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ABSTRACT
Rarefied pressure-driven gaseous flow with heat transfer in a microchannel with a backward facing micro-step is investigated in this paper
using the lattice Boltzmann method (LBM) in slip and transition flow regimes. In a novel approach, a two-relaxation-time LB equation is
used to solve the flow velocity and the single-relaxation-time to handle the heat transfer. The asymmetric relaxation time is determined by
equating the analytical second-order slip velocity boundary condition and the slip velocity obtained from applying the implemented bounce
back specular boundary condition in the LBM. A second-order implicit temperature jump boundary condition is also implemented to capture
the rarefaction effect on the fluid temperature at walls. Velocity slip, temperature jump, centerline temperature, and Nusselt number variations
are evaluated for channels with and without the micro-step for a wide range of the Knudsen number. Effects of the micro-step on the rarefied
gaseous flow and convective heat transfer are evaluated and discussed. The numerical model is verified by comparing with direct simulation
Mont Carlo results.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0008325., s

NOMENCLATURE

A molecular slip coefficient
BSR bounce back-specular reflection
c Lattice speed ( lu

tu )
C∗ temperature jump coefficient
ci discrete velocity vectors ( lu

tu )
cs speed of sound ( lu

tu )
DSMC direct simulation Monte Carlo
f local distribution function (for fluid flow)
g local distribution function (for heat transfer)
H height of the microchannel (lu)
Hin height of the microchannel inlet (lu)

hs height of the micro-step (lu)
Kn Knudsen number, Kn = λ/H
L length of the microchannel (lu)
Ls length of the micro-step (lu)
LBM Lattice Boltzmann method
Ma Mach number
Nu Nusselt number
P pressure ( mu

lu.(tu)2 )
Pr Prandtl number
R gas constant ( (lu)2

Tu.(tu)2 )
r spatial position (lu)
Re Reynolds number
S bounce back fraction in BSR boundary condition
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SRT single relaxation time
T temperature (Tu)
Tjump temperature jump (Tu)
Tmean bulk temperature (Tu)
t time (tu)
TRT two relaxation times
U∗ non-dimensional velocity
Umean mean velocity ( lu

tu )
V velocity vector ( lu

tu )
x location (lu)

Greek symbols

α thermal diffusivity ( (lu)
2

tu )
δt time step (tu)
δx step by step (lu)
λ molecular mean free path (lu)
Π pressure ratio
ρ density ( mu

(lu)3 )
σ TMAC coefficient
τa anti-symmetric relaxation time (based on slip boundary)
τs symmetric relaxation time (based on viscosity)
γ heat capacity ratio
ωi weight factors

Subscript/Superscript
a anti-symmetric
eq equilibrium
i discrete lattice directions
in inlet
out outlet
s symmetric
w wall

where (lu), (tu), (mu), and (Tu) stand for lattice unit, time unit, mass
unit, and temperature unit in the LBM, respectively.

I. INTRODUCTION
Rapid development of the microelectromechanical systems

(MEMS) in the last two decades and their applications in medi-
cal, aerospace, and mechanics sciences along with other small scale
applications, such as extraction of the shale gas, drive the need for
experimental and numerical studies on the rarefied gaseous flow and
heat transfer at micro- and nano-scales. The gas flow at high alti-
tudes and micro- and sub-micro-scales is the rarefied one, and the
Knudsen number determines the rate of the rarefaction.1

Experimental studies are usually challenging and expensive due
to the small dimension of microdevices. Therefore, numerical analy-
sis of fluid flow and heat transfer at micro- and nano-scales becomes
a viable alternative. For simulating such flows, the direct simulation
Mont Carlo (DSMC),2,3 lattice Boltzmann method (LBM),4 and dis-
crete velocity method (DVM)5,6 are more accurate and effective than
the continuum based methods because the Navier–Stokes (N–S)
equations are not valid in the transition regime, and molecular inter-
actions are not explicitly considered therein. The LBM takes advan-
tage of much lower computational time compared to the DSMC,

making the method a good and robust alternative to DSMC. In
the following, representative studies based on DSMC, N–S solvers,
and LBM for simulating the rarefied flow and heat transfer are
reviewed.

Taassob et al.7 simulated rarefied gaseous flow in a curved
microchannel using the DSMC method. They found that increas-
ing radius of the corner leads to a higher mass flow rate, and using a
curvature instead of a sharp bend leads to an increased average shear
stress and velocity slip.

