity gradient calculation.
The relative magnitudes from the FD approach at different grid
resolutions clearly show that the rate of convergence is of sec-
ond order, which is consistent with our expectation in Eq. (31).
Although the magnitudes of these truncation errors in FD
appear to be large, as we shall find shortly, they are still about
two orders of magnitude smaller than the error magnitude in
the strain rate and vorticity in FD at later times. Therefore,
the existence of such initial errors should not affect our later
observations on the order of accuracy. Therefore, we can safely
assume that the L2 norms listed in Tables IV and V for the strain

rate and vorticity at t* = 4 and 8 truly reflect the convergence
rate of the errors in both computation approaches.

Att* = 4, except w,, the vorticity and strain rate calculated
mesoscopically are more accurate than those from the finite-
difference approximation, measured by the magnitude of
the L2 norm. Both methods exhibit roughly a second-order
accuracy for all strain rate and vorticity components but the
errors from the mesoscopic approach always have higher
convergence rates than their finite-difference counterparts. The
magnitudes of the numerical errors in mesoscopic vorticity
calculation must be associated with the values of fifth-order
equilibrium moments, i.e., {23, {24, and o5, as well as the
relevant relaxation parameters s7_o and s»0—22, SO potentially
smaller L2 norm might be achieved with optimized parameter
setting. On the other hand, Junk et al. [31] showed that

TABLE IV. The L2 norms of strain rate and vorticity errors at (#* = 4) in a decaying Taylor-Green flow.

Ny w,(FD) Order w,(ME) Order w,(FD) Order  w,(ME) Order w.(FD) Order w.(ME) Order
64 1.494E-1 =) 1.690E-1 (=) 1.482E-1 (=) 1.563E-1 (=) 1.017E-1 (=) 2.631E-1 -)

128 4935E-2  1.598 4.282E-2 1981 4.754E-2 1.640 3.851E-2 2.021 2910E-2 1.805 6.877E-2 1.936
256 1.276E-2 1951 7.430E-3 2527 1.216E-2 1967 6.416E-3 2585 7.336E-3 1988 1.253E-2 2.456
Overall 1.775 2.254 1.803 2.303 1.896 2.196
Ny s, (FD) Order s,,(ME)  Order syy(FD) Order  s,,(ME) Order s..(FD) Order  s,,(ME) Order
64 9.933E-2 (=) 7.895E-2 (=) 9.890E-2 (=) 7.926E-2 (-) 1.368E-1 (=) 9.364E-2 (=)

128 2.689E-2 1.885 1.847E-2 2.096 2.731E-2 1.856 1.837E-2 2.109 4.512E-2 1.601 2.365E-2 1985
256 5.948E-3  2.177 3.829E-3 2270 6.024E-3  2.181 3484E-3 2398 1.178E-2 1937 4.363E-3 2.438
Overall 2.031 2.183 2.018 2.253 1.769 2.211

Ny s.y(FD) Order  s.,(ME)  Order sy,(FD) Order  s5,,(ME)  Order  s,,(FD) Order  s,.(ME) Order
64 1.553E-1 (=) 9.850E-2 (=) 1.777E-1 (=) 1.217E-1 (=) 1.783E-1 (=) 1.269E-1 (=)

128 4.682E-2 1.730 3.114E-2 1.661 6.070E-2 1.550 3.058E-2 1.993 5977E-2 1.577 2933E-2 2.113
256 1.226E-2 1933 6.771E-3 2202 1.618E-2 1908 6.644E-3 2202 1.570E-2 1.928 6.725E-3  2.125
overall 1.831 1.931 1.729 2.097 1.752 2.119
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TABLE V. The L2 norms of strain rate and vorticity errors at (t* = 8) in a decaying Taylor-Green flow.

ny w,(FD) Order w,(ME) Order w,(FD) Order w,(ME) Order w.(FD) Order w.(ME) Order
64 2.570E-1 (=) 4.736E-1 (=) 2.546E-1 (=) 3.161E-1 (-) 2.700E-1 (=) 8.547E-1 (-)

128 7.615E-2 1.755 1.533E-1 1.627 7.637E-2 1.737 7.780E-2 2.022 9.488E-2 1.509 2.429E-1 1.815
256 1.843E-2 2.047 2965E-2 2370 1987E-2 1942 1.681E-2 2210 2388E-2 1990 4.809E-2 2.337
Overall 1.901 2.000 1.840 2.116 1.750 2.076
n, s,x(FD) Order s,,(ME)  Order syy(FD) Order  s,,(ME) Order s..(FD) Order  s.,(ME) Order
64 2.420E-1 (=) 2.771E-1 (=) 2.362E-1 (=) 2.589E-1 (=) 2.404E-1 =) 2.393E-1 (=)