Gavasane et al.8 simulated the rarefied gaseous flow and heat
transfer in a channel with backward facing micro-step using the
DSMC. They reported that the mass flow rate is reduced with the
rarefaction and flow separation is alleviated with the Knudsen num-
ber as well. Guerrieri et al.9 investigated rarefied non-isothermal
gaseous flow in diverging microchannels using the DSMC. They
reported that the divergent channel increases the mass flow rate and
thus the thrust in microresistojets. Hadj-Nacer et al.10 also simu-
lated rarefied gaseous flow between two co-axial cylinders and planar
planes using the continuum based and DSMC methods in the slip
regime.

Biswas et al.11 simulated flow in a channel with a step for a wide
range of Reynolds numbers and different expansion ratios in both
2D and 3D. The finite-volume method was employed for their sim-
ulations. They found that the length of the wake region is increased
nonlinearly with the expansion ratio. Titarev12 investigated a rar-
efied gaseous flow in a planar microchannel using the Boltzmann
kinetic equation with the linearized S-model collision integral. He
used a finer mesh near the walls and evaluated mass and heat trans-
fer rates for the length-to-width ratio up to 1000 and a wide range
of Kn numbers in both pressure-driven and thermal creep flows. He
found that there is a recirculation region in the thermal creep flow,
which is not observed in the pressure-driven one.

Ho et al.13 investigated penetration of rarefied gas in a porous
media in 2D using LBM with the multiple relaxation time (MRT)
collision model. Circular and squared domains were studied and the
Darcy formulation was used for calculating the penetration. They
studied effects of the rarefaction, geometry of the porous media, and
the porosity on the penetration rate. They reported that the penetra-
tion rate is increased with the rarefaction and is independent of the
geometry. Wang et al.14 also simulated the rarefied gaseous flow in
the porous media using the MRT LBM. They evaluated the velocity
field, the porosity effect, and the penetration rate. They reported that
the penetration rate is considerably influenced by the pressure and
is increased with the increase in porosity.

Meng and Zhang5 studied the accuracy of the higher-order LB
model in capturing non-equilibrium distribution function (NEDF)
effects in rarefied gaseous flow both analytically and numerically.
They reported that in the incompressible limit, the LB equation
is reduced to the linear Bhatnagar-Gross-Krook (BGK) equation;
therefore, LBM becomes very similar to the discrete velocity model
(DVM) when the Gauss–Hermite approximation is used. Moreover,
the order of the Hermite expansion for the NEDF has no direct
relation with the Knudsen number for the incompressible flow in
the BGK equation. Their numerical results show that using the
higher-order terms in the NEDF leads to better capture of the non-
equilibrium effects in the low velocity flows and increases the pre-
cision of results. They also reported that using the Gauss–Hermite
approximation, the DVM and LBM lead to the similar results.
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Ansumali et al.15 showed that using a higher order LB equation
improves the capability of the method for simulating the rarefied
flows. Kim et al.16 reported that this modification captures the rar-
efaction effects for the slip regime, but it is not reliable for the tran-
sition one as the simulated mass flow rate can become inaccurate.

Yang et al.17 performed a comprehensive parametric investiga-
tion of the discrete velocity method and higher Lattice Boltzmann
method (HLBM) for the rarefied gaseous flows. They reported a sig-
nificant difference between the DVM and HLBM. They indicated
that the HLBM is more efficient for low Knudsen numbers, while
the DVM has better performance for high Knudsen numbers.

Ahangar et al.18 simulated an isothermal rarefied gaseous flow
in a microchannel with a backward micro-step using the two-
relaxation-time (TRT) LBM in both slip and transition regimes. The
TRT model reduces the computational cost and modeling difficulty
compared to the MRT LBM. They evaluated effects of the Kn num-
ber and the micro-step on the velocity field and wake formation,
local Mach number, and pressure variation.

Kharmiani and Roohi19 simulated transitional gaseous flow in
divergent micro/nanochannels for a wide range of the divergence
angle, Kn number, and pressure ratio using the TRT LBM. They
reported that there is a critical divergence angle at which the Knud-
sen (or Mach) number remains constant along the channel. This
angle is linearly dependent on the pressure ratio only. Ahangar
et al.20 simulated rarefied gaseous flow in a microchannel with vari-
able cross section using the TRT LBM for a wide range of Kn num-
bers. Ambrus and Sofonea21 introduced a LB model based on the
Gauss–Hermite squared summation method. They compared veloc-
ity, temperature, and heat flux results of the 2D Couette flow from
LB models based on the Gauss–Hermite squared summation and
Laguerre methods. They reported that the Hermite model is superior
for Kn > 0.05.