128 7.702E-2  1.652 9.185E-2 1.593 7.360E-2 1.682 8.678E-2 1577 6.302E-2 1932 7.065E-2 1.760
256 1.903E-2 2.017 2.218E-2 2.050 1.660E-2 2.148 1961E-2 2.146 1.547E-2 2.026 1.700E-2  2.055
overall 1.834 1.822 1.915 1.861 1.979 1.908
Ny sxy(FD) Order  s,,(ME)  Order sy.(FD) Order  s,,(ME) Order s,.(FD) Order  s5,,(ME) Order
64 2.854E-1 (=) 4.110E-1 (-) 2.720E-1 (-) 2.650E-1 (=) 2.715E-1 (=) 3.479E-1 (-)

128 1.001E-1 1.511 1.487E-1 1467 8326E-2 1708 7.774E-2 1769 8.605E-2 1.658 1.188E-1 1.550
256 2.635E-2 1.926 3.563E-2 2.061 2.040E-2 2.029 1.735E-2 2.164 2.254E-2 1933 3.053E-2 1.960
overall 1.718 1.764 1.868 1.966 1.795 1.755

the velocity gradients calculated by a second-order finite-
difference scheme could maintain second-order accuracy in
pure periodic problems. This is because the leading-order
velocity error in LBM scales with K3 instead of A2, which
can be easily seen via the asymptotic expansion. For more
general problems, e.g., flows with solid boundaries, the above
statement breaks down and the finite-difference method is only
capable of providing vorticity calculation of the first-order
accuracy [31].

At the later time ¢* = 8, for most strain rate and vorticity
components, the results calculated through finite-difference
approximation have error magnitudes comparable to or smaller
than those from moment equations. This indicates that in the
present simulation, the computation of conserved moments
(i.e., the velocity field) is much more accurate than those of
nonconserved moments, from which the vorticity components
are obtained. Again, in general, we observe a second-order
accuracy for both ME and FD approaches. While for vorticity
components, the mesoscopic method has higher convergence
rates for the numerical error than the finite difference method,
the convergence rates for the strain rate components in the two
approaches are comparable.

B. The lid-driven cavity flow

The present model and its mesoscopic vorticity calculation
feature are further examined by a 3D lid-driven cavity flow.

FIG. 7. Sketch of the 3D lid-driven cavity flow.

The flow setting is sketched in Fig. 7, where the fluid at rest
initially inside a cubic box with length L is driven by the top lid
moving with a constant velocity i = (u,,,0,0). The other five
walls are maintained at zero velocity. The Reynolds number
Re = u,L/v is set to 100 and the shear and bulk viscosity
are fixed at v = 0.02 and v¥ = 0.0370. The grid resolution
has been adopted as n, = n, = n, = 256. The coefficients of
high-order equilibrium moments and relaxation parameters are
the same as those listed in Table II. The fluid boundary nodes
are arranged half lattice spacing from all walls so the accurate
midlink bounce back can naturally be applied to represent the
no-slip boundary condition.

When the flow reaches the steady state, the voritcity
component w, ati = n,/2plane,w,at j =n,/2andw; atk =
n./2, are shown in Fig. 8. Here we only qualitatively examine
if the present model still ensures correct mesoscopic vorticity
calculation with the presence of solid boundries. Clearly, Fig. 8
shows that the mesoscopically calculated vorticity results are
almost identical to those calculated via the FD approximation,
except the small region near the singularity edges [see the top
corners of Fig. 8(b)]. The mesoscopic vorticity calculation
is contaminated more by the noises generated from the
singularities than the finite difference approximation. This is
again because the large velocity gradients in this region break
the quasiequilibrium assumption of LBM, which results in a
rather fluctuating off-equilibrium distribution.

C. A uniform flow passing a fixed sphere

Finally, we test the mesoscopic vorticity calculation in the
present model for a flow with curved boundary: a uniform
flow passing a fixed sphere with a particle Reynolds number
Re, = UD/v = 50 and 100. As illustrated in Fig. 9, a uniform
stream u = (U,0,0) from the inlet passes a fixed sphere with
a diameter of D =20 and centered at (5D,5D,5D). The
computational domain has a size of 20D x 10D x10D. The
stress-free boundary condition is applied to the four side
boundaries, which is realized by mirror reflection. For the inlet
and outlet, we use the boundary schemes by Lou ez al. [35].

Our focus here is to test the performance of mesoscopic
vorticity calculation in the presence of a curved boundary.
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FIG. 8. Contours of vorticity in a lid-driven cavity flow: (a) FD o, at n,/2 plane; (b) ME, same as (a); (c) FD, w, at n, /2 plane; (d) ME,

same as (c); (e) FD, w, at n,/2 plane; (f) ME, same as (e).