In terms of thermal studies, Hadjiconstantinou and Simek22

studied heat transfer in micro/nanochannels with a constant wall
temperature using the DSMC method. They found that the Nus-
selt number is decreased with the increase in the Knudsen number.
Renksizbulut et al.23 simulated the rarefied gaseous slip flow and heat
transfer in a microchannel using the finite volume method, solving
the N–S and energy equations. They observed a sharp decrease in
the friction factor and the Nusselt number in the entrance region
of the microchannel due to the rarefaction effects. Rovenskaya24

investigated the rarefied gaseous flow and heat transfer in a right-
angle microchannel in three dimensions in slip regime, solving the
compressible N–S and energy equations coupled with the first order
slip velocity model and Smoluchowski temperature jump. He eval-
uated effects of the rarefaction and compressibility. He also found
that the secondary flow produces an extra pressure drop and the
secondary flow is weakened rapidly due to the dominant viscosity
effects.

Niu et al.25 used a thermal lattice Boltzmann model for
microthermal flows. They found that the Nusselt number and local
friction coefficient are reduced with an increase in the Kn number
through a microchannel. They also investigated effects of the 3D
microchannel aspect ratios (AR). Tian et al.26 studied the Couette
flow with heat transfer in the slip flow regime with the Maxwell
first-order slip velocity model and the temperature jump by using
lattice Boltzmann method. In terms of LBM, there are consider-
able works reported in the literature due to the inherent advantages

of the method, such as the computational efficiency and modeling
simplicity.

Gokaltun and Dulikravich27 made a thermal LBM investigation
on the rarefied slip flow in a microchannel and studied effects of
the Kn number on the velocity and temperature distribution. They
reported that as the Kn number is increased, both temperature jump
and flow temperature are increased, but the Nusselt and friction fac-
tor are decreased. Furthermore, the velocity and temperature of the
wall are higher in the entrance region of the channel.

Previous LBM studies of the rarefied flow and heat transfer in
a microchannel in the transition regime used both the MRT colli-
sion operator and TRT collision operator for solving the flow field.
It appears that the TRT LBM yields results as accurate as the MRT
LBM for simulating the rarefied flow;18,19 therefore, the TRT LBM is
a better choice due to computational efficiency and model simplicity.

In this paper, the TRT LB equation is used to solve the flow
and the single-relaxation-time (SRT) LBM for heat transfer in a
microchannel with a micro-step for the first time. The bounce back
specular (BSR) boundary condition is used to capture the slippage
velocity and a second-order implicit boundary condition is imple-
mented to capture the temperature jump on the walls. Using this
TRT-SRT LBM, the rarefied pressure-driven fluid flow and heat
transfer are evaluated at different Knudsen numbers. The linear
Boltzmann, Information Preservation (IP), and DSMC results are
used to validate our proposed model.

II. NUMERICAL MODEL
A. Computational domain

Figure 1 depicts the considered microchannel with a backward
micro-step and considered boundary conditions for our investiga-
tion of the rarefied gaseous flow and heat transfer in this paper. The
flow is driven by applying a pressure difference along the streamwise
direction x characterized by the pressure ratio Π = Pin

Pout
= 2. A con-

stant temperature Tin and zero temperature gradient are applied on
the inlet and outlet, respectively. The wall temperature Tw = 0(Tu)
< Tin = 1(Tu) is applied on the channel walls. The channel aspect
ratio (AR) equals L/H = 20. The step length and height are Ls = L/3
and hs =H/4, respectively. The inlet height of the channel thus equals
Hin = 3

4H. The expansion ratio is defined as ER = H
Hin
= 1.33. In

the numerical simulation, all parameters are defined in lattice units
of lu, mu, Tu, and tu for the length, mass, temperature, and time,
respectively.

B. TRT LBM for the rarefied fluid flow
The TRT LB equation comprised of the symmetric and asym-

metric parts is given by18

FIG. 1. A schematic of the considered problem.
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fi(r + ciδt, t + δt) = fi(r, t) +
δt
τs
[f eqi (r, t) − fi(r, t)]s

+
δt
τa
[f eqi (r, t) − fi(r, t)]a, (1)

fis =
1
2
(fi + f−i), fia =

1
2
(fi − f−i), (2)

where f is the particle distribution function (PDF), r is the spatial
position, δt = 1 is the time step, ci are the discrete velocity vectors
of the considered D2Q9 lattice model, τs is the symmetric relaxation
time, related to the fluid viscosity by ν = 1

3(τs − 0.5), and τa is the
asymmetric relaxation time, related to the slip velocity model and
sub/super scripts s and a indicate the symmetric and asymmetric
values, respectively.

The equilibrium distribution function is as follows:28

fieq = ωiρ[1 +
ci.V
cs2 +

(ci.V)2

2cs4 − V .V
2cs2 ], (3)

where the weight factors are given by29

ωi =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

4
9 , i = 0
1
9 , i = 1, 2, 3, 4
1

36 , i = 5, 6, 7, 8.
(4)

The discrete particle velocity vectors are as follows:18

ci = c[0 1 0 −1 0 1 −1 −1 1
0 0 1 0 −1 1 1 −1 −1], c = 1. (5)

The speed of sound equals cs2 = RT = c2

3 =
1
3 and the macroscopic

flow variables are obtained from the PDF moments as follows:20

ρ =
8

∑
i=0

fi, V = 1
ρ

8

∑
i=0

fici, P = ρcs2. (6)

For modeling the rarefaction, the symmetric relaxation time is
related to the Kn number as follows:18

τs(slip regime) =
√

6
π
H ⋅Kn
δx

+
1
2

, (7)

τs(Transitional regime) =
√

6
π

H ⋅Kn
[1 + f (Kn)]δx +

1
2

, f (Kn) = β ⋅Kn,

(8)

where β = 2 according to the literature, which is adopted in this paper
as well.

C. SRT LBM for the heat transfer
The general LB equation with single-relaxation-time for ther-

mal rarefied gas flow is presented as follows:30

gi(r + ciδt, t + δt) = g(r, t) +
δt
τg
[geqi (r, t) − gi(r, t)], (9)

gieq = ωiT[1 +
ci ⋅V
cs2 ], (10)

where τg is the thermal relaxation time, which is related to the ther-
mal diffusivity as α = (τg − 0.5)cs2. The macroscopic temperature is
given by30

T =
8

∑
i=0

gi. (11)

D. Boundary conditions
The pressure inlet and outlet are applied using the Zou–He

boundary condition.30 The BSR boundary condition is implemented
in this paper for modeling and capturing the velocity slip of the gas
at the walls. For example, for the lower wall of the channel, the BSR
is applied as follows:31

⎡⎢⎢⎢⎢⎢⎣

f5
f2
f6

⎤⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎣

s 0 1 − s
0 1 0

1 − s 0 s

⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣

f7
f4
f8

⎤⎥⎥⎥⎥⎥⎦
, (12)

where s is a parameter between 0 and 1 such that s = 0 leads to the full
no-lisp bounce-back and s = 1 leads to the full slip specular bound-
ary condition. Therefore, varying the value of this parameter directly
changes the slip velocity.

By equating the slip velocity equation obtained from applying
the BSR boundary condition in LBM and the well-known analytical
second order velocity slip equation, the asymmetric relaxation time
and s are related to the coefficients of the second order model as
follows:18

τa =
πA2(2τs − 1)2 + 3

8(2τs − 1) + 0.5, s = 1/(1 +
√π

6
A1), (13)

where A1 and A2 are the coefficient of Kn and Kn2 term, respec-
tively, in the second-order analytical slip velocity relation, us
= A1λ ∂u

∂y ∣wall −A2λ2 ∂2u
∂y2 ∣

wall
. We set A1 = (1 − 0.1817σ) and A2 = 0.8,

where σ = 1 to model fully diffuse walls.20 It should be clari-
fied that for the slip flow regime, only the first order slip coeffi-
cient is considered and is sufficient for reasonably capturing the
slip velocity. Based on the MD analysis conducted by Maxwell in
1879, A1 = 1. Other research based on different analysis such as
BGK kinetic model, Lattice Boltzmann equation (LBE), and theo-
retical analysis also obtained and reported values around 1. Based
on the BGK kinetic model, Loyalka32 reported the value of A1 = (1
− 0.1817σ), which is adopted in the current paper. However, sub-
sequent research revealed that the first-order slip relation fails to
predict the slip velocity as Kn is increased to the transition regime.
Therefore, researchers added the second-order term to the relation
as a correction. Since this correction had no clear Kinetic basis,
various A2 coefficients including A2 = 0.8 proposed by Li et al.,33

obtained from LBM, are reported in the literature corresponding to
different analytical and numerical results.

For applying the constant temperature on the inlet, the method
of non-equilibrium distribution functions is used.27 The fully devel-
oped thermal condition, the zero temperature gradient, is imposed
at the channel outlet.