Different from the previous two cases, here we define {3 =
1.0, &4 = 1.25, and &5 = 1.5, and keep the other coefficients
of high-order equilibrium moments and their relaxation pa-
rameters identical with those adopted in Table II. At the steady
state, vorticity contours in a cut across the particle center are
shown in Fig. 10. For completeness, here we also show the
corresponding vorticity contours in parallel from the regular
MRT model (from finite-difference approximation) to assess
the impact of modified high-order equilibrium on the accuracy
of the LB model.

As clearly indicated by Fig. 10, the modification of high-
order equilibrium moments does not affect the accuracy of
LBM, as the vorticity contours from regular MRT model
and the present model, both from finite-difference approx-
imation are visually identical with each other. Again, the
mesoscopically calculated vorticity contours contain more
fluctuations around the stagnation point. This fluctuations
can be reduced by either choosing finer grid resolution
or optimizing the relevant coefficients on the vorticity
calculation.

. 5D N
A :
; 5D /
i 5D > v v:(),a_”:a_wz() op,ii |, . 0p,ii
i 0% _v_, dy dy o *Ua -
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FIG. 9. Sketch of a uniform flow passing a fixed sphere.
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FIG. 10. Vorticity contours in a plane cutting across the sphere center for a uniform flow passing a sphere: (a) standard MRT Re,, = 50; (b)
standard MRT Re,, = 100; (c) present MRT, Re,, = 50, with finite-difference approximation; (d) present MRT Re, = 100, with finite-difference
approximation; (e) present MRT, Re,, = 50, with moment equations; and (f) present MRT Re,, = 100, with moment equations.

V. SUMMARY

In this paper, we proposed a D3Q27 MRT LB model in order
to realize mesoscopic vorticity calculation. The mesoscopic
vorticity calculation, compared with the finite-difference
approximation, has several advantages. First, it requires no
additional data communication when the parallel computation
is involved. Second, it does not require special treatments near
complex geometric boundaries. Most importantly, same as the
strain rate computation from the nonequilibrium moments, the
mesoscopic computation of vorticity is expected to possess a
second-order accuracy.

Through a detailed Chapman-Enskog analysis coupled with
the concept of inverse design, we identify all the necessary
constraints required by the N-S equations. More importantly,
we expose all the available degrees of freedom in the model
that can be utilized to achieve mesoscopic vorticity calculation.
We have demonstrated that, with 27 lattice velocities in
the D3Q27 model, all the velocity and pressure gradients
can be directly computed from the nonequilibrium moments

when the lattice Boltzmann model is properly designed. We
argue that at the hydrodynamic level, the equilibrium of
the present MRT LB model does not need to follow the
standard, overconstrained LBGK equilibrium. Specifically, we
have found that a proper prescription of anisotropy in the
fifth-order equilibrium moment can lead to appearance of
the three vorticity components in the contracted fourth-order
nonequilibrium moment. The same design cannot be achieved
with D3Q15 and D3Q19 lattice, since the desired fifth-order
moments are unavailable in those models. An asymptotic
analysis shows that the mesoscopic vorticity calculation in
our model is of second-order accuracy.

The resulting LB model has been validated by simulations
of a decaying three-dimensional Taylor-Green vortex flow at
Reg = 6007r. The simulation results show that the modifica-
tions of irrelevant moments introduced in this paper has no
adverse impact on the physical accuracy and only a slight
negative effect on the numerical stability when compared to
the standard LBM models without the capability of mesoscopic
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vorticity calculation. The strain rate and vorticity calculated
mesoscopically from the nonequilibrium moments are com-
pared against the results from the pseudospectral method. The
second-order accuracy of the mesoscopic vorticity calculation
is confirmed. Furthermore, we briefly tested the present model
in the simulations of a three-dimensional lid-driven cavity flow
and a uniform flow passing a sphere. These tests support the ac-
curacy and robustness of our model and its mesoscopic vortic-
ity calculation in the cases when solid boundaries are present.
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APPENDIX: A TOP-DOWN INTERPRETATION
OF THE MODEL DESIGN

In this Appendix, we provide an alternative interpretation
of our model design in terms of equilibrium distribution
functions. Let us divide the 27 equilibrium distribution func-
tions into four groups: the 0-speed group o = 0; the 1-speed
group o = 1,2, ...,6; the \/E—speed group o = 7,8, ...,18;
the \/§-speed group o = 19,20, ...,26. Instead of following
the LBGK equilibrium distribution in Eq. (16), the equilibrium
distribution in our model is modified as

(eqitt)?