The analytical temperature jump, at the upper wall, for exam-
ple, is given by27

Tjump
y=H = Tw − Ty=H = (

2γ
γ + 1

)(Kn
Pr
)(∂T

∂y
)
y=H

. (14)
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The fluid temperature at the wall therefore can be calculated from
the equation with second order accuracy as follows:27

Ty=H =
[C∗(4Tjmax−1 − Tjmax−2) + 2Tw]

(2 + 3C∗) , (15)

where C∗ = K ⋅Kn andK = ( 2γ
(γ+1) ⋅ Pr). Then, the unknown PDFs

can simply be calculated as follows:27

g4 = Ty=H(ω(2) + ω(4)) − g2, (16)

g8 = Ty=H(ω(6) + ω(8)) − g6, (17)

g7 = Ty=H(ω(7) + ω(5)) − g5. (18)

III. MODEL VERIFICATION AND VALIDATION
The mesh independency study in the present LBM is indicated

in Table I. The micro-scale rarefied gas flow is simulated at Kn
= 0.055 for four different mesh sizes of 200 × 10, 400 × 20, 800 × 40,
and 1600 × 80. At this Kn number, the fluid velocity at the midpoint
of the channel, Y∗ = Y

H = 0.5, is selected for the four grid numbers.
On the basis of calculated velocity values in Table I, the lowest error
is between two mesh sizes 800 × 40 and 1600 × 80. Mesh size 800
× 40 is used for the numerical simulation due to less running time
compared to the mesh size of 1600 × 80.

The DSMC, linear Boltzmann (analytical approach), and IP
results are used to validate our numerical model for the fluid flow
and heat transfer. For the former, an isothermal flow in a straight
microchannel with constant cross section at AR = 20 and PR
= 2 is considered. The non-dimensional velocity profile [relative to
mean velocity (Umean), U∗ = U

Umean
] along the Y-direction (Y∗ = Y

H )
at Kn = 1.13 and the pressure deviation from the linear pressure
δP = [P(x)−Pl]Pout

, where PL = Pin + (XL )(Pout − Pin),at two outlet Kn
numbers (at X∗ = X

L = 1), are compared with those of DSMC,34

linear Boltzmann (Ohwada et al.),35 and IP36 methods in Figs 2(a)
and 2(b), respectively, where a good agreement is observed. To val-
idate the thermal part, two considered test conditions in the regular
microchannel, without the step, are reported in Table II.

Figures 2(c) and 2(d) show variation of the non-dimensional
centerline temperature, T∗ = T

Ti
, and the temperature jump along

the channel at an inlet Knudsen number of 0.055, which are com-
pared with corresponding DSMC results.37 As observed, an excellent
and fair agreement with DSMC is obtained for Case No. 1 and Case
No. 2, respectively. For Case No. 2, the predicted temperature jump
values by LBM and DSMC methods are 1.094 and 1.015, respec-
tively. The calculated maximum error is roughly 7% occurred at
the microchannel inlet. In Figs. 2(c) and 2(d), some discrepancies
between the results of the present simulation and those of the DSMC
are observed near the inlet and outlet, and the discrepancy increases
with the wall temperature. This could be due to the stochastic errors
associated with the finite temperature jump at the inlet when the
inlet temperature and the wall temperature are different, as well as
the difficulty of simulating the zero-gradient condition at the outlet
in DSMC.

To evaluate the model for the fluid flow and heat transfer in
the transition regime, simulation results are compared with those
of DSMC results conducted by Gavasane et al.8 at Knin = 1.3247.
The test case parameters are provided in Table III. Figures 2(e)–(g)
show the pressure, Ma, and temperature distribution, respectively,
along the Y∗ = Y

H = 0.5 and Fig. 2(h) shows the temperature
jump at Y∗ = 1 (top wall) in the microchannel with the backward
facing micro-step. As observed in Figs. 2(e) and 2(f), there is an
excellent agreement between two simulation results. The pressure
and Ma number trends are vice versa, as expected. The centerline
temperature and temperature jump distribution also show a good
agreement with DSMC, with maximum discrepancy of 2.5% and 1%,
respectively.

IV. RESULTS AND DISCUSSION
The considered parameters for numerical simulation in this

section are as follows: 800 × 40 mesh domain, PR = 2, Pr = 0.7, Tw
= Tbottom = Ttop = 0 (Tu), and Tin = 1 (Tu). Furthermore, different Kn
numbers mentioned in the following results are the inlet ones. The
expansion ratio is set to ER = 1.33 unless otherwise mentioned. Fig-
ure 3 shows variations of the non-dimensional pressure, P∗ = P/Pout ,
at Y = H/2 for the regular [Fig. 3(a)] and with micro-step [Fig. 3(b)]
microchannels at three inlet Kn numbers. For the regular channel
in Fig. 3(a), the fluid flow with a higher Knudsen number has a
lower pressure value. As observed, the pressure reduces and tends
from non-linear to the linear trend as the Kn number increases. In
other words, there is a direct correlation between theKn number and

TABLE I. Transverse velocities at different cross sections at a specific point.

Grid numbers

(1) 200× 10 (2) 400× 20 (3) 800× 40 (4) 1600× 80

Velocity at Y∗ = Y
H = 0.5

1.238 1.310 1.349 1.367

Error (%)

5.816 2.977 1.334
[Between (1) and (2)] [Between (2) and (3)] [Between (3) and (4)]
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FIG. 2. Comparison between results of
current LBM and other methods. (a) Non-
dimensional velocity profile along the Y-
direction at Kn = 1.13. (b) Pressure devi-
ation from the linear pressure at outlet
Kn numbers of 0.194 and 0.388. [(c) and
(d)] Centerline temperatures and tem-
perature jumps at Knin = 0.055 for wall
temperatures of 300 K and 350 K. [(e)–
(g)] The pressure, Ma, and temperature
distribution along the centerline at Kn
= 1.3247. (h) Temperature jump distribu-
tion at Knin = 1.3247.
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TABLE II. Details of the chosen test case for thermal validation.

Case Gas AR (L/H) Knin Mout Pin (kPa) Pout (kPa) PR Heat condition (K) Rein Tin (K)

1 He 4 0.055 0.586 108 308 2.851 Tw = 300 5.84 300
2 He 4 0.055 0.586 107 314 2.934 Tw = 350 5.20 300

TABLE III. Details of flow and heat conditions for the transition regime test case.

Gas AR (L/H) Knin PR ER Heat condition (K) Rein Tin (K)

Ar 10 1.3247 5 2 Tw = 300 0.052 300

velocity, and the pressure has a vice versa relationship with the veloc-
ity. In the microchannel with backward facing micro-step, change of
the cross section has a crucial impact on the Kn number and pres-
sure values such that the slope of the reducing pressure is decreased
after the step due to the sudden increase in the channel cross sec-
tion. Variations of the pressure will be better clarified in relation
with the velocity distribution results shown in continue. Further-
more, the pressure is lower in the channel with the step due to the
higher velocity as a result of lower flow area before the step.

Figures 4(a) and 4(b) show variations of the non-dimensional
slippage velocity, slip velocity divided by the mean velocity, along
the top wall for various inlet Kn numbers for microchannels with
uniform and non-uniform cross sections, indicating that the slip
velocity is increased with the Kn number. It is increased continu-
ously along the straight microchannel as well because theKn number
is increased continuously along this channel. In Fig. 4(b), the slip
velocity is reduced considerably after the micro-step due to the sud-
den area increase. The non-dimensional velocity profiles at various
Kn numbers are also shown in Fig. 4(c) for the microchannel with
uniform cross section. As observed, the slip velocity is increased with
the Kn number, while the centerline velocity is decreased. The max-
imum velocity is at Y∗ = Y

H = 0.5 and the shape of velocity profiles

are parabolic. The streamwise velocity contour, expressed in lattice
units, at the inlet Kn = 1.1 is shown in Figs. 4(d) and 44(e) for the
uniform and with micro-step channels, respectively. As observed,
the average and slip velocity are continuously increased in the uni-
form channel due to the decrease in the pressure and increase in the
Kn number along the channel, respectively. For the channel with the
micro-step, the same trend is observed, but with a discontinuity at
the micro-step location in the form of a sudden decrease in the mean
and slip velocities.

Figure 5 shows variations of the fluid mean Mach number
(Mamean = Umean

cs
) for three different inlet Kn numbers. For any Kn

number in Fig. 5(a), the inlet Ma number is lower than the out-
let one due to the Knout = Knin.Π relation and direct relationship
between Kn and Ma numbers. Therefore, the mean velocity at the
channel inlet is lower than that at the outlet. This incremental trend
of the mean velocity along the uniform channel is in relation and
in accordance with the pressure decrease along the channel shown
before in Fig. 3(a). In other words, as mentioned earlier, the pres-
sure and velocity trends are vice versa. The mean Ma number, or
mean velocity, is sharply decreased at the location of the micro-step
due to the sudden increase in the cross sectional area [Fig. 5(b)],
as the mass flow rate is constant along the channel. This is why
the pressure slope at the micro-step location is reduced in Fig. 3(b)
because the mean velocity is decreased suddenly at this location,
and there is a vice versa relationship between velocity and pres-
sure. The mean Mach number increases with the decrease in the Kn
number.