180 = wadp + powa[

Ui i|
2 4 2 |
s 2c] 2c:

(AD)

where the first term inside the square brackets for the 1-speed group, ~/2-speed group, and ~/3-speed group are explicitly written

as

o (3 / 3 4 3 !
f;"eq) = ;Ooclf ( —ZCI ey + + 5 Ureqr + +T§3u3ea3), fora =1,2,...,6. (A2)
o (3—10/ 3—-1¢ 3¢
foﬁl’eq) = %( 5 ¢ uiey + 7 & Ureqyr + & u3ea3>, fora =17,8,...,18. (A3)
s
flea — PO r, 4 / for & = 19,20, ...,26 A4
o =g Ginen + Guoeqr + L3uzey3), for a = 19,20, ... ,26. (A4)

s

Namely, the newly introduced adjustable parameters b(c,i),i = 1,2,3 are only functions of three scalar parameters ¢, {5, and g“g.

The standard equilibrium is recovered when ¢{ = ¢; = ¢; = 1. The above specific forms are derived directly from the results of

the bottom-up derivation presented in Sec. III. Note that the three coefficients have no impact on all the even moments of foﬁ"q’,

provided that fé'*eq)(e(,) = - fosl‘eq)(ea) if e = —e,. This symmetry property is preserved here. Here and later, the weighting
coefficients w,, remain identical to the values in the standard LBGK equilibrium distributions, namely 2/27, 1/54, 1/216, for the
1-speed, v/2-speed, and v/3-speed groups, respectively. No change is made to the O-speed group as it makes a null contribution
to all moments except density. The essence of our model design is to introduce three adjustable coefficients ¢{, ¢,, and ¢} into
the equilibrium distribution, in a special manner, such that the first- and third-order moments of féeq)
fifth-order moments of £ are altered.

Now let us examine how the above goal is accomplished. In our model, the partial contributions of the 1-speed, +/2-speed,

and +/3-speed groups to first-order moments are, respectively,

are unchanged, but the

6
4 3+4¢
DS Vs = o ui, (AS)
a=1
18
4 3-¢
Y e = s>, (A6)
a=7
26 1
Z [ De, ;= 5/00{,-/141', (A7)

a=19
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where no summation is implied to the right-hand side for the repeated indices. Clearly, this specific design renders the summation
of the three partial contributions to the first-order moment unchanged, namely

26
> Veq i = pous, (A8)

a=1
which is identical to the first-order equilibrium moment of the standard LBGK model. Similarly, for the third-order moment, the
partial contributions of the 1-speed, «/E-speed, and +/3-speed groups are, respectively,

6 ’
. 4 3+4¢/ 3+¢; 3+¢
DS Vey ieq ek = EPO< 7 Wil t— u Sk + ) Lurdiy ), (A9)
a=1
4 (3-¢ 3-¢; 3=
Z foslyeq)ea,iea,jea,k = EpO( 2‘ uiajk + ) Uu; Slk +— 2 uk811> (A10)
1 i i ’
Z fél’eq)ea,iea,jea,k = ﬁpo(é'iuiajk + Ciudix + Ck“kfsij)- (ALD)
a=19

Therefore, the summation of three partial contributions are

26
1
Z ey ieq jeqr = gpo(uiajk + ujdik + urdij), (A12)

a=1

which is again independent of ¢/ and has an isotropic form identical to that in the standard LBGK model. Finally, the partial
contributions to the three nontrivial components of the fifth-order equilibrium moment are

6

. 4 3+¢
DL lealeas = 5oo—tui, (A13)
a=1
18
16 3-¢
S Al e = 5 o0 (Al4)
a=7
26
D £ eq 1 *ews = potiui. (A15)
a=19

Note here we focus on those components of the fifth-order equilibrium moment that are actually used in our model (see Secs. II A
and III), instead of the general form, in order to make a concise deliberation of the fifth-order equilibrium moment. Different
from the first and third-order equilibrium moments, the summation of the three partial contributions yields

26

2
> fuVleall*eai = 3poui + 55 pous, (A16)
a=1

which is no longer isotropic as ¢/ are set differently for different spatial directions. The unaltered first- and third-order equilibrium
moments guarantee that the N-S equations are unaltered, while the modified fifth-order equilibrium moment introduces anisotropy
to allow the three vorticity components to be recovered through the nondiagonal, contracted fourth-order nonequilibrium moment
Rij=) féneq)|ea|2ea,~ea ;. Namely, while R;; remains symmetric, its nondiagonal components can be expressed, based on the
Chapmann-Enskog expansion, as

2 / !/
Ry, = R,y ~ —potdt| = + L6 (3w + d,v) + pom({z &), W, (A17)
3 18 18
!
R., = R.. ~ —porét ;3 ‘) (0.u + dyw) + pous:({’ gl)wy, (A18)
ERT 18
I _ /
Ry = Ry~ —Pof5t|:3 L ng}(axv oy + s S, (A19)

which contain the three vorticity components explicitly when ¢{ # ¢; # ¢3. These are also fully consistent with the more general
results shown in Egs. (20a) to (20c).
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