Variations in the non-dimensional velocity, U∗ = U
Umean

, along
the channels at Y = H/2 is also shown in Fig. 6, indicating that on
the contrary of Ma variation in Figs. 5(a), U∗ is decreased along

FIG. 3. Variation of the pressure along
the channel at various inlet Kn num-
bers for a straight (a) and with-step (b)
microchannels.
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FIG. 4. Variations of the non-dimensional velocity slip on top wall; (a) no micro-step and (b) with a micro-step. (c) Velocity profile at various inlet Kn numbers in the uniform
channel. [(d) and (e)] Streamwise lattice velocity contours at Knin = 1.1 for the uniform and with step channels.
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FIG. 5. Variations of the mean Mach
number along the channel. (a) No micro-
step and (b) with a micro-step.

the uniform microchannel because Umean is increased along this
microchannel. For the channel with the step, the average velocity is
sharply decreased at the step [Fig. 5(b)], leading to a sharp increase
at the step position observed in Fig. 6(b).

Figure 7 shows the streamlines near the micro-step at various
Kn numbers. As observed, increasing the rarefaction suppresses the
vortex due to a lower momentum and larger diffusion. Although the
slippage is increased with the Kn number, re-enforcing the flow sep-
aration, the lower momentum and higher diffusion overcome the
slippage increase.

For both regular and irregular shape microchannels, the vari-
ation in the non-dimensional temperature jump on the upper wall
is depicted in Figs. 8(a) and 8(b), respectively. As observed, the
temperature is sharply reduced in the narrow developing region
and then reaches a constant value, which increases with the Kn
number as expected. For the channel with the micro-step, the con-
stant value is reduced slightly after the step and again becomes a
constant. Figure 8(c) shows the dimensionless mean temperatures
(relative to inlet temperature) along both the regular and irregular
microchannels at three different Knudsen numbers. For any case, the
nondimensional average temperatures decrease and there is an
inverse relationship between Kn numbers and T∗mean = Tmean

Tin
.

The mean temperature is calculated by Tmean = ∫ ρuTdAρumeanA
, which

is used to define the non-dimensional temperature as T∗ = T
Tmean

.
Parameter A demonstrates the local area of geometry. Figures 9 (a)
and 9(b) show variations of the non-dimensional temperature along
the channel at Y = H/2 for channels with and without the micro-step
at three inlet Kn numbers. The inlet temperature is set to Tin = 1 (Tu)
and the wall temperature equals Tw = 0 (Tu) in lattice units. There-
fore, Tmean is less than 1, which is decreased along the microchannel
due to the cooling process. As observed in Figs. 9(a) and 9(b), the
non-dimensional temperature increases with the increase in the Kn
number. Furthermore, it is increased sharply in the small develop-
ing region and then increases very smoothly for the channel with no
step. The entrance region is small mostly because the Pr andRe num-
bers are very low. For the micro-step channel, the temperature is
increased sharply first, but the micro-step prevents the temperature
to reach its highest value and regulates the upstream temperature
to a moderate constant value. After the step, the non-dimensional
temperature rises suddenly again due to the sudden velocity reduc-
tion and thus Tmean reduction, reaching an almost constant and the
same maximum value as the no-step case. Figure 9(c) shows varia-
tions of the temperature profile at several sections along the uniform
microchannel at the inlet Kn number of 0.035. As observed, the

FIG. 6. Variations of the non-dimensional
velocity along the channel centerline (Y∗

= 0.5). (a) No micro-step and (b) with a
micro-step.
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FIG. 7. Effect of the rarefaction on the
flow separation and vortex generation at
various Kn numbers. (a) Kn = 0.015, (b)
Kn = 0.035, and (c) Kn = 0.08.

FIG. 8. Variations of the non-dimensional
temperature jump on top wall at differ-
ent inlet Kn numbers in the slip regime.
(a) No micro-step, (b) with a micro-step,
and (c) non-dimensional mean tempera-
ture distribution, the same distribution for
both channels.
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FIG. 9. Variations of the non-dimensional
centerline temperature along the channel
at different inlet Kn numbers in the slip
regime. (a) Uniform cross section and (b)
with a micro-step. (c) Temperature pro-
file at various cross sections along the
uniform channel.

FIG. 10. Effect of the expansion ratio of
the channel with the micro-step on the
(a) non-dimensional centerline pressure,
(b) mean Ma number, and (c) mean tem-
perature distributions along the channel.
T i = Tw = 1(Tu), PR = 2, and Knin = 1.3.
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FIG. 11. Variation of the Nusselt num-
ber along the channel at different inlet Kn
numbers in the transition regime. (a) No
micro-step and (b) with a micro-step.

temperature gradient on the upper and lower walls reduces along
the channel, indicating reduction of heat transfer. Furthermore, at
X∗ = 0.1, the fluid temperature almost reaches the wall temperature,
Tw = 0 Tu.

Figure 10 shows effects of the micro-step height, characterized
by the expansion ratio ER = Hout

Hin
= H

H−hs
, on the pressure (Y∗

= 0.5), Ma number, and mean temperature along the microchan-
nel. The inlet and wall temperatures are set to 1 (Tu), PR = 2, and
inlet Kn = 1.3. Figure 10(a) shows the pressure distribution, indicat-
ing that the pressure is lower for the channel with higher ER. This is
justified by analyzing the relation between the Kn, Ma, and Re num-
bers, which is Kn ∝ Ma

Re . This relation indicates that Kn ∝ 1
H−hs

;
therefore, the Kn number is increased with the ER or the step height.
Since the pressure is adversely proportional to theKn number; there-
fore, the pressure is reduced with the ER. As observed in Fig. 10(b),
the Ma number is reduced as the ER is increased because higher ER
means lower inlet height of the channel and the flow rate and average
velocity have direct relationship with the channel height. Therefore,
for the same pressure gradient and channel length, the flow rate
and velocity are reduced with the increase in the step height or the
ER. Figure 10(c) shows distribution of the non-dimensional mean
temperature, T∗mean = Tmean

Ti
, along the channel for two ER values.

As observed, for both ER values, the temperature is reduced until
the step location, where it is suddenly increased and then decreased
again. The trend of the temperature is in relation with the veloc-
ity distribution shown in Fig. 10(b), indicating a vice versa relation
between them. Furthermore, the mean temperature is slightly lower
for the lower ER due to the higher mass flow rate.

Hadjiconstantinou and Simek22 and Shokouhmand and Megh-
dadi Isfahani38 reported the Nusselt number calculation as Nu

=
2H( ∂T

∂y )w
(Tw−Tmean)

. Using this relation, the Nu number is calculated and
its variations along the channel at various inlet Kn numbers in the
transition regime are shown in Fig. 11, indicating that the Nu num-
ber is reduced with the increase in Kn number due to the reduction
of Tmean and (∂T

∂y ) on the top wall. Another analysis can be made

considering Nu = const. × Re0.5 Pr0.33 reported by Bejan39 for the
flow in a coplanar channel; the constant equals 0.664 for the channel

with constant cross section. Substituting Re from Kn =
√

γπ
2

Ma
Re and

replacing Ma = U
cs

, the Nu number relation for the rarefied flow is
obtained as follows:

Nu = const. × (
√γπ

2
U

cs ⋅Kn
)

0.5

⋅Pr0.33. (19)

In Fig. 11(a), the Prandtl number, γ, and cs are constant and
the same, and the outlet Kn numbers are higher than 1 due to the
PR = 2. For Knout > 1, the mass flow rate and mean flow velocity
U are reduced with increase in the Knout number for the same PR
and outlet pressure. Therefore, according to Eq. (19), U

Kn is reduced
and the Nu number is decreased as a result. Figure 11(b) indicates
that the Nu number is increased by adding the micro-step due to
the higher flow velocity as a result of lower flow area compared with
the regular channel in Fig. 11(a). Furthermore, the Nu value after the
step is reduced compared to the before-step value due to the veloc-
ity decrease as a result of area increase. Moreover, as observed in
Fig. 11(b), the micro-step causes a sharp local increase in the Nu
number.

V. CONCLUSION
A TRT-SRT LBM was implemented in this paper with the BSR

velocity slip and second-order temperature jump boundary con-
ditions to study the rarefied gaseous flow and heat transfer in a
microchannel with a micro-step in slip and transition flow regimes.
Results of the straight microchannel with no micro-step were also
reported and compared with the with-step one to evaluate effects
of the micro-step on the fluid flow and heat transfer for the same
flow and heat transfer conditions. Main concluding remarks can be
summarized as follows:

● By increasing the rarefaction, pressure values tend from
non-linear to linear trend.

● The dimensionless velocity increases at micro-step length
because of the cross section decrease, with sudden decreases
just after the step as a result of the sudden cross section
increase.
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● Rarefaction affects the flow separation by changing the slip-
page and flow momentum.

● The fluid temperature and Nusselt number are sharply
reduced in the narrow entrance region, and the diffusion
time is very short compared to advection time.

● The non-dimensional temperature jump and centerline
temperature are decreased and increased, respectively, after
the micro-step and both increase with the Knudsen number.

● The Nusselt number is decreased with the increase in the
Knudsen number for both channels. The step causes a posi-
tive pulse in the Nusselt number; however, after the step, the
Nusselt number reaches the same value as in the case of the
no-step channel.
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